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INTRODUCTION

This Chapter should be regarded as a complement to [Chapter V.1]. Here we prove two more
extension theorems that allow, starting from a functor

adm . adm
(pvert;horiz . Corr(c)vert;horiz - Sv

and a functor F': C - D, to canonically produce a functor

gadm : Corr(D)2dm - S.

vert;horiz vert;horiz

Date: November 21, 2021.



2 EXTENSION THEOREMS FOR THE CATEGORY OF CORRESPONDENCES

The nature of the extensions in this chapter will be very different from that in [Chapter V.1,
Theorems 4.1.3 and 5.2.4]: in loc. cit. we enlarged our 2-category of correspondences by
allowing more 1-morphisms and 2-morphisms. In the present section, we will enlarge the class
of objects.

0.1. The bivariant extension procedure. The first of our two extension results, Theo-
rem 1.1.9, is a general framework designed to treat the following situation. We start with the
functor

. nil-closed
IndCOhCOH(SCh )Zill—slli)ﬁed : Corr(schaft)all;au g DGcatcont

aft

and we want to extend it to a functor

nit-etosed + Corr(indinfSchyg ) 2H-50%°4 — DG Cateons -

aft Ja]1;all

IndCohggorr(indintsch

0.1.1. Here is how this extension is supposed to behave.
Let us first restrict our attention to the 1-full subcategories
Schag, € Corr(Schag ;‘1111;11{’ sed and indinfSch,g ¢ Corr(indinfSchyg ;‘hl;’;llf’sed,
and the fully faithful embedding
(0.1) Schag — indinfSchyg .

We want the restriction IndCohindinfsch, s, Of IndCohCorr(indmeChm)nlill_,cll{)scd to indinfSch,g; to

aft
be given by left Kan extension of

IndCOhCorr(Sch ml-clllosed |SChaft = IndCOhSChaft

aft Jall;a

along (0.1).

0.1.2. Consider now the 1-full subcategories

(Schag )P € Corr(Schagt gﬁ;}fsed and (indinfSch,g )°P ¢ Corr(indinfSchaft)zlill;'acllf’sed,
and the fully faithful embedding
(0.2) (Schag )P — (indinfSch,g )°P.

We want the restriction IndCohindmeChaft of IndCoh o (indinfSchg )nil-ciosea t0 (indinfSchag )P

aft)an;al
to be given by right Kan extension of

!
IndCOhCOU(SCha&)Zfll;'.:ffsed |(Scha&)0p = IndCOhSCha“

along (0.2).

0.1.3. So, we see that our extension behaves as a left Kan extension along vertical directions
and as a right Kan extension along the horizontal directions. But these two patterns of behavior
are closely linked via the 2-categorical structure.

Namely, the left Kan extension behavior along the vertical direction and the right Kan ex-
tension behavior along the vertical direction, once restricted to 1-full subcategories correspond-
ing to nil-closed maps, are formal consequences of each other (this is obtained by combining
[Chapter 111.3, Corollay 4.2.3 and Theorem 4.3.2], [Chapter V.1, Theorem 3.2.2] and Proposi-
tion 2.2.7 below).

The idea is that there are ‘enough’ of nil-closed maps to fix the behavior of our extension on
all objects and morphisms.
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0.1.4. The 2-categorical features are essential in the proof of Theorem 1.1.9. Namely, we per-
ceive the datum of a functor

wit-ctosea + Corr(indinfSchage )2t **® — DGCatcons

alljall

IndcohCorr(indinfSCh

aft
as that of simplicial functor between (oo, 1)-categories
'Grid? dgnl(indinfSchaft 21‘11:;1110 sed _, Seq* (S).
The corresponding functors

'Grid; **"! (indinfSchag ) 1ot ! > Seq(S)

are obtained as left Kan extensions of the corresponding functors

[/ + 1>dgnl nil-closed ext
Grldn & (SChaft)alll;all - Seq (S)

123

That is to say, here we use in an essential way the fact that ’Grididgnl(indinfSchaft gﬁglﬁs‘?d

is a category, and not just a space: we approximate diagrams d ¢ Gridn(indinfSchaft)glill;'sllfsed by

diagrams c € Grid,, (indinfSch,g )2i-€l0s*d - where the maps ¢ — d are required to be term-wise

nil-closed.

So, it would be impossible to prove an analog of Theorem 1.1.9, if instead of the (oo,2)-
categories

Corr(Schag ) ai™! and Corr(indinfSchag ) oo
we used the underlying (oo, 1)-categories

Corr(Schart)an;an and Corr(indinfSchag ) an;an-

0.1.5. The bulk of the proof of Theorem 1.1.9 is concentrated in Proposition 1.2.5 that guar-
antees that the left Kan extension extensions of

[/ + 1>dgnl il-closed ext
Grid,,“*" (Schage ) anzn ™ = Sed,, (S)

along
'Grid2 " (Schag ) ialr™*? - 'Grid2 €™ (indinfSchag ) 2ol
‘does the right thing’, i.e., produces the expected strings of 1-morphisms.

In the process of proving Proposition 1.2.5 we will need to make a digression and study the
behavior of colimits in the categories Seq®*(S), and how these colimits behave with respect to
restriction functors

Sed() - Seqli'(5),

T m

corresponding to maps [m] — [n] in the category A.

0.2. The horizontal extension procedure. Our second extension result, Theorem 6.1.5 is
a general framework designed to treat the following situation. We start with the functor

roper
IndCohory(Sch, g )Prorer : COrr(SChaft)le;;)H - DGCateont,

aft ) a1l;all

and we want to extend it to a functor

IndCoh seh & proper : Corr(PreStkyp )PP — DGCateont -

Corr(PreStklaft)sch;aH sch;all
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0.2.1. The above extension procedure is an instance of the 2-categorical right Kan extension.
We do not develop the general theory of right Kan extensions for (oo, 2)-categories in this book.

What saves the day here is the fact that the present situation has a feature that makes it
particularly simple:

Whatever that right Kan

RKECOTT(SChaft ProPEr  Corr (PreStkiar; )S“h & proper (IndCOhCOrr(SChaft yproper )

all;all sch;all all;all
is, its restriction to the underlying (oo, 1)-categories is given by the usual (i.e., 1-categorical)

right Kan extension, i.e., the canonical map

RKECOTT(SChaft gfﬁgﬁr»Corr(PreStkla&):Zi;fnpmpcr(IndCOhCOrr(Schaft zlrl(;:ﬁr)|Corr(PreStk1aft)a11;a11 -
- RKECOTT(SChaft )ain;ann—Corr(PreStkiagt )sch;all (IndCOhCOrr(SChaft )all;all )

is an isomorphism.

0.2.2. A general statement of when a functor F' : Ty — Ty between (oo,2)-categories has the

property that for any ® : Ty — S, the map

RKEp(®)[rycos = RKEp, o, (Plrycnr)

is an isomorphism, is given in Lemma 6.3.3.

The idea of the condition of this lemma says that for any ¢; € T and ¢y € Ty, the morphisms
in the category

Mapsr, (12, F(t1))
‘come’ from 2-morphisms in T;.

This guarantees that the 1-categorical right Kan extension

RKEp, oy (Plren) 1 Ty > 8

can be canonically extended to 2-morphisms using the data of ® itself.

1. FUNCTORS OBTAINED BY BIVARIANT EXTENSION

In this section we will describe one of the two extension results of this chapter that allows
to extend a functor from a given (oo,2)-category of correspondences to a larger one.

A typical situation in which the procedure described in this section will be applied is when
we want to extend IndCoh as a functor out of the category of correspondences of schemes to
that of ind-inf-schemes. I.e., we start with the functor

IndCOhCOrr(Sch

aft

ynil-closed : Corr(Schag g;}?;}fsed — DGCateont
all;al 3
and we want to extend it to a functor

IndCohgory (indintSch g, mil-closed © Corr(indinfSchyg g{};}f’bed — DGCatcont -

aft)an;al

1.1. Set-up for the bivariant extension. In this subsection we will describe the context of
our extension procedure and state the main result of this section, Theorem 1.1.9.
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1.1.1. Let (C,vert, horiz,adm) be as in [Chapter V.1, Sect. 1.1.1]. We will also assume that
all three classes vert, horiz and adm satisfy the ‘2 out of 3’ property.

