CHAPTER II.2. IND-COHERENT SHEAVES

AS A FUNCTOR OUT OF THE CATEGORY OF CORRESPONDENCES
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INTRODUCTION

0.1. The !-pullback and base change.
0.1.1. In [Chapter II1.1] we constructed the functor
(0.1) IndCohg.y,

In addition, we constructed the functors

: Schuge — DGCateont, X ~» IndCoh(X),

aft

(0.2) IndCohg,, - ((Schagt) proper)°P — DGCateont,

aft)proper

X ~ IndCoh(X), (X 5Y)w f!
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2 IND-COHERENT SHEAVES AS A FUNCTOR OUT OF THE CATEGORY OF CORRESPONDENCES

and

(0.3) IndCoh’(kSChaft)open ¢ ((Schagt)open ) — DGCateont,

X ~» IndCoh(X), (X L Y) o findCohox
where (0.2) is obtained from (0.1) by passing to right adjoints along proper maps, and (0.3) is
obtained from (0.1) by passing to left adjoints along open embeddings.

The goal of the present chapter is to combine the above functors to a single piece of structure.

0.1.2. Tt is easy to phrase (but not to prove!) what it means to combine the functors (0.2) and
(0.3): we will have a single functor

(0.4) TndCohlyy, . ¢ (Schaw)® — DGCateons, X ~» IndCoh(X), (X & V) ~ f.

It is trickier to say what kind of structure encodes both (0.1) and (0.4). The idea that we
want to express that these two functors are compatible via base change. L.e., for a Cartesian
diagram in Sch

X X

(0.5) f/l lf

vy 2,y
we want to be given an isomorphism of functors

(0.6) gy o L0 2 (f1):49M 0 gy

The problem is that for a general diagram (0.5), there is no adjunction that gives rise to a
map in (0.6) in either direction. Namely, if gy is proper, the natural map points <, and when
gy is an open embedding, the natural map points —.

So, in general, the isomorphism (0.6) is really an additional piece of data, and once we want
to say that these isomorphisms are compatible with the compositions of f’s a and ¢’s, we need
to specify what we mean by that, i.e., what a homotopy-compatible system of isomorphisms
means in this case.

0.1.3. Here enters the idea of the category of correspondences, suggested to us by J. Lurie,
and developed in [Chapter V.1]. This is the category, denoted Corr(Schas;), whose objects are
X € Schygt, and whose 1-morphisms are diagrams

XO,l L) XO
(0.7) 7|
Xi.

Compositions of 1-morphisms are given by fiber products: the composition of (0.7) with the
1-morphism
X172 E— X1

l

X5
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is given by the diagram
X072 —_— XQ

l

X2a
where Xg 2 := X7 2 X Xg 1. We refer the reader to [Chapter V.1], where it is explained how to
X1

define Corr(Schag) as an co-category.

0.1.4. The main goal of this chapter is to define IndCoh as a functor
(0.8) IndCohgorr(seh,y,) : Corr(Schag) — DGCateont

that, at the level of objects sends X ~» IndCoh(X), and at the level of 1-morphisms sends the
diagram (0.7) to frdCob o gt

aft)

The functor in (0.8) will encode the initial functor (0.1) by restricting to the 1-full subcategory
of Corr(Schag), where we only allow 1-morphisms (0.7) with a being an isomorphism (this
subcategory is tautologically equivalent to Schagt ).

The functor in (0.8) will encode the initial functor (0.4) by restricting to the 1-full subcategory
of Corr(Schag), where we only allow 1-morphisms (0.7) with S being an isomorphism (this
subcategory is tautologically equivalent to (Schag)°P).

0.1.5. In order to construct the functor IndCohcorr(seh,;,) We will apply the machinery developed
in [Chapter V.1]. It turns out that the data of IndCohcorr(sch,,) is uniquely recovered from the
data of the functor IndCohgep,,, of (0.1).

aft)

aft
However, there is one caveat: in order for the uniqueness statement mentioned above to

hold, and in order to perform the construction of IndCohcorr(sen,,,) » One needs to work not
with (00, 1)-category Corr(Schag ), but with the (oo, 2)-category Corr(Schyg )PrPer.

The latter (0o, 2)-category is one where we allow non-invertible 2-morphisms of the following
kind: a 2-morphism from the 1-morphism (0.7) to the 1-morphism

/ g’ /
Xop — X

|

X1

is a commutative diagram

(0.9)

where h is proper.
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What we will actually construct is the functor

(0.10) IndCohgorr(Sch,g prover + Corr(Schag )PP — DGCat? Cat

aft cont

The additional piece of data that is contained in IndCohcorr(scn
IndCohcorr(sch

a)prover s compared to

) 18 that of adjunction between f'and fmdCoh for a proper morphism f.

0.2. The !-pullback and IndCoh on prestacks. Having constructed the functor
yoroper © Corr(Schag )PP — DGCateont,
we restrict it to (Schag )P C Corr(Schag )P™P®" and obtain the functor

IndCohygy, . : (Schag)°P — DGCateon

IndCOhCOIT(SCh

aft

of (0.4).

Remark 0.2.1. My emphasize that even if one is only interested in the functor (0.4), one has to
employ the machinery of (0o, 2)-categories of correspondences in order to construct it.

0.2.2. Starting with the functor IndCoh}SCha&, we will right-Kan-extend it to a functor
IndCohp, gy, * (PreStkag)? — DGCateons -
Le., we now have a well-defined category IndCoh(X) for X € PreStkag.

0.2.3. The assignment
X~ IndCOh(:X:)

provides a theory of O-modules on prestacks, that exists alongside of QCoh; the former is
functorial with respect to the !-pullback, while the assignment

% ~ QCoh(X)
is functorial with respect to the *-pullback.

In [Chapter 1.3, Sect. 3.3] we will see that the categories QCoh(X) and QCoh(X) are related
by a functor

(0.11) Yo : QCoh(X) — IndCoh(X), T F @ w,

where wy € IndCoh(X) is the dualizing object, and ® is the action of QCoh(X) on IndCoh(X),
defined in [Chapter II.3, Sect. 3.3].

However, in general, the functor Y« is far from being an equivalence.

Remark 0.2.4. Recall that when X = X is a scheme, we have a different functor relating
IndCoh(X) and QCoh(X), namely

Ux : IndCoh(X) — QCoh(X)

(this functor was instrumental of getting the theory of IndCoh off the ground; we used it in
order to defined the *-push forward functors for IndCoh).

In [Chapter I1.3, Sect. 4.4] we will see that the functors
U x : IndCoh(X) — QCoh(X) and YTx : IndCoh(X) — QCoh(X)
are naturally duals of one another.

However, for a general prestack X, only the functor Ty makes sense; the functor Wy is a
feature of schemes (or, more generally, Artin stacks).
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0.2.5. Here is a typical manifestation of the usefulness of the category IndCoh(X) for a prestack
X.

Let us take X to be an ind-scheme. In this case, IndCoh(X) is compactly generated by the
direct images of Coh(X) for closed subschemes X — X.

This is while it is not clear (and probably not true) that QCoh(X) is compactly generated.
Note, however, that in [GaRol, Theorem 10.1.1] it is proved that if X is a formally smooth,
ind-scheme then the functor To of (0.11) is an equivalence.
0.2.6. Let us now take X = Xggr, where X € Sch,g. It is shown in [GaRo2, Proposition 2.4.4]
that in this case the functor
TXdR : QCOh(XdR) — IndCOh(XdR)
is an equivalence.

