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exotic fake

RP4 := 1341×4×1 Cappeltshaneson Rubexman

✗c- 2134 Fintushel - stern R :=U|✗~Tk)
✗ c- JU
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Usm , compact , contractible ,
2 top , compact ,
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RP4
,
R RP4

, R

Other examples of exotic nlflds
. EH , EH2, [

Donaldson]

112

⇒# Sept simply connected
⇒ orientable

F- (2)
a ,q , good

K3 surface admits infinitely

many son str
.

[ fintnshel Stern]

Problem : Find exotic wylds with low euler characteristic

e.g.
EP2 # 24TH has a son . she . [Akhmedov Park]
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RP4
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R RP4
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,
F- (1)2,3

K3 surface ,N

IC1P
'
:= ✗ 110 ) v 134 * apt := ✗ ,( RHT) UC4

Cheon manifold [ Freedman]
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w. framing -11
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+ '

smoothable
Otvuknot

ES3 RHT@ p

DX , (07--5%0)=53 z✗,( RAT)= S? (RHT)= Poincare
home

sphere

[Freedman] P=
JC4

, compact
contractible
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RP4
,
R RP4

, R
F- (1)

,
F- (1)2,3 CP2

,
* CP2

K3 surface ,N srvwothable ?

IR1P" # QIPZ and R# * IC1P
'

I smoothable Huberman-Stern
]

Fact : ]- knot
ks.t.se?CK)--E(5,9 , /3)

DX , (4) =
571K)=E(5,9, /3)

D4D ' to K a
✗µ) ( p,! with framing"

R# *alpha ✗ ilk)/✗ iecx )
✗ C- DX, /K )

④
K

R# *EP24 1RP
"
# EP
'

[ Hambleton .
Kveck- 1-eichner]
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RP4
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R RP4

, R
F- (1)

,
F- (1)2,3 CP2

,
* CP2

K3 surface ,N RP
"
#CP2

,
R# * CP2

Do 3- sm
,
orientable

, simply connected , fake 4-mflds ? No .

[Walt Freedman]
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RP4
,
R RP4

, R
F- (1)

,
F- (1)2,3 CP2

,
* CP2

K3 surface ,N RP
"
#CP2

,
R# * CP2

Do 3- sm
,
orientable

. simply connected , fake 4-mflds ?

Let lens spaces L
,
L
'

sit . LIL
'

but LIL
'

.

[Turner] LXS
'

= L' ✗S
'
but Lxs

'

# L' ✗s
'

.
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RP4
,
R RP4

, R
F- (1)

,
F- (1)2 ,} CP2

,
* CP2

K3 surface ,N RP
"
#CP2

,
R# * CP2

LXS
'

,
L' ✗ S ' ; L=L

'

,
L # L

'

Do 7 infinitely many sm ,
orientable , fake 4-mflds ? Open .

7in mauy
TOP orientable , fake 4- mflds .

P73 odd Lp,qXS
'

3-Nly many M-vlp.gl/S
'

[Kwasir - Schultz] M # Lpcgxs
'

.



Counterexamples in 4-manifold topology

Diffeomorphic Homeomorphic
exotic

5m
. S - cobordant TOPS - wbovdant simple

htpyequivsm.tn
- cobordant TOP h- wbovdant htpy equiv

Ahtpy equiv f :X -34 is simple if
its Whitehead torsion T(f) EWh(M✗)

is trivial .

M4 ,µ4 are h-wbondantif.tt

s.t.M-WN-whtpyequiv.M-ifsimplehtpyegm.ir
,

then W is ans- cob .
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,
* CP2

RP
"
#CP2

,
R# * CP2

LXS
'

,
L' ✗ S ' ; L=L

'

,
L # L

'

M( Lp ,q✗S
' )
, P73 odd
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5m
. S - cobordant TOPS - wbovdant simple htpy equiv

IR1P" ,R RP4R

5m
-
h - cobordant TOPH- wbovdant htpy equiv

RP4R RP1R
CP2

,
* CP2

RP
"
#CP2

,
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LXS
'

,
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'

,
L # L
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' )
, P73 odd
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sm.tn - cobordant TOPH- wbovdant htpyequiv
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??Is

5m
. S - cobordant TOPS - wbovdant simple htpy equiv

?? IKPR] ??

5m
.
h - cobordant TOP h- wbovdant htpy equiv

^

such thatTheorem [Kasprowski - Powell - R .] ltn> I 7 {Ni }i= ,

Ni is closed , orientable , top 4-mfld

V-i=j , Ni and Nj are - simple homotopy equivalent
- top . G- cobordant IT1X 7YJ ✗ the
- not s - cobordant
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- ??
oh

5m
. S - cobordant TOPS - wbovdant simple htpyequiv

?? ??

sm.tn - cobordant TOPH- wbovdant htpyequiv

stably diffeo stably homeo
orientable

equal

CP2- stably diffeo CP2- stably homeo



Proof sketch
Let Mr = L21 , ✗ S

'

, Ty = 7420 ✗ %
, nlp) =

2
""
-14

+ ¥ - I
3

The surgery exact sequences) :

N(Mr ✗ [0,1]
,
2(Mr ✗ 10,1] )→ LENGTH )→ SIMM

N(Mr ✗ [0,1]
,
2(Mr ✗ 10,1] )→ ¥17647 )→ SIMM
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Questions?