Suppose we have a functor

‘bggg;horiz : Corr(c)ggﬁl;hmz -5,
where S € 2-Cat.
Denote
= q)gg:rtl;horiz|cvev-t and (P! = q)gg:rtl;horizhchum'z)‘)p;
Do = P Cadm = (I)Zg:?;horiz|cadm
and
Do = V[(Cogmrer ® Poertnorizl(Cosm)or-
For an object ¢ € C we will simply write ®(c) for @ggﬂ;homz(c).

In our main application we will take S to be DGCatc,; and C = Schag with vert = horiz = all

and adm = nil-closed. We take ‘I)ggfftl; horir O be the functor

: il-closed
IndCohcgrr(sch g nil-elosea : Corr(Schagt ) e - = DGCateont -

aft

1.1.2. Let (D, vert, horiz,adm) be another datum as above, and assume that D admits all fiber
products. Let F': C — D be a functor that preserves the corresponding classes of 1-morphisms,
i.e., that it gives rise to well-defined functors

Fvert : C'uert - D'uerta Fhoriz : Choriz - Dhoriz and Fadm : Cadm - Dadma
and that each of the above functors (including F itself) is fully faithful.

We will assume that F' takes Cartesian squares as in [Chapter V.1, Diagram (1.1)] to Carte-
sian squares. Hence, F' induces a functor

Fodm : Corr(C)2dm - Corr(D)%dm

vert;horiz vert;horiz vert;horiz*

1.1.3. We will also assume that for every d € D there exists ¢ € C equipped with a map ¢ - d
that belongs to adm.

1.1.4. The goal of this section is to extend the functor @ggﬂ;m”z to a functor

gadm : Corr(D)24m - S,

vert;horiz ert;horiz

adm

under certain conditions on the (oo, 2)-category S (see Sect. 1.1.5) and on the functor ®7E7, ;.

(see Sect. 1.1.6).

1.1.5. Conditions on the target 2-category. Let S be a target (oo,2)-category. We will impose
the following conditions on S:

(1) For any s',s" €, the category Mapsg(s', s”) is presentable;
(2) For any s',s" €S, the category Mapsg(s', s”) is pointed, i.e., the map from the initial
object to the final object is an isomorphism;

(3) For any s, s €S, and a fixed ¥ > & (resp., " L 3""), the functors
Mapsg(s', ") — Maps(3',s”) and Mapsg(s',s”) ik Mapsg(s',5")
preserve colimits;
(4) S-“at is presentable;
(5) S*Cat is pointed;
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(6) For s €S there exist objects [1] ® s and s[*] equipped with functorial identifications
Maps([1] ® s, ") = Maps([1], Mapsg(s, s')) and Maps(s’, s{') ~ Maps([1], Mapsg(s', s)),

respectively.
These conditions are satisfied, e.g., if S is 1- Cat>tomPl ot DGCateons.

cont

1.1.6. Conditions on the functor @ggﬁ;horiz, Denote

! !

Uoam = LKEp , (Padm)s Yogm = RKEFop (P, 0m)s

adm
Uyere = LKEp, ., (Poert),  Whopiz = RKEpor  (D},00.).-

horiz

We impose the following conditions on the interaction of ®%¢ and F:

vertihoriz
(1
(2
(3

The functor W+ satisfies the left Beck-Chevalley condition with respect to adm c vert.

The canonical map ¥,gm = Yyert|D is an isomorphism.

adm

The functor ¥' satisfies the right Beck-Chevalley condition with respect to adm c horiz.

)
)
)
(4) The canonical map \I/!hOM-Z|(Dadm)op - P! is an isomorphism.

1.1.7. Finally, we impose one more technical condition:
() For every morphism d’ — d in D, the map

colim Uoam(d' x¢) = Uugm(d')
Ce(Dadm)/d x  Cadm d
Dadm

is an isomorphism.

1.1.8. The main result of the present section is the following:

Theorem 1.1.9. Under the above circumstances there exists a uniquely defined functor

adm
\Ilvert;horiz COI‘I‘(D vert horiz S’

equipped with an identification,
(I)adm . \I/

vert;horiz —

Fadm

Uert horiz © vert;horiz»

such that the induced natural transformation

LKEp, dm(@adm) -

Uert horzz|Dadm

18 an isomorphism.

In addition, the functor o . has the following properties:

vert;horiz

e The induced natural transformation

LKEFvETt ((I)) - \Pge:’tl homz'D

vert

is an isomorphism;
e The induced natural transformation

?}eZtL horzz|(Dhomz yor = RKE(Fhomz)Op((I) )

is an isomorphism.

Note that we can reformulate the uniqueness part of Theorem 1.1.9 as follows:
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Corollary 1.1.10. Let

Tadm . adm
\Ilvert;horiz ' Corr(D)vert;horiz =S

be a functor such that the following maps are isomorphisms:

(i) LKErp,,.., (W0l oz © FoertlCoer) = Vol porizDyere

vert;horiz vert;horiz

- LKEpor (W2dm o P

i . o | op )
horiz vert;horiz horiz|Cy,.;. /7

i) wadm . |5
vert;horizIDy

@adm Jadm

o | — ) |
adm( vert;horiz adm Cadm) vert;horiz|Dadm

(

(ifi) LKEp
(iv) The map

colim U (d' xc) Taam(d)

c€(Daam)/a_ x Cadm
Dadm

for every morphism A’ — d in D.

adm _ {Jadm adm : :
Then the functor @uCl ;.. = Ve i noriz © Foert:horiz Satisfies the assumptions of Theo-

rem 1.1.9, and @ggﬁ;homz identifies canonically with the extension given by that theorem.

1.2. Construction of the functor. The rest of this section and the following four sections
are devoted to the proof of Theorem 1.1.9.

adm
vert;horiz

U, : 'Grid; #" (D)4, .. — Seqd™ (S).

vert;horiz

We will construct ¥ as a simplicial functor

1.2.1. The functor F': C — D gives rise to a simplicial functor

Fn . lGrididgnl(C)adm N ,Grididgnl(D)adm

vert;horiz vert;horiz»
which is fully faithful for each n.
We define the functor

U, : ‘Grid;, ®" (D)4, = Seq™(S),

vert;horiz

by
U, :=LKEg, (2,),
where
@, :'Grid; " (C)sdm .. — Seq™ (S),
is the simplicial functor corresponding to @‘;gﬂ;hwn. (It will follow from Corollary 2.3.5 that

this left Kan extension exists.)

1.2.2. Consider the following set up. Let I be an index category, and let Fy : C; - Dy be a map
between co-Cartesian fibrations over I that takes co-Cartesian arrows to co-Cartesian ones. Let
St be another co-Cartesian fibration over I, and let ®1: Cy — Sy be a functor over I that also
takes co-Cartesian arrows to co-Cartesian arrows.

For each arrow r:i — j in I there are canonical natural transformations

(11) LKEFi(q)jO’Fc) %LKEFj((I)j)O’I“D
and
(1.2) LKEFi(TS ] @z) —>Trg o LKEE ((I)z)

as functors D; — S;, while

Fiorg~rpoF;and rgo ®; 2 ®;0rc,
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where
’I"Clci—>Cj, TDID¢—>DJ', rs:Si—>Sj
denote the corresponding functors.

We have:

Lemma 1.2.3. Assume that the maps (1.1) and (1.2) are isomorphisms. Then relative left
Kan extension defines a functor Wy : D1 — Sy, which has the property that it sends co-Cartesian
arrows to co-Cartesian ones. Furthermore, for every i € 1, the natural map

LKEpg, (®;) - Y1l|c,
s an isomorphism.
1.2.4. We will apply Lemma 1.2.3 to
I:=A°, F:=F, Si:=Seq(S), &5:=0,.

For amap r: [m] —» [n]in A, let 75 (resp., r&, r) denotes the functor Seq™* (S) — Seqtx' (S)
(resp., 'Gridz 8" (C)adm - 'Gridz ‘& (C)dm and similarly for D).

vert;horiz vert;horiz

Consider the resulting functors

(1.3) LKEg, (9, 0rg) > LKER (®,,) o rp.
and
(1.4) LKEg, (15 0 ®,) = r5 o LKER, (9,).