We can view
QCoh(Xg4r) =: D-mod(X) := IndCoh(X4r)
as the two incarnations of the category of D-modules on X: as ‘left D-modules’ and as ‘right
D-modules’. Correspondingly, we have the two forgetful functors

D-mod(X) = QCoh(X4r) = QCoh(X) and D-mod(X) = IndCoh(Xqr) — IndCoh(X),
corresponding to the *- and !-pullback, respectively, with respect to the map X — Xyg.

In [GaRo2, Sects. 2-4] is it shown that the above ‘right’ forgetful functor D-mod(X)
IndCoh(X) has much better properties than the the ‘left’ forgetful functor D-mod(X)
IndCoh(X).

This is closely related to the fact that the category IndCoh(X") is better behaved (see
Sect. 0.2.5 above) than the category QCoh(X"), where X" is the ind-scheme

X=X x X,
Xar

%
_>

i.e., the formal completion of X in X x X.
0.3. What is done in this chapter?

0.3.1. In Sect. 1 we collect some geometric preliminaries needed for the proof of the main
theorem (Theorem 2.1.4) in Sect. 2.

Namely, we show that the operation of the closure of the image of a morphism is well-behaved

in the context of derived algebraic geometry. Specifically, for a morphism X EN Y, its closure
is the initial object in the category of factorizations of f as

xox Ly

where f’ is a closed embedding (i.e., the corresponding map of classical schemes X’ — Y is
a closed embedding).

The main result of this section is Proposition 1.3.2, which establishes the transitivity property
of the operation of closure of the image of a morphism. Namely, it says that for a composition

of morphisms

xhy 4z

if Y’ denotes the closure of the image of f, and ¢’ := g|y+, then the canonical map from the
closure of the image of g o f maps isomorphically to the closure of the image of ¢’.
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0.3.2. The central section of this Chapter is Sect. 2, where we construct the functor
Indcohcorr(schaft)propcr

of (0.10), starting from the functor IndCohgey,
Theorem 5.2.4].

of (0.1). This is done by applying [Chapter V.1,

aft

In order to apply this theorem, we need to check one condition of geometric nature. Namely,
we need to establish a derived version of the Nagata compactification theorem: given a mor-

phism between schemes X i> Y, the category of its factorizations as
xhz5%y

with 7 an open embedding and g is proper is contractible.

0.3.3. In Sect. 3 we study the functor
IndCohygy, . : (Schag)°P — DGCateon

of (0.4) that is obtained from IndCohcgrr(sch,, )prorer by Testriction to the 1-full subcategory

aft
(Schag )P — Corr(Schyg )ProPer,
see Sect. 0.1.4.

The main point of this section is that, having the functor IndCoh!SClnaft at our disposal, we
can extend it to a functor

IndCohp,egek,.,, © (PreStkiag) — DGCateont -
The latter extension procedure is simply the right Kan extension along the embedding
(Schag )P — (PreStkyag ).
In other words, for a prestack Y, an object F € IndCoh(Y) is a compatible family of objects
Fx,y € mdCoh(X), (X 1Y) € Schy,
where the compatibility is understood in the sense of the !-pullback functor.

Furthermore, we can canonically extend the functor IndCohcerr(sch,, )prover to a functor

aft)

Corr(PreStkag )55 £ Proper _y DGCat2 St

sch-qc;all cont

where Corr(PreStkIa&):2?_‘%;611:1)1"er is an (o0, 2)-category, whose objects are X € PreStky.g, 1-

morphisms are diagrams

x071 L) DCO

(0.12) 7|
X1,
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with g arbitrary and f schematic quasi-compact, and 2-morphisms are diagrams

with h schematic and proper.

0.3.4. In Sect. 4 we show that the functor IndCohcgry(geh, g )prover of (0.10) has a natural sym-
metric monoidal structure, where Corr(Sch,g )PP acquires a structure of symmetric monoidal
(00, 2)-category from the operation of Cartesian product on Schg.

We show that the symmetric monoidal structure on IndCohcorr(seh,,,) gives rise to the Serre
duality equivalence

(0.13) D57 : TndCoh(X)Y ~ IndCoh(X), X € Schag; .

At the level of the subcategories of compact objects,
Coh(X) ~ IndCoh(X)¢,

the functor Coh(X)°? — Coh(X), corresponding to DS™™, is the usual (contravariant) Serre
duality auto-equivalence

DSE™e : Coh(X)°P ~ Coh(X).

Under the equivalence (0.10), for a morphism X EN Y, the functor f' identifies with the dual
of the functor fIrdCoh,

0.3.5. In Sect. 5 we apply the theory developed in the preceding sections show that if
Pt R P
is a groupoid-object in PreStkj,s, where the maps ps and p; are schematic, then the category
IndCoh(R) has a natural monoidal structure, and as such it acts on IndCoh(X).
We show, moreover, that if p, and p; are proper, then the dualizing object

wx € IndCoh(R)

acquires a natural structure of associative algebra in IndCoh(R).
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1. FACTORIZATIONS OF MORPHISMS OF DG SCHEMES

In this section we will study what happens to the notion of the closure of the image of a
morphism between schemes in derived algebraic geometry. The upshot is that there is essentially
‘nothing new’ as compared to the classical case.

Remark 1.0.1. Added in November 2021: this section was intended to be used for the proof
of Proposition 2.1.6. However, that proof turned out to be erroneous, and was replaced by a
different one upon revision.

1.1. Colimits of closed embeddings. In this subsection we will show that colimits exist and
are well-behaved in the category of closed subschemes of a given ambient scheme.

1.1.1. Recall that a map X — Y in Sch is called a closed embedding if the map
ch N clY
is a closed embedding of classical schemes.

1.1.2. Let f: X — Y be a morphism in Sch. We let

SChX/7 closed in Y
denote the full subcategory of Schy, /y consisting of diagrams

xosx' Ly

where the map f’ is a closed embedding.

We claim:
Proposition 1.1.3.
(a) The category Schx closed in v has finite colimits (including the initial object).
(b) The formation of colimits commutes with Zariski localization on Y.
Proof.
Step 1. Assume first that Y is affine, Y = Spec(A4). Let

(1.1) i (X X! By,
be a finite diagram in Schx/ ciosed in v+

Set B :=T'(X,0x). This is a (not necessarily connective) commutative k-algebra. Set also
X! = Spec(B}). Consider the corresponding diagram

(1.2) i~ (A— B! — B)
in COHlAlgA/ /B'
Set

(B" — B) :=lim (B, — B),
where the limit taken in ComAlg /B~ Note that we have a canonical map A — B’ , and
(A= B = B)e ComAlgy, /5

maps isomorphically to the limit of (1.2) taken in, ComAlg,, /5.

Set
B i=r=(B') x_Im(H°(4) > H'(B")),
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where the fiber product is taken in the category of connective commutative algebras (i.e., it is
750 of the fiber product taken in the category of all commutative algebras).

We still have the canonical maps
A— B — B,

and it is easy to see that for X’ := Spec(B’), the object
(X = X' =Y) € Schx/, closed in v
is the colimit of (1.1).
Step 2. To treat the general case it it suffices to show that the formation of colimits in the
affine case commutes with Zariski localization. L.e., we need to show that if Y is affine, }3' cY

o o

is a basic open, then for X = f~1(Y), X} := (¢})~1(Y), X’ := (f')"*(Y), then the map
colim X, — X',

is an isomorphism, where the colimit is taken in Sch, o.
X /,closed Y

However, the required isomorphism follows from the description of the colimit in Step 1.
O

1.1.4. We note the following property of colimits in the situation of Proposition 1.1.3.
Letg:Y — Y be a closed embedding. Set
(X 5 X' =Y)=colim(X - X, »Y) and (X - X' = Y) = colim (X — X! »Y),
? 7

where the colimits are taken in Schx/, closed in vy and Schy /, closed ¥ respectively.
Consider the composition
XX Y Y,
and the corresponding object
(X=X —-Y)e Schx/’Closed 7 -

It is endowed with a compatible family of maps
(X5 X 5Y)= (XX -Y).
Hence, by the universal property of (X — X' = 37), we obtain a canonically defined map
(1.3) X = X'
We claim:

Lemma 1.1.5. The map (1.3) is an isomorphism.