The bulk of the proof of Theorem 1.1.9 will amount to the proof of the next proposition:

Proposition 1.2.5.

(a) The maps (1.3) are isomorphisms.

(b) The maps (1.4) are isomorphisms.

1.3. Proof of Theorem 1.1.9, existence. In this subsection we will assume Proposition 1.2.5

and will deduce the existence part of Theorem 1.1.9. The uniqueness assertion will be proved
in Sect. 3.2.

1.3.1. First, assuming Proposition 1.2.5, and using Lemma 1.2.3, we obtain that that the func-
tors

U, = LKEp (®,)

give rise to a simplicial functor

U, : 'Grid; ®" (D)4 .. > Seqd™(S).

vert;horiz

By the (£, Seq™")-adjunction, from ¥, we obtain a functor

»QeXt(,GI‘idfdgnl(D adm ) N S,

vert;horiz

and finally, using [Chapter V.1, Corollary 1.4.6], the sought-for functor

adm . adm
\I}vert;horiz . Corr(D)vert;horiz - S.
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1.3.2. The composite

’Gridfdgnl (C adm N /Gridf dgnl (D adm &) Sequt (S)

vert;horiz vert;horiz

identifies with ®,. This gives an identification

adm ~ Jyadm adm
q)vert;horiz - \Iluert;horiz ° vert;horiz*
Denote
. yadm I ._ \syadm .
U= \Ijve'r’t;hOTiZ|Dve7‘t and U := \Ijvert;horiz|(Dhoriz)°p7
— ~ Jyadm
\I/adm T \]:I|Dadm, - \]:]UET’t;hOTiZ|Dad'rrz
and

! ! ~ gyadm
\Ijadm =v |(Dadm)°p - qjvert;horiz|(Dadm)0p'

For an object d € D we shall simply write ¥(d) for ¥2m (d).

vert;horiz
1.3.3. Let us now show that that the induced natural transformation
(1.5) LKEr,,,. (®aam) = Yaam
is an isomorphism.

It suffices to show that this natural transformation is an isomorphism on objects. lL.e., we
have to show that for d € D, the map

colim  ®(c) - ¥(d)

y:c—>d,yeadm

is an isomorphism, where the above map is given by a compatible family of maps
~ v
(1.6) o(c) > U(e) " w(a).

By the definition of the functor ¥,, for n = 0, we have a tautological isomorphism

(1.7) colim  ®(c)=Ty(d) = ¥(d).

~y:c—d,yeadm

Now, by the definition of ¥, for n =1, the compatible family of maps
®(c) » ¥(d)
that comprise (1.6) identifies with that in (1.7).

1.3.4. Let us show that the natural transformation

LKEp_  (®) > ¥

ert
is an isomorphism.
Again, it is enough to do so at the level of objects. Consider the commutative diagram
LKEFadm ((I)adm) E— \I]adm

| I

LKEF,,,, (®)Ip.s, —— ¥YIb

The top horizontal arrow in this diagram is an isomorphism by Sect. 1.3.3 above. The left
vertical arrow is an isomorphism by the second condition in Sect. 1.1.6. This implies that the
bottom horizontal arrow is an isomorphism, as desired.

adm *
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1.3.5. Let us now show that the natural transformation
\I/! — RKE(F}LON',Z)OP (q)')
is an isomorphism.
As in Sect. 1.3.4, it suffices to show that the natural transformation
| |
\I’;zdm e RKE(Fad,m)OP(q);zdm)
is an isomorphism.
Since the functor \I'; am 1s obtained from W, g4, by passing to right adjoints (by [Chapter V.1,
Theorem 3.2.2]), we need to show that for d € D the map
¥(d) - lim d(c),

vy:c—d,yeadm
comprised of functors
v(d) —~ ®(c),
right adjoint to those in (1.7), is an isomorphism. However, this follows from Proposition 2.2.5
below.

2. LIMITS AND COLIMITS OF SEQUENCES

In this section we prepare for the proof of Proposition 1.2.5 by making a digression on the
behavior of limits and colimits in categories of the form Seq®(S), where S is an (o, 2)-category
as in Sect. 1.1.5.

2.1. Limits and colimits of presentable categories. In this subsection we recall the be-
havior of limits and colimits in the (oo, 1)-category, whose objects are presentable categories,
and whose 1-morphisms are colimit-preserving functors.

2.1.1. Recall from [Chapter I.1, Sect. 2.5] that 1-Catp,s denotes the 1-full subcategory of 1-Cat,
whose objects are presentable (oo, 1)-categories, and whose morphisms are continuous (i.e.,
colimit-preserving) functors. Recall that the embedding

1-Catp,s — 1-Cat
commutes with limits, see [Chapter 1.1, Lemma 2.5.2(b)].

Let us recall the setting of [Chapter 1.1, Proposition 2.5.7], which we will extensively use.
Let

(2.1) I 1-Catpys, i+~ C;
be a functor, and consider the object

C' = c%ilm C, € 1-Catpys .
For an index i, let ins; denote the tautological functor

C,-C.
Assume now that for every arrow ¢ — j in I, the corresponding functor C; — C; admits a

continuous right adjoint. Consider the resulting functor

I°? > 1-Catp,s, i+~ Cy,
obtained from (2.1) by passing to right adjoints. Consider the object

C”:= Zlellrg}) C; € 1-Catpys .
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For an index 4, let ev; denote the tautological functor
(3,, - (ji-
Then [Chapter 1.1, Proposition 2.5.7] says that each of the functors ev; admits a left adjoint,
and that the resulting functor
(2.2) C'-C", (evi)F:C;—>C"
is an equivalence. In other words, we have an equivalence C’ ~ C”, under which, the adjoint
pair
ins; : C; 2 C': (ins;)?
identifies with
(evi))!:Ci 2 C" :ev;.
As a formal consequence, we obtain:
Corollary 2.1.2.
(a) The natural transformation
co_liIm ins; o(ins; ) - Ider
1€
is an isomorphism, where the colimit is taken in either the category Maps;_ ., (C',C") or
Maps;_c.: (C', C').
(b) The functor C" - C', given by

colim ins; oev;
iel

provides an inverse to the functor C' - C" from (2.2), where the colimit is taken in either the
category Maps;_cyi,.,.. (C”, C") or Maps,_¢,(C",C’).
(c) For D € 1-Catp,s, the natural map

C(zleilm Functeont (D, C;) » Functeons (D, C')
is an isomorphism, where the colimit is taken in the category 1-Catp,s.
Proof. Let us prove point (a). It suffices to show that the natural transformation
c%ilm (evi) oev; > Iden

is an equivalence. I.e., we have to show that for ¢,€ € C”, given by compatible systems of
objects c;,¢; € C;, respectively, the map

Mapsc (¢, €) — im Mapscn ((evi)" o evi(c),€)
is an isomorphism. We rewrite the right-hand side as

111&1 Mapsg, ((evi(c),evi(€)),

and now the assertion becomes manifest.

Point (b) follows formally from (a). Point (c) follows formally from (b) and the commutative
diagram
co_liIm Functeont (D, C;) ——— Functeons (D, C")
1€

lim Functeon (D, C;) ——— Functeon (D, C”).

ielop
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2.2. Limits and colimits in S™©2t, Let
1-Catp,s c 1-Cat

be the 1-full subcategory, corresponding to 1-Catp,s ¢ 1-Cat. We can view the equivalence (2.2)
as a result about functors I — 1- Catp,s.

In this subsection we will generalize the equivalence (2.2) by replacing 1- Catp,s by a more
general (oo, 2)-category S.
2.2.1. Limits of mapping categories. Let S be an (oo,2)-category satisfying assumptions (1),
(3), (4) and (6) of Sect. 1.1.5.
Lemma 2.2.2.

(a) For1e1-Cat and a functor I —S, i~ s; with s:= cqliIm s;, for any s’ €S, the resulting map
1€
Mapsg(s,s’) - hIm Mapsg(s;,s)
ielop

s an isomorphism in 1-Catp,s.

(b) For Ieoco-Cat and a functor I - S, i~ s; with s:= lllgl s;, for any s’ €S, the resulting map
Mapsg(s', s) > liril Mapsg(s', s;)
1€
s an isomorphism in 1-Catp,s.

Remark 2.2.3. By definition, the maps in the lemma a priori induce isomorphisms of the un-
derlying spaces.

Proof. Follows from the above remark by replacing s’ by the objects s'l'] and [1] ® s’, respec-

tively.
O

2.2.4. Let
(2.3) I-S,ims;
be a functor, and assume that for every arrow ¢ — j, the corresponding 1-morphism s; — s;
admits a right adjoint. Consider the functor
I - S, i s,
obtained from (2.3) by passing to right adjoints.

Denote

A . 1 .
s :=colims; and s" := lim s;
i€l ielop

and let
: . / N/
ins;:s; > s and ev;: s —s;
denote the corresponding 1-morphisms.
We are going to prove:

Proposition 2.2.5.
(a) Each of the 1-morphisms ev; admits a left adjoint. The 1-morphism s’ — s", given by the
compatible family

(evi)F:s; > ",
is an isomorphism. Under this identification, the functors (ev;)L correspond to ins;, and the
functors ev; correspond to the the right adjoints (ins;)® of ins;.
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(b) The map
CQliIm ins; o(ins; ) - idy
1€
is an isomorphism, where the colimit is taken in Mapsg(s', s').
(¢) The inverse 1-morphism to one in point (a) is given by

colim ins; o evy,
i€l

where the colimit is taken in Mapsg(s”,s').
(d) For any t €S, the natural functor

co_liIm Mapsg(t, s;) - Mapsg(t,s’)
1€

is an equivalence, where the colimit is taken in 1-Catpyg.

13

Proof. To show that the 1-morphism ev; admits a left adjoint, it is enough to show that for

any t € S, the induced morphism
Mapsg(t,s”) - Mapsg(t, s;)
admits a left adjoint and that for a 1-morphism tg — ¢1, the diagram

Mapsg(ti,s"”) «——— Mapsg(t1,s;)

| l

Mapsg(to,s”) «—— Mapsg(to, s;)
obtained by passing to left adjoints along the horizontal arrows in the commutative diagram

Mapsg(t1,5"”) —— Mapsg(t1,5;)

| l

Mapsg(to,s”) —— Mapss(to, s;),
that a priori commutes up to a natural transformation, actually commutes.
By Lemma 2.2.2, we have
Mapsg(t, s") ~ llellrg}o Mapsg(t, s;),

and now the assertion follows from the equivalence (2.2).
We will now show that the composite
s =" =5,
where the first arrow is the map point (a) and the second arrow is the map in point (c),
isomorphic to idy. We need to show that for every j € I, the composition

ins;
(2.4) s;— s >s" >4

is canonically isomorphic to ins;, in a way functorial in j.
Note now that for any ¢ € S we have a commutative diagram

Mapsg(t,s’) —— Mapsg(t,s’) —— Mapsg(t,s")

29 T T |

CQliImMapSS(t,Si) —_— hIm Mapsg(t,s;)) —— CQIiImMapsS(t,si),
1€ 1elopP 1€

is
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where the colimits in the bottom row are taken in 1-Catp,s. Now, Corollary 2.1.2(b) asserts
that the bottom composition is canonically isomorphic to the identity on thIm Mapsg(¢, ;).
1€

Applying this to ¢ = s; and the tautological map

55 = cqleilm Mapss(s;, Si),
7

we obtain that the composition (2.4) is indeed isomorphic to ins;.

Thus, we obtain that the composite s’ - s” — s’ is indeed isomorphic to the identity map. In
particular, the composite in the top row of (2.5) is also isomorphic to the identity map. Now,
since the middle vertical map in (2.5) is an isomorphism (by Lemma 2.2.2(b)), we obtain that
the left vertical map is an isomorphism as well.

This proves point (d) of the proposition. Now, since all maps in the bottom row of (2.5) are
isomorphisms, we obtain that the same is true for the top row. This proves point (a) of the
proposition.

Point (c) has been established already. Point (b) follows formally from point (c).

2.2.6. As an application of Proposition 2.2.5, we shall now prove the following. Let
F:C-D

be a functor between (oo, 1)-categories. Let
®:C->S

be a functor, and set ¥ := LKEp(®).

Assume that for every arrow ¢; — ¢ in C, the resulting 1-morphism ®(c;) - ®(c2) admits
a right adjoint. Let ®': C°P — S be the functor, obtained from ® by passing to right adjoints.

We claim:

Proposition 2.2.7. Under the above circumstances, the functor ¥' := RKEpop (®') is obtained
from U by passing to right adjoints.

Proof. Let us first show that for any arrow d; - ds in D, the 1-morphism
¥(dy) > ¥(d2)
admits a right adjoint.

We have:

(d1) =Chlggclilr)gd1¢>(cl) and ¥(d2) :cQ,ﬁ?cli?ldf)(C?)’

and the 1-morphism ¥(d;) - ¥(dz) is obtained from the map of index categories
(Cl,F(Cl) d dl) i (C17F(C1) d d1 d dg)
The right adjoint in question is given, in terms of the isomorphism of Proposition 2.2.5(a)
by
lim ®(ce) - lim  ®(cy).
CQ,F(CQ)"dQ ( 2) C1,F(C1)*>d1 ( 1)

Let U' denote the functor obtained from ¥ by passing to right adjoints. Let us construct a
natural transformation

(2.6) ' - RKE pon ('),
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which by definition amounts to a natural transformation
o FP > o',

This natural transformation is obtained by passing to right adjoints in the canonical natural
transformation
d—>TUoF.
Let us now show that the natural transformation (2.6) is an isomorphism. It is enough to
check this at the level of objects. We have
¥'(d) = colim W d RKEper (®')(d) = lim  ®(c).
(d) = colim ¥(e) and RKEro(#)(d) = lim  &(c)
By unwinding the definitions, we obtain that the resulting map
lim ¥(c)—~> 1 )
eSma 1O = i)
is the map of Proposition 2.2.5(a).
O

2.3. Colimits in Seq®**(S). In this subsection we will record results pertaining to the behavior

of colimits in the category Seq'(S): these are Propositions 2.3.2, 2.3.4 and Corollary 2.3.7.

n

2.3.1. Colimits of strings. We begin with the following observation:

Proposition 2.3.2. For a morphism r: [0,m] - [0,n] in A, the functor
4+ Seq™* (S) — SeqX* (S)

n m
commutes with colimits in the following cases:

(a) m=0.

(by m=1andr sends0—i and 1 »i+1 for 0<i<n.

(¢) Forr inert; i.e. of the form i — k+1 for some 0<k <n—-m.
(d) r is a surjection.

Proof. We claim that in each of the above cases, the functor r§ admits a right adjoint. Clearly,
(a) and (b) are particular cases of (c).

The right adjoint in question sends a string

Pl g g™

to

0 1

1 m—
x> ..ok >8 =85 = .8 55" x> > %,

where * denotes the initial/final object of S. Here we are using the fact that for s’,s" € S, the
map

Maps(s’, *) x Maps(*,s”) - Maps(s',s")
sends the unique object in Maps(s’, *)xMaps(*, s”) to the initial /final object in Maps(s’, s”).

For r surjective, by transitivity, it suffices to consider the case when r collapses the interval
{i-1} > {i} in [n] to {i — 1} € [n—1]. In this case, the right adjoint in question sends

1

-2 N 52—1 N 52 N 51+ NN Sn

Sg—=> ... > S

to

where
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where (s°)'] > % corresponds to the map [0] - [1] given by 0~ 0.
O

2.3.3. Colimits of 1-morphisms. We shall now describe explicitly how to compute colimits in
Seq*(S). Let I be an (oo, 1)-category, and let

1> 5, 1= (3?&31)

be a functor T - Seq*(S).
Let us denote

(2.7) 5% = colim s and s* =~ colim s} .
i€l i€l

Let ins} and ins} denote the canonical 1-morphisms

1 1
59 - 5% and s} - s,

respectively.
Note that by Proposition 2.3.2(b), if the colimit
colim s; € Seq™* (S)
i€l

exists, the 0-th (resp., 1-st) component of the corresponding object identifies with sg (resp.,
51).

0

Assume now that for every 1-morphism ¢ — j in I, the 1-morphism s; — 52 admits a right

adjoint. In this case, the 1-morphism ins? also admits a right adjoint, which we denote by
(ins?) .