Proof. We construct the inverse map as follows. We note that by the universal property of
(X - X' =»Y), we have a canonical map

(XX 5Y)5 (X -5V 5Y).
This produces a compatible family of maps
(X=X 2Y)= (X=X =Y),

and hence the desired map
X = X'
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1.1.6. In the situation of Proposition 1.1.3 let us consider the case of X = (). We shall denote
the resulting category by Scheiosed in v- Thus, Proposition 1.1.3 guarantees the existence and
compatibility with Zariski localization of finite colimits in Schejosed in v -

Explicitly, if Y = Spec(A) is affine and
i~Y/ CY
is a diagram of closed subschemes, Y, = Spec(A}), then
colilm Y/ =Y,
where
Y’ = Spec(A’), A :=7r=0A) X Im (HO(A) — HO(Z/)> . A:=limA.
HO(A") ¢
1.2. The closure. In this subsection we will define the notion of closure of the image of a
morphism of schemes.

1.2.1. In what follows, in the situation of Proposition 1.1.3, we shall refer to the initial object
in the category Schx/, ciosed in v as the closure of X and Y, and denote it by f(X).

Explicitly, if Y = Spec(A) is affine, we have:

(L4)  J(X) = Spec(d), A'=r=(0(X,0x)) o< Im(HA) > H(X,0x).

A particular case of Lemma 1.1.5 says:
Corollary 1.2.2. If f: X — Y s a closed embedding, then X — f(X) is an isomorphism.

1.2.3. The following property of the operation of taking the closure will be used in the sequel.
Let us be in the situation of Proposition 1.1.3,

X =X U Xy,
where X; C X are open and set X152 = X; N Xs. Denote f; :=

We have a canonical map

(1.5) fi(Xy) U fr(Xe) = f(X),

f12(X12)

where the colimit is taken in Schejoged in v -

Lemma 1.2.4. The map (1.5) is an isomorphism.

Proof. Follows by reducing to the case when Y is affine, and in the latter case by (1.4).

1.2.5. We give the following definition:

Deﬁnltlon 1.2.6. A map f: X — Y is said to be a locally closed embedding if Y contains
an open Y CY, such that f defines a closed embedding X — Y

We have:

Lemma 1.2.7. Suppose that f is a locally closed embedding. Then f defines an open embedding
of X into f(X).

Proof. Follows by combining Corollary 1.2.2 and Proposition 1.1.3(b). d
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1.3. Transitivity of closure. The basic fact established in this subsection, Proposition 1.3.2,
will be of crucial technical importance for the proof of Theorem 2.1.4.

1.3.1. Consider a diagram
xLy 4z

Set Y’ := f(X) and ¢’ := g|ys. By the universal property of closure, we have a canonical
map

(1.6) go f(X) = g(Y').

We claim:

Proposition 1.3.2. The map (1.6) is an isomorphism.

The rest of this subsection is devoted to the proof of this proposition.

1.3.3. Step 1. As in the proof of Proposition 1.1.3, the assertion reduces to the case when
Z = Spec(A) is affine. Assume first that Y is affine as well, Y = Spec(B). Then we have the
following descriptions of the two sides in (1.6).

Set C':=T(X,0x). We have Y’/ := Spec(B’), where

B =7(0) I (103) ~ 1),

where here and below the fiber product is taken in the category of connective commutative
algebras.

Furthermore, g o f(X) = Spec(A’), where

A'=75(C) x Im(H°(A) - H°(C)).
HO(C)

Finally, ¢’(Y’) = Spec(A”), where

A"=B" x Im(H°A)— H(B)).
HO(B’)

Note that
H°(B') =1Im (H°(B) — H°(C)) and Im (H°(A) — H°(B')) = Im(H°(A) — H°(C)).
The map (1.6) corresponds to the homomorphism

A"=B" x Im(H°(A)— H'(B)) =

HO(B’)
= <TS0(C) x Im(H*(B) — HO(C))> X Im(H°(A) — H°(C)) ~
HO(C) Im(HO(B)—H°(C))
~7=9(C) x Im(H°(A) = H°(C)) ~ A,
HO(C)

which is an isomorphism, as required.

1.3.4. Step 2. Let Y be arbitrary. Choose an open affine cover Y = UY; and set X; = f~1(V;).

Then the assertion of the proposition follows from Step 1 using Lemma 1.2.4.
O
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2. IndCoh AS A FUNCTOR FROM THE CATEGORY OF CORRESPONDENCES

This section realizes one of the main goal of our book, namely, the construction of IndCoh
as a functor out of the category of correspondences.

It will turn out that IndCoh, equipped with the operation of direct image, and left and right
adjoints, corresponding to open embeddings and proper morphisms, respectively will uniquely
extend to the sought-for formalism of correspondences.

2.1. The category of correspondences. In this subsection we introduce the category of
correspondences on schemes and state our main theorem.

2.1.1. We consider the category Sch,s equipped with the following classes of morphisms:
vert = all, horiz = all, adm = proper,
and consider the corresponding category
Corr(Schaft)gﬁ?gﬁr,
see [Chapter V.1, Sect. 1].
Our goal in this section is to extend the functor
IndCohgen .. : Schage — DGCateont
of [Chapter IL.1, Sect. 2.2] to a functor

proper 1 Corr(Schag )P, — DGCat2:¢at

aft)all;all all;all cont

aft

IndCOhCOrr(Sch
We shall do so in several stages.

2.1.2. We start with the functor
IndCohgep,

and consider the class of morphisms

: Schage — DGCateont

aft

open C all.
By [Chapter II.1, Proposition 3.2.2], the functor IndCohgy,,,, , viewed as a functor

Schas — (DGCat2;5)* ™"

cont

aft )

satisfies the left Beck-Chevalley condition with respect to the class® open C all.

Applying [Chapter V.1, Theorem 3.2.2(a)], we extend IndCohsg,,_,, to a functor

aft

IndCOhCOrr(SChaft)opl:en : Corr(scha&)open N (DGCat2 _Cat)Q—Op .

all;open all;open cont

We restrict the latter functor to
Corr(Schat )at;open C Corr(Schae ) ohionens

and denote the resulting functor by IndCohcoyr(sen viewed as a functor

aft)all;open ?

Corr(SChaft)all;open — DGcatcont .

We note that due to the uniqueness assertion in [Chapter V.1, Theorem 4.1.3], the restriction
procedure
open ~ IndCOhcorr(SCh

aft )all;open

IndCOhCorr(Sch

aft)all;open

We note that the left Beck-Chevalley condition is intrinsic to the target (oo, 2)-category, in our case
(DGCat2;Gat)? P,

cont
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loses no information. I.e., the datum of the functor IndCohcorr(sen
of IndCOhCOrr(SCh

is equivalent to that

aft )all;open
open .
aft )all:open

2.1.3. The main result of this section reads:

Theorem 2.1.4. There exists a unque extension of the functor IndCohcorr(sen to a

functor

aft )all;open

IndCOhCorr(Sch proper COI‘I‘(SChaft)erl?gﬁr — DGC&t2 ~Cat .

aft)all;all cont

We will deduce this theorem from [Chapter V.1, Theorem 5.2.4]. We refer the reader to
[Chapter V.1, Sects. 5.1 and 5.2] where the notations involved in this theorem are introduced.