Proposition 2.3.4. Under the above circumstances, the colimit s := co_lilmgi € Seq"(S) ewists.
1€

The resulting 1-morphism

identifies canonically with
B = cc;liIm ins} 0" o (ins?) " € Mapsg (0, 51).
Proof. Let
0B n

s =S8

be an object in Seq**(S). We need to show that a compatible system of data

(2.8) Y B
hi
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is equivalent to that of

(29) 30 —_— 31

8/0 — s/l

The 1-morphisms o and a! are uniquely recovered from the compatible families o and o}
respectively, by (2.7).

Since compositions of 1-morphisms commute with colimits, by the construction of 3, the
data of h is equivalent to that of a compatible system of 2-morphisms

al o Bio(ins))® ~ ' oins] of; o (ins?) - 50,
which by adjunction is equivalent to

af ofi = oa’oins ~ 3 oal

79

as desired.

Combing with Proposition 2.3.2(b), we obtain:

Corollary 2.3.5. Let i+ s; be a functor I — Seq®™*(S), such that for every k € {0,...,n -1},

n
and every 1-morphism i — j in I, the corresponding 1-morphism sf - sf admits a right adjoint.

Then the colimit

s:=colims; € Sedy " (S)
erists.
2.3.6. The product situation. Let s
(2.10) P e

be an object of Seq**(S).

T

Let us be given, for each k£ =0, ...,n an index category I; and a colimit diagram

colim s;, — s~
ikGIk

such that each of the 1-morphisms ins;, : s;, — s and Qiyif © Sy = Sit, (for (ig — i},) € Iy)
admits a right adjoint.

ext
n

Set I:=1Ig x ... xI,. We define an I-diagram i ~ s; in Seq," (S) by setting for i = (dq, ..., ix)

. s \R
k _ WS- k-1 g (msiy,)
Si = Sips Sip_1 S — S > Siy,-

By construction, the above I-family s; is equipped with a map to the object s of (2.10).

From Propositions 2.3.4 and 2.3.2(b), we obtain:
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Corollary 2.3.7. Assume that each of the index categories Iy is contractible. Then:
(a) The map
colims, = s
1€l =

s an isomorphism.
(b) For any r:[m] — [n], the map

rs(colims; ) — Cgleilm (r(s:))-
18 an tsomorphism.

3. THE CORE OF THE PROOF
3.1. Calculation of LKEf, (®1). Recall the notation
U:=LKEp, ,(®):Dyert =S
and
U= RKE(Fh,oriz)OP(q)!)  (Dhoriz)® = S.
Note that we can identify the values of ¥ and ¥' on objects of D by Proposition 2.2.7 and
the conditions (2) and (4) in Sect. 1.1.6, i.e., that

LKEFa,dm ((I)|Cadm) = \P|Dad7n

and
! !
\Ij.|(Dadm)0p = RKE(Fa,dmr)OP(¢.|(Cad7n)0p)'

Let an object d € Seq™* (Corr(D)24m ) be given by a diagram

vert;horiz

do,l 4, do,o
(3.1) Bdl
dl,l'

The goal of this subsection is to construct a canonical identification of LKEg (¥1)(d,),
which is a 1-morphism
¥(do,0) — ¥(dy,1),
with W(8q) o ¥'(aq).
3.1.1. The 1-morphism
LKEp, (r} 0 ®,)(d)

is the colimit in Seq**(S) over

(l ‘€~ Q) € (’Gridi dgnl(c 3g$;horiz)/g

of

O(Be) 0 @' (),
for the morphisms

o1 ——— co

N

C1,1-
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We calculate this colimit using Lemma 2.3.4, and we obtain

colim Wadm(71,1) © (2(Be) 0 @' (ae)) © (Paam (70,0)) ",

which can be rewritten as

(3,2) (’:y(:)clirtril\l’('yl,l)o\I’(ﬂc)o\II!(ac)o\Il!('yo,O).

3.1.2. Consider the following diagram:

Co,1

Be x ac
70,1

11 X d01 & Coo

/\

11 X d01 d01 o, Coo

We rewrite the expression in (3.2) as the colimit over
{y:c—~d}e(Grid; *®"(C)2m., i) ja

vert;horiz

of
(33) (1) o B(5) o W(HY) 0 U(fe x ac) oW (e x ac)o V() o W(ah) o ¥ (r00)

3.1.3. The forgetful functor
. 1>dgnl d
(Grid; " (C) & horiz)/a = (Cadm) jdo.o % (Cadm) ja,
is a co-Cartesian fibration. For a fixed object
70,0 : €0,0 = do,o and y1,1 1 €11 =~ dy 1,

the fiber of (Grid?*®"(C G horiz)jd OVer it is canonically equivalent to

(Cadm)/clyl x dg,1 X co,0°
di 1 do,o0

Hence, by Proposition 2.2.5(b), the colimit of the expressions (3.3) over the above fiber is
canonically isomorphic to

U(y1,1) 0 U(By) o W(BY) o T'(ag) o W' (agg) o ' (70,0).
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3.1.4. Applying the Beck-Chevalley isomorphisms (i.e., Conditions (1) and (3) from Sect. 1.1.6),
we rewrite the latter expression as

(3.4) W(yi1) oW (1,1) 0 ¥(Ba) o ' (aa) o ¥(70,0) o ¥ (70,0)-
We obtain that the colimit over c € (Grid; dgnl(C)Zgﬂ;horiz)/g is isomorphic to the colimit

over
(co,0xc1,1) € (Cadm)/dgo * (Cadm)/a, .

of the expressions (3.4). Applying Proposition 2.2.5(b) again, we obtain that the latter is

canonically isomorphic to

\D(Bd) ° \I]!(ad)a
as asserted.

3.2. Proof of uniqueness in Theorem 1.1.9. In this subsection we will continue to assume
Proposition 1.2.5 and will deduce the uniqueness assertion in Theorem 1.1.9.

3.2.1. Let
‘T’ggg;horiz : Corr(D ggg;horiz -5
be a functor.
Denote
Ij = @ggﬁ;horiz|DveTt7 CI;! = ~zg71"1t1;ho7"iz|(Dhnm‘,z)°p'

Let us be given a natural transformation

adm Tradm adm
(35) @UeTt;hOTiZ - \I/UeTt;hOTiZ ° vert;horiz*

Let \”17. denote the functor of simplicial categories

,Gridfdgnl(D)adm &) Seqext(S)7

vert;horiz .

corresponding to 0.

\I,adm

e horiz» We obtain a natural transformation between simplicial

By the construction of
functors

v, > CIL,

as functors from the simplicial category 'GridZ " (D)
SeqS™(S).

adm

wvert:horiz t0 the simplicial category

3.2.2. Restricting along
”Gl‘idfdgnl(D adm o 'Gridf dgn](D)adm

vert;horiz vert;horiz>

we obtain a natural transformation between simplicial functors

(36) \1]'|"Gridfdg“l(D adm g \Ij.|"GI‘idfdgnl(D adm

vert;horiz vert;horiz

as functors from the simplicial category

"Gridz ‘e (D)adm ~ Seq, (Corr(D)24m )

vert;horiz vert;horiz
to the simplicial category SeqS**(S), while both functors take values in

Seq, (S) € SeqZ™ (S).
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3.2.3. Suppose now that (3.5) is an isomorphism, and that the natural transformation
(3.7) LKEg,,, (®Podm) = pod

induced by (3.5), is also an isomorphism.

vert; hOT‘ZZ|Dadm’

We will show that in this case, the natural transformation (3.6) is an isomorphism. By the
Segal condition, it suffices to do so on 0-simplices and 1-simplices.

For 0-simplices, this is just the fact that the map (3.7) is an isomorphism. For 1-simplices,

we need to show that for a 1-morphism f:d - d’ in Corr(D)¥™ . the 2-morphism in

vert;horiz

(3.8) T(d) — ¥(d')

h

U(d) — ¥(ad)
is an isomorphism. It is enough to consider separately the cases when f:d — d’ is vertical or

horizontal.

3.2.4. Note that the natural transformation (3.5) gives rise to a natural transformation
© > U o Fep,

and hence to

(3.9) U :=LKEp, ,(®) - V.