2.1.5. Proof of Theorem 2.1.4. We start with the following three classes of morphisms
vert = all, horiz = all, co-adm = open, adm = proper.
We note that the class open N proper is that of embeddings of a connected component. This
implies that the condition of [Chapter V.1, Sect. 5.1.2] holds.

The fact that
IndCOhCorr(Sch

Schase — IndCOhSChaft |Sch

aft)all;open aft

satisfies the left Beck-Chevalley condition with respect to the class of proper maps is the content
of [Chapter IL.1, Proposition 5.2.1].

Finally, the fact that the condition of [Chapter V.1, Sect. 5.2.2] holds is the content of
[Chapter I1.1, Proposition 5.3.4].

Hence, in order to deduce Theorem 2.1.4 from [Chapter V.1, Theorem 5.2.4], it remains to
verify that the factorization condition of [Chapter V.1, Sect. 5.1.3]. Le. we need to prove the
following derived version of the Nagata compactification theorem:

Proposition 2.1.6. For a morphism f : X — Y in Schag, the category Factor(f) of factor-
izations of f as

(2.1) xLz5%y,

where 7 is an open embedding, and g is proper, is contractible.

2.2. Proof of Proposition 2.1.6.

2.2.1. First, we claim that it is enough to show that the category Factor(f) is non-empty (for
any f). Indeed, suppose that this is the case. We claim that this implies that it is co-filtered,
and hence contractible.

Let us be given a finite category I and a functor
Zp : I — Factor(f).
Let 79 be a left cone over I. We need to show that Z; can be extended to a functor
Zra : I — Factor(f).
Let us compose Z; with the forgetful functor
Factor(f) — (Schaft) /v,

and let Y’ denote its limit.
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Then Y’ is a scheme, endowed with a proper map h : Y/ — Y, and equipped with a map
f': X =Y’ sothat ho f/ = f. By assumption, we can factor the morphism f’ as

x4 z5y,
where ¢’ is proper and i’ is an open embedding.
Then
x4 72"y,

is an object of Factor(f) that supplies an extension of Z; to a functor Zj«.

2.2.2. We now prove the existence of a factorization. We first prove the assertion when X is a
classical scheme.

We start with the classical Nagata’s theorem, which says that the map
X -y

can be factored as A
X 5 Z 5,

where Z is a scheme of finite type, j is an open embedding and g is proper.

Blowing up Z along any closed complement of the image of **4X, we can assume that the
morphism j is affine.
2.2.3. The scheme X can be obtained from "X as finite sequence of square-zero extensions
(see [Chapter III.1, Sect. 5.1] for what this means).

Hence, by induction, it suffices to show that if X < X’ is a square-zero extension, and we
are given a map f': X’ = Y and a factorization of f := f'|x as

xhz%y,

with Z of finite type, j an affine open embedding and ¢ proper, then we can extend it to a
commutative diagram

22) T T
X 1.z 2y,

where Z' is also of finite type, Z — Z’ is a square-zero extension, 7’ is an open embedding, ¢’

is proper and ¢’ o j/ = f’. (Note that in this situation, the map j' is also affine because it is

such at the reduced level.)

We will carry out the construction of (2.2) is the derived context, i.e., when X and X’ are
derived, but eventually coconnective schemes.

2.2.4. Set
(2.3) Z':=X'"U Z,
X
see [Chapter III.1, Corollary 1.3.5] for the existence and the properties of push-out in this

situation. The map 3§’ X' = Z' is an open embedding, and the map ¢ extends to a map
g:7Z =Y.

However, Z' is not necessarily of finite type. In the next few subsections, we will show how
to replace Z’ by a scheme of finite type, and thereby construct the diagram (2.2).
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2.2.5. The square-zero extension X < X’ is classified by an object Jx € Coh(X)=° and a map
YX T*(X) — Jx[l].

Note that the assumption that X and X’ are eventually coconnective implies that Jx is
eventually coconnective.

Set
Jz = ]*(jx) S QCOh(Z)

Note that since j was assumed affine, the object J is connective (i.e., belongs to QCoh(Z)=0).

Consider the map
(2.4) T*(Z) = 1.(T*(X)) 3 341,
where the first arrow is obtained by adjunction from the co-differential

(@)* : " (T*(2)) > T*(X).

Denote the map (2.4) by 7z.

The map 7z defines a square-zero extension of Z with ideal Iz. Unwinding the definitions,
we obtain that the scheme underlying this square-zero extension is

77

2.2.6. The extension of the map f : X — Y to a map f' : X’ — Y corresponds to a null-
homotopy of the map

(2.5) P ) W) 29,
(see [Chapter III.1, Corollary 6.2.5], applied to the target ).

The extension of the map g : Z — Y to the map g’ : 7 =Y corresponds to a null-homotopy
of the composition

dg)* Ny~
(2.6) g (T (V) Y 1 (2) BT,
which is from the null-homotopy of (2.5) by adjunction.
2.2.7. The object EZ € QCoh(Z)=Y is eventually coconnective, but not necessarily coherent,
which corresponds to the fact that the scheme Z’ is not necessarily of finite type.

However, since T*(Z) and ¢*(T*(Y)) are coherent, we can find a coherent object Iz €
QCoh(Z)=Y, equipped with a map Jz — Jz, such that:

e The map J; — 52 is an isomorphism over (the open subscheme) X C Z;

e The map 7z factors via a map
(2.7) vz : T*(Z) = Iz[1];

e The null-homotopy of (2.6) is induced by a null-homotopy

(2.8) g (T* (V) Y% 7 (2) % 3,1
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The map (2.7) defines a square-zero extension

Z— 7'
Moreover, the resulting map Z’ — Z’ is an isomorphism over (the open subscheme) X C Z.
The fact that Jz is coherent implies that Z if almost of finite type.

The null-homotopy of (2.8) defines an extension of g to amap ¢’ : Z' — Y. The compatibility
of this null-homotopy with the null-homotopy of (2.6) implies the commutativity of the diagram
(2.2).

2.2.8. We now consider the case of a general derived X. Assume by induction that we have
found a factorization of fi:= f

<ix

<ix I zi Sy
with Z? almost of finite type, j° an affine open embedding and ¢’ proper.

It suffices to show that in this case we can find a factorization of fi*! that fits into a
commutative diagram

i+1

<itly jt Zitl _9 Yy

& A

<iyx J A b Y

such that the maps Z¢* — Z**+! induce isomorphisms

§1(Z1) N gi(ZH»l)'

Indeed, in this case, we will have a well-defined derived scheme Z with
SZ=S0Z™), m>i,
and the maps j?, ¢* extend to maps
xhz4y,
as desired.
2.2.9. Now, the existence of (2.9) follows the existence of (2.2):

Indeed, by [Chapter III.1, Proposition 5.4.2(b)], the map <X — <'*!X has a structure of
square-zero extension with ideal

Ix € Coh(“X)®[i + 1].

Let us show that Z**! can be chosen so that the map Z* — Z**! is an isomorphism on the
i-th truncation. For that we revisit the construction of the scheme Z’ in Sect. 2.2.7.