Restricting to D4, we obtain the commutative diagram

id
LKER,,, (®adm) — LKEFE,,,, (®adm)

(3.10) l l

lIllDaulm - \]:I|Dadrn'

Parenthetically, note that the vertical arrows in (3.10) are isomorphisms. Hence, ¥|p,, -
¥U|p,,., is an isomorphism. Therefore, (3.9) is also an isomorphism, because it is such on objects.

3.2.5. We claim that for f : d - d’ being a vertical morphism d 3 d’, the diagram (3.8)
represents the natural transformation (3.9) evaluated on 3.

Indeed, it follows from the calculation of ¥y in Sect. 3.1 that ¥;(8) can be written as a

colimit of the category
Be

c —— ¢

It

d d’
of the objects (®(c) — 20 ®(c')) € Seq**(S). Thus, to show that (3.8) is represented by
w(d) —2 w(d)

N

U(d) — ¥(d),
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we need to construct a compatible of diagrams

o(c) 2 g
wml lwm')
w(d) 2 ga)
L
Ta) 22 §(a),

in which the outer squares are identified with
®(c) —— &(c)
‘T’(v)l l‘f’(“/)
T(d) —= ¥(d).

However, this is given by the diagram (3.10).

3.2.6. As in Sect. 3.2.4, from the isomorphism (3.5), we obtain a natural transformation
U o (Fhoriz) -

and hence a natural transformation

(3.11) (A i

which is also an isomorphism by the same logic.

We claim that for a l-morphism f :d — d’ in Corr(D)‘;gﬂ;hwiz, given by a horizontal
morphism « : d’ - d, the diagram (3.8) represents the inverse of the natural transformation
(3.11) evaluated on a.

Indeed, using the calculation of ¥y in Sect. 3.1, we obtain W1 (f) can be written as a colimit
of the category

d > &

"L () € Seq(S).

of the objects (®(c) —
Thus, to show that (3.8) is represented by

w(d) 2 gy

¥(d) —— (d),
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we need to construct a compatible family of diagrams

a(c) o) a(c')
T(v) (v
T(d — (d
(@ S (@)
v(d v(d’
(@) e (a)

where the outer square is
o(c) 2 (o) o(c)
T(v) (")
v(d). v(d’
(a) o (a)

23

Now, the required family of diagrams is obtained by passing to left adjoints along the ~y-arrows

in the family of commutative diagrams

- T () ~
v(d) v(d’)
w(d) e W (d)

' () ' (y")
a(c) o a(c!)

4. PROOF OF PROPOSITION 1.2.5: EASY REDUCTION STEPS

4.1. Reductions for Proposition 1.2.5(a).

4.1.1. We claim that the map (1.3) is an isomorphism if r is of the form ¢ — i+k for 0< k <n-m

(in particular, it is an isomorphism for m = 0).
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In fact, we claim that in this case, the map

LKEp, (Gorg) —» LKER, (G) orp

adm
vert;horiz®

Note that if the latter statement holds for r : [m] — [n] and ¢ : [I] = [m], then it holds
for the composition r o ¢ : [I] = [n]. This reduces the assertion to the case of r being a map
[n—1] > [n], which is either i+ i or i — i + 1.

is an isomorphism for any functor G out of 'Gridz*"(C)

Fix an object d,, € 'Gridz " (D)®m We need to show that the map

vert;horiz®

colim G(r&(e,)) — colim G(c,,)

<, Fn(c,)-d, <, Fm(c,,)=>r5(d,)

is an isomorphism.

We will show that in each of the above cases, the functor of index categories, i.e.,

is cofinal. By symmetry, it is sufficient to consider the case of r being the map i ~ i.

The functor (4.1) is (obviously) a co-Cartesian fibration. Hence, it is enough to show that it
has contractible fibers.
For a given
Cp-1 7™ T*D (Q)7

the fiber over it is the category of diagrams

{Cn,n - dn,na Cn-1,n > Cpn-1,n-1 X dn—l,n X Cn,n}v

n—-1,n-1 n,n
where both maps are in adm.

This category is a co-Cartesian fibration over the category of

{Cn,n - dn,n}
We claim that this category is contractible. Indeed, this follows from Lemma 4.1.2 below.

So, it is enough to show that each fiber of this co-Cartesian fibration , i.e.,

{Cn—l,n —> Cp-1,n-1 X dn—l,n dx Cn,n}

n-1,n-1 n,n

is contractible. However, this also follows from Lemma 4.1.2.

Lemma 4.1.2. For a given d € D, the category Cugm Dx (Dadm)/d 18 contractible.

adm
Proof. We claim that Cg,gp, . (Dadm)/q is in fact cofiltered (i.e., its opposite category is
adm
filtered).

Indeed, the category (Dadm);a has products, and therefore is cofiltered. Note now that every
object of (Dgadm)/q admits a map from an object in Caap, o (Dadm)/a; by Sect. 1.1.3.
adm
Now, we have the following general assertion: let E' - E be a fully faithful embedding with
E filtered. Assume that every object of E admits a morphism to an object of E’. Then E’ is
also filtered (and its embedding into E is cofinal).
O
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4.1.3. We will now show that it is enough to prove that (1.3) is an isomorphism for m = 1.
Indeed, in order to show that
LKEp (9, 0rs) - LKER (P,) 0o rp
is an isomorphism, it is enough to show that the induced natural transformation
qs © LKEp, (®m o rg) > g5 o LKER,, (®m) o rp

is an isomorphism for every m > 1 and ¢: [1] - [m] of the form

0% 1=d+1.

We have a commutative diagram

@ o LKER, (P ors) —— ¢t oLKER, () 07

LKEE, (g5 © Pm o7g)

LKEp,, (qér ody,) 0 D

LKEF, (®10q507¢) LKEF, (P10g5) orp
LKEF, (®10(roq)g) LKEF,, (®1) o qp o7
id =

LKEF, (®10(roq)g) — LKER, (1) o (roq)p.

By assumption, the bottom horizontal arrow is an isomorphism. The second-from-the-
bottom right vertical arrow is an isomorphism by Sect. 4.1.1. The upper left and upper right
vertical arrows are isomorphisms by Proposition 2.3.2(b).

Hence, the top horizontal arrow is also an isomorphism, as required.

4.1.4. We will now show that it is enough to show that the map (1.3) is an isomorphism for
r:[1] - [n] of the form 0+~ 0 and 1~ n.

Indeed, given a map r : [1] - [n] decompose it as p o ¢, where ¢ : [1] - [m] is of the form
0+~ 0and 1+~ m and p is of the form i~ i+ k for 0< k <n-m.

We have a commutative diagram

LKER, (®10(peg)g) —— LKER (®1)°(pog)p

LKEp, (®104¢ © pg) LKEp, (®1) °qp o Pp

l J{id
LKER, (®1095) opp — LKEpR (1) 0 gp opp-

By assumption, the bottom horizontal map is an isomorphism. The lower left vertical is an
isomorphism by Sect. 4.1.1. This implies that the top horizontal map is an isomorphism, as
required.
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4.1.5. To summarize, in order to prove Proposition 1.2.5(a) it remains to consider the following
two cases:

(I) r is the map [1] — [n] given by 0~ 0 and 1~ n with n > 1.

(IT) r is the degeneracy map [1] — [0].
4.2. Reductions for Proposition 1.2.5(b).
4.2.1. First, we note that the map (1.4) is an isomorphism for m = 0, by Proposition 2.3.2(a).

4.2.2. We will show that it is sufficient it is sufficient to prove that the map (1.4) is an isomor-
phism for m = 1.

Indeed, in order to show that (1.4) is an isomorphism, it is sufficient to show that the induced
natural transformation

gs © LKEp, (rg o ®n) — g5 o rg o LKEp, (®0,)
is an isomorphism, for every m > 1 and ¢ : [1] — [m] of the form

04,13+ 1.

We have a commutative diagram
¢ oLKEp, (17§ 0 ®,) — ¢ or§ oLKER, (®,,)

|

LKEFn(qg oré O(I)n) -

LKER, ((req)g o ®,) —— (roq)g o LKER, (®n),

where the upper left vertical arrow is an isomorphism by Proposition 2.3.2(b).

This establishes the announced reduction step.

4.2.3. We will now further reduce the verification of the fact that (1.4) is an isomorphism to
the case when r: [1] = [n] sends 0~ 0 and 1~ n.