The map Z — Z’ has a structure of square-zero extension with ideal denoted Jz. Note,
however, that if Jx € Coh(X) belongs to Coh(X)<~™ for some m, then Jz := j.(Jx) belongs
to QCoh(Z)<~™>7°_ and we can choose Jz in Coh(Z)<~™. In this case, the map Z — Z’
induces an isomorphism on the m-th truncations.

This applies to our situation with m = 1.
O[Proposition 2.1.6]
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3. THE FUNCTOR OF !-PULLBACK

Having defined IndCoh as a functor out of the category of correspondences, restricting to
‘horizontal morphisms’, we in particular obtain the functor of !-pullback, which is now defined
on all morphisms.

In this section we study the basic properties of this functor.

3.1. Definition of the functor. In this subsection we summarize the basic properties of the
I-pullback that follow formally from Theorem 2.1.4.

3.1.1. We let IndCoh!Sdlaft denote the restriction of the functor IndCohggr(sen

proper £0
aft)allall

(Schag )P — Corr(Schag) Sﬂ‘gﬁr )

In particular, for a morphism f: X — Y, we let f': IndCoh(Y) — IndCoh(X) the resulting
morphism.

The functor IndCoh!SChaft is essentially defined by the following two properties:

e The restriction IndCOh!schm | ((Schag) proper)or identifies with IndCoh!(SCh

aft)proper :
e The restriction IndCoh!SChaft | (Schag)open)or identifies with IndCohige, )., .-

In the above formula,

IndCth‘SChm) = IndCohfSCh

((Schatt)open )P

open aft)event»cocmm

see [Chapter I1.1, Corollary 3.1.10], where the functor
IndCOhEkSCh : ((SChaft)event—coconn)op — DGcatcont

aft )eveut-coconu

is introduced.

3.1.2. In what follows we shall denote by wx € IndCoh(X) the canonical object equal to

px (k)
where px : X — pt.

3.1.3. Base change. Let
X1 g_x} X2

P

i 2 v,
be a Cartesian diagram in Sch,¢. As the main corollary of Theorem 2.1.4 we obtain:

Corollary 3.1.4. There exists a canonical isomorphism of functors

(3.1) gy © (fa) PN o (f1) M 0 g,

compatible with compositions of vertical and horizontal morphisms in the natural sense. Fur-
thermore:

(a) Suppose that gy (and hence gx ) is proper. Then the morphism <+ in (3.1) comes by the
(gndCeb o1 _adjunction from the isomorphism

(f )IndCoh o (gX)IndCoh ~ (gy)lndCoh ° (f )IndCoh'

* * * *
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(b) Suppose that fo (and hence f1) is proper. Then the morphism < in (3.1) comes by the
(fIndCob " 1Y _qdjunction from the isomorphism

flogy ~gxofs

(c) Suppose that gy (and hence gx) is an open embedding. Then the morphism — in (3.1)

comes by the (g', g4CM)-adjunction from the isomorphism

(f2)£nd00h o (gX)indCoh ~ (gy)indCoh ° (fl)indCOh-

(d) Suppose that fo (and hence f1) is an open embedding. Then the morphism — in (3.1) comes
by the (f', fIdCoM) _adjunction from the isomorphism

! ! ! !
fiogy =gx o fo

Remark 3.1.5. The real content of Theorem 2.1.4 is that there exists a uniquely defined family
of functors f', that satisfies the properties listed in Corollary 3.1.4 and those of Sect. 3.1.1.

3.2. Some properties.
3.2.1. Let IndCOh!SChaff denote the restriction
aft

!
IndCohg,,,, |(sch;§§)op :
We claim:
Lemma 3.2.2. The functor

IndCohg,, . — RKE (5 st yor s (Sch )op(IndCoh!SChag) — IndCohgy, .

aft

18 an isomorphism.

Proof. Follows from the fact that Ideoh!Sdlaft satisfies Zariski descent ([Chapter II.1, Proposi-
tion 4.2.2]), combined with the fact that affine schemes form a basis for the Zariski topology:

For a given X € Scha,g, we need to show that the functor

(3.2) IndCoh(X) — lim IndCoh(S)
S—X

is an equivalence, where the limit is taken over the index category ((Schf) /x)°P.

Choose a Zariski cover U — X with U € Sch® | and let U® be its Cech nerve. We extend
(3.2) to a string of functors

IndCoh(X) — Shn% IndCoh(S) — Tot(IndCoh(U*)) — lim (Tot(lndCoh(S X U')) .
- X

S—X
Now, Zariski descent for IndCoh implies that the two composites

IndCoh(X) — Shn}( IndCoh(S) — Tot(IndCoh(U*®))
—

and

lim IndCoh(S) — Tot(IndCoh(U*®)) — lim (Tot(IndCoh(S X U'))
S—X S—X X

are both equivalences.
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3.2.3. Convergence. Let
IndCoh g, and IdCohl g
denote the restrictions of IndCoh!Sdlaft to the corresponding subcategories.
We claim:
Lemma 3.2.4. The functors
IndCohg, . — RKE(<oegeng)or - (Schy)or (IdCohk cogyp )
and
IndCoh!SChzg — RKE(<OOSchﬁff)op%(sghgg)op(IndcthmSChzg)
are isomorphisms.

Proof. Both statements are equivalent to the assertion that for X € Sch,g, the functor

IndCoh(X) — lim IndCoh(S"X)

is an equivalence.

The latter assertion is the content of [Chapter I1.1, Proposition 6.4.3].
O

3.3. h-descent. We will now use proper descent for IndCoh to show that it in fact has h-
descent.

3.3.1. Let C be a category with Cartesian products, and let a be an isomorphism class of
1-morphisms, closed under base change.

We define the Grothendieck topology generated by a to be the minimal Grothendieck topol-
ogy that contains all morphisms from « and has the following “2-out-of-3” property:

XLy % 7 are maps in C such that f and g o f are coverings, then so is g.
The following is well-known:

Lemma 3.3.2. Let F be a presheaf on C that satisfies descent with respect to morphisms from
the class a. Then F is a sheaf with respect to the Grothendieck topology generated by cx.

3.3.3. We recall that the h-topology on Sch,s is the one generated by the class of proper
surjective maps and Zariski covers.

From Lemma 3.3.2, combined with [Chapter II.1, Propositions 4.2.2 and 7.2.2] we obtain:
Corollary 3.3.4. The functor
IndCohgg, . : (Scha )" — DGCatop

satisfies h-descent.
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3.3.5. We have:
Lemma 3.3.6. Any ppf covering is an h-covering.
Proof. Let f: X — Y be an ppf covering. Consider the Cartesian square

WY x X —— X
Y

| l

dy —— Y.

It suffices to show that 'Y x X — °lY is an h-covering. By flatness, 'Y x X is classical.
Y Y

Hence, we are reduced to an assertion at the classical level, in which case it is well-known.
O

Hence, combining, we obtain:
Corollary 3.3.7. The functor
IndCohg,y, . : (Schag)°® — DGCatop,
satisfies ppf-descent.

3.4. Extension to prestacks. The functor of -pullback for arbitrary morphisms of schemes
allows to define the category IndCoh on arbitrary prestacks (locally almost of finite type).

3.4.1. We consider the category PreStk),s and define the functor
IndCohp,gex,.;, © (PreStkias ) — DGCateont

as the right Kan extension of IndCohEschaff along the Yoneda functor

(Sch®)oP . (PreStkyag )°P.

According to Lemmas 3.2.2 and 3.2.4, we can equivalently define IndCoh!PreStklaft as the right
Kan extension of

IndCohgy, ,,, IndCohtuggy, or dCOh g
from the corresponding subcategories.

For X € PreStkj.s we let IndCoh(X) denote the value of IndCoh’PmStklaft on it. For a
morphism f: X; — Xo we let

f': IndCoh(X5) — IndCoh(X;)
denote the corresponding functor.

For X € PreStkyg, we let wx € IndCoh(X) denote the canonical object equal to pi.(k),
where py : X — pt.
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3.4.2. We now consider the category

sch & proper
COTY(PTGStkla&)sch_qc;au ,

where
sch and sch & proper
signify the classes of schematic and quasi-compact (resp., schematic and proper) morphisms
between prestacks.
We claim:

Theorem 3.4.3. There exists a uniquely defined functor

IndCoh ch & proper Corr(PreS‘cklaft)SCh&pmper — DGCat2

Corr(PreStkjag; )° sch-qc;all cont

sch-qc;all

equipped with isomorphisms

IndCoh (PreStkyag )oP =~ IndCOhIPreStkmft

sch & proper
Corr(PreStkiast )Sch-qc;all

and

IndCOh sch & proper | (Schaft)PTOPCr ~ IndCOh(SCha“)PrOPCr

sch-geiall corr:all;all corr:all;all ’

Corr(PreStkyast)
where the latter two isomorphisms are compatible in a natural sense.

Proof. Follows from [Chapter V.2, Theorem 6.1.5].

3.4.4. The actual content of Theorem 3.4.3 can be summarized as follows:
First, for any schematic quasi-compact morphism f : X — Y we have a well-defined functor
IndCoh . TndCoh(X) — IndCoh(Y).
Furthermore, if f : X — Y is schematic and proper, the functor fI"d€°h is the left adjoint of f'.

When Y is a scheme (and hence X is one as well), the above functor fI"dC°h is the usual
fIndCoh defined in this case, and similarly for the (fI"dCeh  f')_adjunction.

Second, let

X, —2 5 %,
(3.3) fll lfz

gy
Y1 —— Yo
be a Cartesian diagram in PreStki,¢, where the vertical maps are schematic. Then we have a
canonical isomorphism of functors

(3.4) gy o (fo)mdCoh o (fy)IndCob o gl |

compatible with compositions. Furthermore, if the vertical (resp., horizontal) morphisms are
proper (resp., schematic and proper), the map < in (3.4) comes by adjunction in a way similar
to Corollary 3.1.4(a) (resp., Corollary 3.1.4(b)).

3.4.5. In [Chapter II1.3, Proposition 5.3.6], we will show that for a morphism f : X — Y, which
is an open embedding, the functor fdC°h is the right adjoint of f'.

Furthermore, if in the Cartesian diagram (3.3) the vertical (resp., horizontal) morphisms are
open embeddings, the map — in (3.4) comes by adjunction in a way similar to Corollary 3.1.4(c)
(resp., Corollary 3.1.4(d)).
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3.4.6. For future use, we note that the statement and proof of [Chapter II.1, Proposition 7.2.2]
remains valid for groupoid objects in (PreStkiagt)sch & proper-

4. MULTIPLICATIVE STRUCTURE AND DUALITY

In this section we will show that the functor IndCoh, when viewed as a functor out of
the category of correspondences, and equipped with a natural symmetric monoidal structure,
encodes Serre duality.

4.1. IndCoh as a symmetric monoidal functor. In this subsection we show that the functor
IndCoh possesses a natural symmetric monoidal structure.

4.1.1. We recall that by [Chapter II.1, Proposition 6.3.6], the functor
IndCohggh,,, : Schafy — DGCateont
carries a natural symmetric monoidal structure.
Applying [Chapter V.3, Proposition 3.1.5], we obtain:
Theorem 4.1.2. The functor

vrover + Corr(Schag )by — DGCat?;Ca

aft)all;all

IndCOhCOrr(Sch

carries a canonical symmetric monoidal structure that extends one on IndCohgep

aft *
In particular, we obtain that the functors

IndCOhCorr(Sch : Corr(SChaft)all;all — DGC&tcont

aft)all;all
and
IndCohiyy, . : (Schag )P — DGCateon

both carry natural symmetric monoidal structures.

aft

4.1.3. Note that the symmetric monoidal structure on IndCoh!Sch_dft automatically upgrades the
functor IndCoh!SChaft to a functor

(4.1) (Schag )P — DGCatSymMon,

cont

due to the fact that the identity functor on (Sch,s )°P naturally lifts to a functor
(Schagt)°P — ComAlg ((Schag)°P)
via the diagonal map.

Explicitly, the monoidal operation on IndCoh(X) is given by

IndCoh(X) ® IndCoh(X) 1 IndCoh(X x X) 2x IndCoh(X).

!
We shall denote the above monoidal operation by ®:
!
F1,F2 € IndCoh(X) — F; ® F3 € IndCoh(X).

The unit for this symmetric monoidal structure is given by wx € IndCoh(X).



IND-COHERENT SHEAVES AS A FUNCTOR OUT OF THE CATEGORY OF CORRESPONDENCES 23

4.1.4. Applying the functor of right Kan extension along
(Schag )P — (PreStkyag )P
of the functor (4.1), we obtain that the functor

(4.2) IndCohp,egyy,.;, © (PreStkias)® — DGCateont
naturally upgrades to a functor
(4.3) (PreStkyas )°P — DGCatfgIﬁMon )

The functor (4.3) is tautologically right-lax symmetric monoidal with respect to the coCarte-
sian symmetric monoidal structures on the source and the target. Since the forgetful functor

DGCat> ™M s DGCateon:

cont

is symmetric monoidal when viewed with respect to the coCartesian symmetric monoidal struc-
tures on the source and the Lurie tensor product on the target (see [Chapter 1.1, Sect. 3.3.6]),
we obtain that the functor IndCohIPreStkmft of (4.2) acquires a natural right-lax symmetric
monoidal structure.

4.1.5. The above right-lax symmetric monoidal structure on IndCoh!preStkmft can be enhanced:

Indeed, applying [Chapter V.3, Proposition 3.2.4], we obtain that the functor

sch & proper 2-Cat
seh & proper Corr(PreStiaf )sen qeall - — DGCation
sch-qc;a ’

IndCOhCorr(PreStklafc)

carries a canonical right-lax symmetric monoidal structure.

4.2. Duality. In this subsection we will formally deduce Serre duality for schemes from the
symmetric monoidal structure on IndCoh.

4.2.1. Let O be a symmetric monoidal category, and let Qdualizable = Q be the full subcategory
spanned by dualizable objects. This subcategory carries a canonical symmetric monoidal anti-
involution

(Odualizable)Op dualiﬂ)tion Odualizable’

given by the passage to the dual object, see [Chapter 1.1, Sect. 4.1.4]:
o+—o0".
Note that that if
F:0; — 0Oy

is a symmetric monoidal functor between symmetric monoidal categories, then it maps

dualizable dualizable
Of — 05

)

and the following diagram commutes
dualizable\o For dualizable\o
(01 )P —— (0 )P
dualizationl ldualization

. F .
Ocliuahzablc O(Qiuahzablc .
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4.2.2. Recall now that by [Chapter V.3, Sect. 2.2] the category Corr(Schag)anan carries a
canonical anti-involution w, which is the identity on objects, and at the level of 1-morphisms
is maps a 1-morphism

X12 L} X1
d
Xo

to
X12 L) X2

/|
Xi.
Moreover, by [Chapter V.3, Proposition 2.3.4], we have:

Theorem 4.2.3. The inclusion
(COI‘I‘(SChaft)all;all)dualizable C Corr(Schagt ) alt;anl

18 an isomorphism. The anti-involution w identifies canonically with the dualization functor
.Z Op .Z
((Corr(SChaft)all;all)duah able) N (Corr(SChaft)all;all)duah able )

4.2.4. Combining Theorem 4.2.3 with Theorem 4.1.2 we obtain:

Theorem 4.2.5. We have the following commutative diagram of functors

(COI‘I‘(SChaft)all;aU)op cont

Wl ldualization

IndCohcorr(senyge)att;an i
; dualizable
Corr(Schag )all;anl DGCat,q; .