Given a map r: [1] - [n] we can factor it as
[1] 5 [m] = [n],
where ¢ is of the form ¢ — i+ k for 0 <k <n—-m, and p sends 0 —» 0 and 1 —» m.
We claim that if the map
LKEF, (ps © ®m) = ps o LKEF, (®m)
is an isomorphism, then so is the map

LKEg, (15 0 ®,,) = 1§ o LKER, (®,,).
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Indeed, we have a commutative diagram
LKEp, (r§ o ®,) —— rioLKEg,(®,)

LKEFR, (pg 0 g3 o ®y) piogi o LKER, (®,)

LKEFR, (pg o @ 0qc) —— pgoLKEF, (¢ 0 ®,)

LKEF, (ps o ®m) © ap pg o LKEF, (®m 0 q¢5)

id

LKEFg,, (p§ o®,,)o a4 —— pg oLKEg (®,,)0 a0

By assumption, the bottom horizontal map is an isomorphism, and we wish to deduce that
so is the top horizontal map. We claim that all the vertical maps are isomorphisms.

The second-from-the-bottom left vertical map and the lower right vertical map are iso-
morphisms by Sect. 4.1.1. The second-from-the-top right vertical map is an isomorphism by
Proposition 2.3.2(c).

5. END OF THE PROOF OF PROPOSITION 1.2.5

5.1. Proof of Proposition 1.2.5(b); the main case. We need to show that the map
(5.1) LKEpg, (r5 o ®,) - r§ o LKEg, (Dy,)
is an isomorphism for r being the map [1] - [n], 0~ 0 and 1 ~ n.

Fix an object d,, € 'Gridz ‘" (D G horiz- We need to show that the map

(5.2) colimrg o ®,(c,,) = rg(colim @, (c,,))
c c

=n n

is an isomorphism, where ¢, runs over the category

(‘Grid; ™" (C) 3 hnori=)sa, -
5.1.1. We first calculate the colimit
(5.3) coclim ?,(c,,) €Seq,(S),
which is a string
U(doo) »> ¥(d11) = ... > U(dpn).
We claim that (5.3) is given by

W(Bi-1.4 o' Qi
(5.4) qj(di—l,i—l) B 1,)_)( Jie1)

1=1,...,n.

U(d; ;)

For i =1,...,n, let ¢ denote the map [1] - [n], given by 0~ i -1, 1 — i. We will identify
4 (colim ®, (c,.))
<,

with (5.4).
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Note that by Proposition 2.3.2(b), we have

(5.5) g5 (colim ®,,(c,,)) = colim g3 o B, (c,,).
Cn [

n

Fori=1,..,n, let d’, be the object of 'Gridfdgnl(D)adm given by

vert;horiz

di1,; — di—1i-1

|

di,i'
We have a natural restriction functor

(56) ra . (lGridTZLdgnl(C)adm )/gn N (lGrididgnl(C)adm )/Q:l

vert;horiz vert;horiz

The functor
g0 @+ ('Grid} M(C)ioriz)ja, > Sear (8)
identifies with ®; o rg.
Now, it is easy to see that the functor (5.6) is a co-Cartesian fibration. Moreover, it follows
from Lemma 4.1.2 that its fibers are contractible. Hence, the functor (5.6) is cofinal.

Therefore, the colimit in (5.5) identifies with

colim @4 (¢, ),
<

/ « 1>dgnl adm )
where ¢, runs over the category ('Grid; ™" (C)ie% noriz) s -

Now, the fact that the latter colimit identifies with (5.4) is the calculation carried out in
Sect. 3.1.

5.1.2. Consider the index category in (5.2), ie., (‘Gridz%"(C gg:z;horiz)/én‘ It is a co-
Cartesian fibration over

Yo, Vn,n
v= (CO,O = d0,0)7 i) (Cn,n - d”v")'

Hence, the map in (5.2) can be written as a composite of

n n

(5.7) colim colimrg o ®,(c,,) - colim g (colim ®,,(c,,))
ot <, ol <,

and

(5.8) colim rg (colim ®,,(c,,)) — g (colim colim @, (c,,)),
X < Y c

where now ¢,, runs over the fiber category

((Grid; ™™ (C) [ hnori=)ra, v

vert;horiz

We will show that each of the maps (5.7) and (5.8) is an isomorphism.
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5.1.3. We start with the following observation:
For a given 7, let d;, be the object of 'Gridz ‘& (D)adm with

vert;horiz
’ ’ .
d,;@ =Ci and di71;+1 =Citl,4+41 | X di,i+1 X Cj
i+1,i+1 d;;
. Vi . . o . .
the other coordinates of d* are uniquely determined by the condition that the inner squares
should be Cartesian.

Consider the category ('Gridz"(C G horiz)/ar - Note, however, that cofinal in this cat-

egory is the full subcategory consisting of ¢/, — d, with c;;=c¢;; fori=0,..,n. And note that
this subcategory identifies tautologically with the fiber category (('GridZ " (C)adm )/d. )y

vert;horiz

appearing in the colimits (5.7) and (5.8).

Hence, we need to show that the maps

(5.9) colim colim rg o ®,,(c,,) - colimrg(colim ®,,(c,,))
od c, o <,

and

(5.10) col}m rs (coclim P, (c)) > rs (co}yim coclim P, (c)),

n

adm

. s s 1>dgnl
are isomorphisms, where c;, runs over the category ('Grid;, " (C)$e ) 00i.)/d" -
b —n

5.1.4. We begin by showing that the map (5.10) is an isomorphism.
According to Sect. 5.1.1, the colimit colim ®,(c,,)), which is a string

\I/(CQ()) - \P(Cl,l) > ... \I/(Cn,n)a
is given by

(B ,i)O‘I’!(a;.F )
(5.11) \I/(d;—l,i—l) R \Il(d:z)

Now, as in Sect. 3.1.4, by the Beck-Chevalley conditions, for each ¢ = 1, ...,n, the composition
U(B}_y ;)0 W' (e, ;) identifies with

(7)) 0 U(Bic1i) o U (eviin) o U (viiy).

Hence, the fact that (5.10) is an isomorphism follows from Corollary 2.3.7(b). Here, the
corresponding categories
Yi,i

(cii = diyi) = (Cadm)ja,
are contractible by Lemma 4.1.2.

5.1.5. We will now show that the map (5.9) is an isomorphism. In fact, we claim that the map

(5.12) colimrg o ®,(c,,) — rg(colim P, (c,,))
(4]

=n =n

is already an isomorphism.

Note, however, that the map (5.12) is the map (5.2) for d,, replaced by d/

n- L.e., we have
reduced the original problem to the case when d,; ; € C.

We note that in this case the category (’Grididgnl(C)ggﬂ;horiz)/gn identifies with the prod-
uct

(Cadm)/ng X ..o X (Cadm)/di—lyi X oo X (Cadm)/dn—l,n'
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For every c € ('Grid; " (C)adm . )4 , the object 5 o ®,(c, ), which is a map
\IJ(dO,O) - \I/(dn,n)
equals the composite
(U(Br-1.1) © ¥ (Yn-1,0) 0 ' (Yn-1.0) 0 ' (@t n-1)) 0 o0 (¥ (Bo,1) 0 U(70,1) 0 W' (70,1) 0 W' (e1,0)).
Hence, as in Sect. 3.1.3, the left-hand side in (5.12) identifies with
(5.13) (T(Bn-1,n) © ¥ (atnn-1)) 0o 0 (U(Bo,1) o U (a1 0))-

Now, according to Sect. 5.1.1, the right-hand side in (5.12) also identifies with (5.13). By
unwinding the constructions, it is easy to see that the map in (5.12) corresponds to the identity
endomorphism on (5.13) in terms of the above identifications.

5.2. Proof of Proposition 1.2.5(a): the degeneracy map. To finish the proof of Propo-
sition 1.2.5(a), we need to treat the cases specified in Sect. 4.1.5. In this subsection we will
consider the degeneracy map [1] - [0].

5.2.1. Fix an object d € D ='Grid; ‘8" (C)2dm We need to show that the map

vert;horiz*

colim ®;(r&(c)) »  colim  ®(c,)
c,v:c—>d 91721—”6(‘1)

is an isomorphism.
5.2.2. We compose the above map with the isomorphism

li P ~id
< 7£C10_’1TI§ d) 1(91) )

of Sect. 3.1.
So, we need to show that the map
C(fgzlcigh Py (re(e)) = 0?2:101131 dg(c) = idy(a)
is an isomorphism.
However, this follows from Proposition 2.3.4.