4.2.6. Let us explain the concrete meaning of this theorem. It says that for X € Sch, there is
a canonical equivalence

op
1 h ch e
( ndCo Corr(S(,hatt)an;all) (DGCatduahzable) op

D3 : IndCoh(X)" ~ IndCoh(X),
and for a map f: X — Y an isomorphism
(fl)v ~ #IndCoh

where (f')V is viewed as a functor

§(erre)71 (f' )\/ Serre

mdCoh(X) PX5 mdCoh(X)¥ Y mdCoh(Y)¥ ™5 IndCoh(Y).
4.2.7. Let us write down explicitly the unit and co-unit for the identification D§§”e:

The co-unit, denoted ex is given by

)IndCoh

IndCoh(X) ® IndCoh(X) = IndCoh(X x X) 2% IndCoh(X) ™25 IndCoh(pt) = Vect,
where px : X — pt.
The unit, denoted px is given by

(AX )IndCoh

Vect = IndCoh(pt) % IndCoh(X) ““*255 " IndCoh(X x X) = IndCoh(X) ® IndCoh(X).
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Remark 4.2.8. One does not need to rely on Theorems 4.2.3 and 4.1.2 in order to show that
the maps pux and ex, defined above, give rise to an identification

IndCoh(X)" ~ IndCoh(X).
Indeed, the fact that the composition

Idinaco ® ®ldmaco
(X) 1 dcix}) [22:¢ (X) €xX if h(X)

IndCoh IndCoh(X) ® IndCoh(X) ® IndCoh

is isomorphic to the identity functor follows by base change from the diagram

IndCoh(X)

X @ Ax ., xxx dxex ¢

Axl lidx XAx

Ax Xidx

XxX —/ X xXxX
PXXidxl

X,
and similarly for the other composition. A similar diagram chase implies the isomorphism
(f!)\/ ~ #IndCoh
N .

Remark 4.2.9. Let us also note that one does not need the (difficult) Theorem 2.1.4 either in
order to construct the pairing ex:

Indeed, both functors involved in €x, namely, A!X and (px )P4t are ‘elementary’.

If one believes that the functor ex defined in the above way is the co-unit of a duality (which
is a property, and not an extra structure), then one can recover the object wx € IndCoh(X).
Namely,

wx = (px x 1dx) "9 (ux (k).

4.2.10. Relation to the usual Serre duality. By passage to compact objects, the equivalence
D3¢ : IndCoh(X)" ~ IndCoh(X)
gives rise to an equivalence
D™ : (Coh(X))°P ~ Coh(X).

It is shown in [Gal, Proposition 8.3.5] that D$¢™ is the usual Serre duality anti-equivalence
of Coh(X), given by internal Hom into wx.

4.3. An alternative construction of the !-pullback. In this subsection we show how one
can avoid using the formalism of correspondences if one only wants to construct the functor

IndCohy, . ¢ (Schag)°” — DG Cateon -

4.3.1. Note that even without having the formalism of the !-pullback, we know that for X €

Schagt, the functor
ex : IndCoh(X) ® IndCoh(X) — Vect,

defined as

! (pX)indCOh

IndCoh(X) ® IndCoh(X) 3 IndCoh(X ¥ X) =% IndCoh(X) "5 Vect

2 rise to the co-unit of an adjunction.

gives

2Here we use the assumption that our schemes are assumed separated, so the morphism Ax is a closed
embedding, and thus A!X is a priori defined as the right adjoint of (A yx)IndCoh,
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Indeed, the corresponding unit of the adjunction px can be defined as follows. Choose an
open embedding X <i> X, where X is proper and set
Gy 1= jmdCohs o (py)'(k:)
Then one readily checks that the object
(Ax)m4h (G 1) ~ IndCoh(X K X) ~ IndCoh(X) ® IndCoh(X),
viewed as a functor Vect — IndCoh(X) ® IndCoh(X) provides the unit of the adjunction.
4.3.2. Thus, if we start with the functor

: Schage — DGCateons, X — IndCoh(X), (X 5 Y) vy findCoh

*

(4.4) IndCOhsCh
we obtain that it takes values in the full subcategory
(DG Cateon ) U272l © DG Cateons -

aft

Applying the dualization functor
(DG Catoont ) U21#2P1)9P s (DG Categn ) Iualizable,
from (4.4), we obtain the desired functor
(4.5) IndCoh!SCh : (Schag )P — DGCateont, X +— IndCoh(X), (X EN Y) - fh
In other words, for a morphism f : X — Y, the functor
f': IndCoh(Y") — IndCoh(X)

is defined as the dual of fPd€oh ynder the self-dualities given by ex and ey, respectively.

aft

4.3.3. Let wx € IndCoh(X) denote the object (px)'(k). Unwinding the definitions we obtain

that wyx identifies with

indCoh ° NX(k)-

One can also give an explicit construction of the functor
f': IndCoh(Y") — IndCoh(X)
for a morphism f : X — Y. Namely,
f'(F) ~ (Graphy)' (wx B F),
where Graph; : X — X X Y is a closed embedding because Y is separated, and so (Graphf)!
is defined as the right adjoint of (Graphf)}k“dc‘)h.

(px xid)

4.3.4. Since (4.4) is symmetric monoidal, the functor (4.5) also acquires a natural symmetric
monoidal structure.

As in Sect. 4.1.3, the symmetric monoidal structure on IndCohl, . makes IndCoh(X) into

aft
!

a symmetric monoidal category under the operation of ®-tensor product. By construction,

wx € IndCoh(X) is the unit of this symmetric monoidal structure.

Note, however, that the construction of the non-unital symmetric monoidal structure on
IndCoh(X) only uses the -pullback functor for diagonal morphisms, which are closed embed-
dings.

Thus, the object wx € IndCoh(X) can be uniquely characterized as being the unit in the
above non-unital symmetric monoidal category®.

3The essential uniqueness of a unit is established in [Lu2, 777].



IND-COHERENT SHEAVES AS A FUNCTOR OUT OF THE CATEGORY OF CORRESPONDENCES 27

Remark 4.3.5. The idea that the isomorphism

!
wWx X wx Qwx
characterizes wy uniquely is borrowed from [YZ, Theorem 5.11 and Proposition 6.1].

4.3.6. Finally, let us see that for f : X — Y, the functor f' : IndCoh(Y) — IndCoh(Y)
constructed above identifies with the functor that we had initially denoted by f*, i.e., the right
adjoint of fIndCoh Tq distinguish the two, let us keep the notation f' for the latter functor.

We need to construct an identification between (f')¥ and f*4¢°P Unwinding the definitions,
the functor

()" : ITndCoh(X) — IndCoh(Y)
is given by
F (idy pr)indColl ° (idy XAX)! o (idy X f X idx)(uy(k) X :}’“).

Le., this is pull-push of py (k) X F € IndCoh(Y x Y x X) along the clockwise circuit of the
following diagram

idy X Graphy
(_‘—

Y xY xX Y x X
idy XpyXfJ( Jidy Xpx
Y xY By Y,

in which the horizontal arrows are closed embeddings.

Applying base change, we replace the above functor by push-pull along the counterclockwise
circuit, and we obtain

(Ay) o (idy xpy x )99 (uy (k) R F) ~
~ (Ay)" ((idy xpy )My (k) B f29O9NF)) ~ (Ay) (wy B f1(F)) = fIHNF),

as required.

5. CONVOLUTION MONOIDAL CATEGORIES AND ALGEBRAS

In this section* we will apply the the formalism of IndCoh as a functor out of the category
of correspondences to carry out the following construction and its generalizations:

Let R = X be a Segal object in the category of schemes (see below for what this means).
Then the category IndCoh(R) has a natural monoidal structure, and wg € IndCoh(R) defines
a monad acting on IndCoh(X).

5.1. Convolution algebras. In this subsection we will show that monoid-objects give rise to
convolution algebras.

4The contents of this section were suggested to us by S. Raskin.
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5.1.1. Let R® be a Segal object in PreStky,g acting on a given X € PreStkyas.

Le., R® is a simplicial object in PreStky.s, equipped with an identification R° = X, and such
that for any n > 2, the map

R — R x ... x R,
x T x

given by the product of the maps
1] —[n], 0—il—i+1, i=0,...,n—1,
is an isomorphism.

Remark 5.1.2. An alternative terminology for such R*® is category-object. Indeed, the above
condition is equivalent to requiring that for any Y € PreStkj,¢, the simplicial space

Maps(Y, R*)
be a Segal space. Note we do not require it to be a complete Segal space.

5.1.3. In what follows we will denote R = R'. We will informally think of a Segal object R® as
the prestack R, equipped with the source and target maps

Ps; Pt R= X,

and the multiplication map

mult: R x R— R.
t,X,s

For the duration of this subsection we will assume:

e The target map p; : R = X is schematic;

e The multiplication map mult : R x R — R is proper.
t,X,s

5.1.4. Applying [Chapter V.3, Proposition 4.1.4 and Variant 4.1.6], we obtain that R® defines
a monad Mg, acting on X, i.e., an associative algebra object in the monoidal (oo, 1)-category

MapSCorr(PreStkIa“)Sch;a” (x7 :X:)
Concretely, the 1-morphism X — X, corresponding to Mg is given by the diagram
R X
th,
X,
and the multiplication on Mg is given by the diagram
R xR
x

R——mmX

(5.1)

e
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5.1.5. Applying the functor

IndCoh con & proper + Corr(PreStkyyg )t £ Proper s G Cat2 Gt

Corr(PreStklaft)Sch_qc;an sch-qc;all cont

we obtain that to Mg there corresponds a monad IndCoh(Mg) acting on IndCoh(X).

It follows from the definitions that as an endo-functor of IndCoh(X), the monad IndCoh(Mx)
is given by
(pe) 4 o (ps).

Le., the above construction formalizes the idea of a pull-push monad, corresponding to a
Segal object R°.

5.1.6. Assume now that R® is a groupoid object of PreStki.s, equal to the Cech nerve of a
proper schematic map g: X — Y.

In this case, it follows from [Chapter V.3, Sect. 4.3.4 and Variant 4.3.5] that the monad Mg
is canonically isomorphic to one corresponding to the composite of g (viewed as a 1-morphism

in the (0o, 2)-category Corr(PreStklaft)223_%5;3"“) with its right adjoint.

5.1.7. Assume now that R® is a groupoid object of PreStk),¢, with the maps ps,p : R = X
being proper.

IndCoh o

In then according to Sect. 3.4.6, the endo-functor (p¢), (ps)' acquires an (a priori

different) structure of monad.

We claim, however that the above two ways of introducing a structure of monad on the
endo-functor (p;)I"4C°h o (p,)" coincide. Indeed, this follows from Sect. 5.1.6, applied to

Y= |R°.

5.2. Convolution monoidal categories. In this subsection we will show that IndCoh of a
Segal object in PreStkj.¢ carries a natural monoidal structure.

5.2.1. Let R*® be a Segal object in PreStk,s acting on X. We impose the following conditions:

The maps p; : R — X and mult : R gc< R — R are both schematic.
t,X,s

5.2.2. By [Chapter V.3, Theorem 4.4.2 and Variant 4.4.7], the object R acquires a natural
structure of algebra in the (symmetric) monoidal category

COrr(Prestk]aft)sch;all .

Moreover, according to [Chapter V.3, Sect. 4.5.2 and Variant 4.5.5], the object
X € Corr(PreStKyagt )sch:all
is naturally a module for R.
Applying the right-lax (symmetric) monoidal functor
IndCohcorr(PreStkias )ocnian © COTT(PTEStKat )schzal — DGCateont,

we obtain that the DG category IndCoh(R) acquires a structure of monoidal DG category
(i.e., a structure of associative algebra in DGCatcopnt), and IndCoh(X) acquires a structure of
IndCoh(R)-module.
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Unwinding the definitions, we obtain that the binary operation on IndCoh(R) is given by
the conwvolution product, i.e., pull-push along the diagram

Réﬂ%—>ﬂ%fo

l

R,
and the action of IndCoh(R) on IndCoh(X) is given by pull-push along the diagram

LN

g

X.
5.2.3. Consider a particular case when X = X € Schag, and X = X<+ gq
R=XxX.

We obtain that IndCoh(X x X)) acquires a structure of monoidal category, equipped with
an action on IndCoh(X).

I.e., we obtain a monoidal functor
(5.2) IndCoh(X x X) — Functeont (IndCoh(X ), IndCoh(X)).

By construction, as a functor of plain categories, (5.2) identifies with

Serrey—1
IndCoh(X x X) ~ IndCoh(X) ® IndCoh(X) ¥ L ®™ 1ndCoh(X)" @ IndCoh(X) ~

~ Functeont (IndCoh(X'), IndCoh(X)).

In particular, the functor (5.2) is an equivalence of monoidal categories.

5.3. The case of QCoh. In this subsection we will explain the variant of the constructions in
this subsection for QCoh instead of IndCoh.

5.3.1. First, starting from the functor

Sch Y DG Categy; — DGCat2 Cat

cont

and using the usual base change property for QCoh, we apply [Chapter V.1, Theorem 3.2.2(a)]
and we obtain a functor

QCohgorr(senatt Corr(Sch)3ifan — (DGCatZ ™) P,
Moreover, by [Chapter V.3, Proposition 3.1.5], the above functor carries a natural (symmet-
ric) monoidal structure.

5.3.2. Further, applying [Chapter V.2, Theorem 6.1.5], from the functor QCohg(gen)an con-

all;a’

structed above, we obtain the functor

-C _
QCohCO”(PreStk):ZR;a” : Corr(PreStk)zgﬂ;aH — (DGCat?;Sat)2-op,

cont

Applying [Chapter V.3, Proposition 3.2.4], we obtain that the latter functor carries a right-
lax (symmetric) monoidal structure.



IND-COHERENT SHEAVES AS A FUNCTOR OUT OF THE CATEGORY OF CORRESPONDENCES 31

5.3.3. Hence, the above discussion of convolution categories and algebras applies almost ver-
batim, when we replace IndCoh by QCoh, with the only difference that in whatever applies to
2-categorical phenomena, the direction of 2-morphisms gets reversed.

In particular, the geometric constructions that gave rise to algebras in the monoidal categories
IndCoh(R) will produce co-algebras in the monoidal categories QCoh(R).