5.3. Proof of Proposition 1.2.5(a): the main case. The case we now need to consider is
that of r being the map [1] = [n], n>1, with 0~ 0 and 1 » n.

5.3.1. Fix an object d,, € ’Grididgnl(D)f}Zﬂ;hmiz. We need to show that the map
5.14 colim  ®1(r&(c,)) —~ colim D4 (c
(5.14) e K, Pr0ele)) > ol oy i)

is an isomorphism.
Consider the maps

Qn0* dn,O - d0,0 and ﬂ(),n : dn,O - dn,n~

By Sect. 3.1, the right-hand side in (5.14), which is a l-morphism ¥(dg) — ¥(dnn),
identifies with

\P(ﬂo,n) o \IJ!(Oln,O)~
By Proposition 2.3.4, the left-hand side in (5.14) identifies with

FCO(hII)l d \Ij(ﬁo,n) o \II(’Yn,O) o \IJ!(Vn,O) o \P!(an,O)-

n
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5.3.2. Thus, it suffices to show that the map
colim  ¥(yn0)o \P!(’ynyo) = idy(d, o)

En ’F" (En )_>Q7L

is an isomorphism.

However, this follows by induction from Condition (*) in Sect. 1.1.6.

6. FUNCTORS OBTAINED BY HORIZONTAL EXTENSION

In this section we prove the second extension result in this chapter. A typical situation that
it applies to is when we start with the functor

. proper
ae) DT COI‘r(SChaft allall DGCateont,

IndCOhCorr(Sch

and we want to extend it to a functor

. sch & proper
IndCohCOH(PreStkm&)sch & proper * Corr(PreStkyag ) — DGCateons -

schjall ch;all

6.1. Set up for the horizontal extension. In this subsection we formulate the main result
of this section, Theorem 6.1.5.

6.1.1. Let (C,vert, horiz,adm) and (D,vert, horiz,adm) both be as in [Chapter V.1, Sect.
1.1.1], and let F': C - D be a functor that preserves the corresponding classes of 1-morphisms,
i.e., that it gives rise to well-defined functors

Fvert : Cvert - Dvert7 Fhoriz : Choriz - Dhoriz and Fadm : Cadm - Dadm~

Furthermore, suppose that F takes Cartesian squares in [Chapter V.1, Diagram (1.1)] to
Cartesian squares. Hence, F' induces a functor

Fadm : Corr(C)24m - Corr(D)%dm

vert;horiz vert;horiz vert;horiz*
6.1.2. Now, suppose we have a functor

Padm : Corr(C)%dm - S,

vert;horiz vert;horiz

where S is a (o0, 2)-category, and let

I ._ madm . .~ \op 1-Cat
o = vert;horizkchnm‘,z)OP : (Chomz) -8 .
: : fq qoets ; ; adm adm
Our interest in this section the right Kan extension of ®¢1 ;. under FiI0, . .

By definition, such a right Kan extension is a functor (if it exists)

gadm : Corr(D) %™ -,

vert;horiz vert;horiz
universal with respect to the property of being endowed with a natural transformation

adm adm adm
\I]ve'rt;horiz o vert;horiz - (I)vert;horiz‘

6.1.3. We make the following assumptions on S:
e The (o0, 1)-category SI"“a* admits limits;
e For every s € S there exists and object [1]®s € S equipped with a functorial identification
Maps([1] ® s, s") ~ Maps([1], Mapsg(s, s")).
respectively.

Note that in this case the conclusion of Lemma 2.2.2(b) is applicable to S.
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6.1.4. We do not intend to develop the general theory of right Kan extensions in the 2-categorical
context. However, we will prove the following result:

Theorem 6.1.5. Assume that for any c € C the functor F induces an equivalencea
(Cvert)/c - (Dvert)/F(c) and (Cadm)/c - (Dadm)/F(c)-
Then the right Kan extension
RKEF,“‘?T_, ((I)Zg:?z;horiz) : Corr(D)zg:‘?;horiz =S

exists and the natural maps

(61) RKEFSST’;L}IOTW ((I)Zg:j;;horiz ) |Corr(D)/ue'r't;ho'r‘iz - RKEFvert;hnriz (¢”57t2h0”2)
and
(6'2) RKEFvemh,om-z ((I)vert;horiZ)|(Dhm~iz)“p g RKE(F;LOT»iZ)OP (‘b!)

are isomorphisms.
The rest of this section is devoted to the proof of Theorem 6.1.5.

6.2. Proof of Theorem 6.1.5: the easy case. As a warm-up, we shall first prove the easy
case of Theorem 6.1.5, namely, when adm = isom. In this case, the assertion of the theorem
amounts to the isomorphism (6.2).

6.2.1. Fix an object d € D. We need to show that the map

lim d(c) > lim P(c)
ce(Corr(C)yert;horiz)d/ ce((Choriz)/a)P

is an isomorphism.
We claim that the functor of index categories, i.e.,
(Choriz)/d - ((Corr(c)vert;horiz)d/)op

is cofinal.

6.2.2. We claim that the above functor admits a left adjoint. Note that the objects of the
category (Corr(C)yert;horiz)ay are diagrams

d ——d
|
F(c)
with ¢ € C, o € horiz and (3 € vert.
However, the condition of the theorem implies that the vertical arrow
d2 F(e)
is of the form
F(€) - F(c)
for a canonically defined € E; c in C. So, the above diagram has the form
F@) ——d
F (ﬁ')l
F(c).
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The left adjoint in question sends such a diagram to
F(¢) > d.
6.3. Proof of Theorem 6.1.5: the principle. We do not intend to tackle the general theory

of right Kan extensions in (oo,2)-categories. However, it turns out that under the condition of
the theorem, the 2-categorical right Kan extension amounts to the 1-categorical one.

6.3.1. We consider the following general paradigm. Let
F:Ty - Ty
be a functor between (oo, 2)-categories, and let
®: Ty >SS
be another functor, where S satisfies the assumptions of Sect. 6.1.3.

6.3.2. We now make the following assumption on the functor F. For t5 € Ts let I denote the
index category, whose objects are pairs

(tll € Tlag ity — F(tll))7
and whose morphisms are commutative diagrams (i.e., we only allow invertible 2-morphisms).
For an object t; € T, we have an I°P-diagram of categories

(ty €Ty, g:t2 > F(t1)) = Mapsg, (¢, 1).
We have a naturally defined functor

(6.3) colim Mapsy, (£, t1) - Mapsr (t2, F(t1)), (£, > t1) > F(f) o g,

(t1,g9)elop
where the colmit is taken in 1-Cat.
We claim:
Lemma 6.3.3. Suppose that the functor (6.3) is an equivalence. Then
RKEp(®):Ty - S
exists and the canonical map

RKEF(¢)|T%,CM - RKEp|, c.. ((I>|T},cat)
1
is an isomorphism.

Remark 6.3.4. Intuitively, the lemma says that 2-functoriality of
_C e
RKEFIT%-Cac ((I)|T¥Cat) . T% at _, gl-Cat

is already built in, because 2-morphisms between arrows
t2 g F(tl)
all come from 2-morphisms in Ty, and thus are encoded by the 2-functoriality of ®.

6.4. Proof of Theorem 6.1.5: the general case. We will prove that (6.1) by applying
Lemma 6.3.3 to our functor

Fadm : Corr(C)29m - Corr(D)%dm

vert;horiz vert;horiz vert;horiz*

6.4.1. Fix an object d € D and ¢ € C. Consider the corresponding category I. First we note
that as in Sect. 6.2, cofinal in I°P is its full subcategory I’°P, consisting of horizontal morphisms
F(c) > D.
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6.4.2. Thus, we need to show that the functor

colim  Mapscp(cyedm (c',¢) = Mapscop(pyadm (d,F(c))

CI7F(C7)_>d vertihoriz vert;horiz
is an equivalence.

However, we claim that the above functor admits an explicit inverse: it sends

d ——d

|

F(c)
to the object (F(¢’) - d) e I' and

where d’ = F(c'), 8p = F(B.).



