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Embedding surfaces in 4 - manifolds
( joint w . Kaspwwski , Powell , Teicher)

Q : Given a map of a surface in a Guyed ,

when is Mr

homo topic to a ( loc . flat or smooth) embedding ?

• an embedding E C M is loc
. flat if each pt in E

has a nkd U sit . (U ,
U nE ) a 4124 , 1122 )

homero

Es
• generically the image of E.

'

→ M" has

isolated double point singularities ( 21-2=4)



why is this an interesting question
?

-
-

-
-

Example :

• By Poincare
'

duality . every closed
4 -mfld has an

bilinear , win modular intersection form

Q m
'

. H2 (Mi 7L) x H2 ( M ; Mb )→ ML

• e. g .

Q5×5
-

- [ 9
'

o]

BO E 8 : = 2 l

l 2 I ①I i. y . ..÷÷÷÷÷÷÷..I 2 I
o 4 - unfed ?

O l 2 O
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Idea :

The K3 surface : = { [xiyiz.ae] E Elp
' I x4ty4tz4tw4= of

IT
, (K3) = I ⇒ T2 (K3) I H2 ( K 3)

Qrs = ES ⑦ ES ⑦ [Y f ] ④ [ ? f) ④ [ ? f)

Atf s

Goal : realise algebra by geometry .

→

Spoiler : this is possible topologically [ Freedman]

but not smoothly [Donaldson]



The Whitney trick

A. a



The Whitney trick

n ith
• if I Iframed) embedded Whitney

disc
. Offrregniwutuetchh.fm

• using the Whitney
trick

,
Smale proved the smooth

h- cob theorem

in dim 75 ⇒ Poincare
'

conjecture

• what about dimension 4 ?



Intersection numbers

f- of 9 A Cf , g) : = E Elp) HP) E MLK ,MT
Pff MgThao" well - defined if f. g simply

connected

¥§ [modulo the choice of
whiskers]

* Xffig) -- o ⇐ are pts p
e f- Ag pained by

gun
- immersed Wh discs

basept -
gen doll

. {of Wh
discs

w - framed ,
embedded , pairwise

disjoint boundaries

Self - intersection number µ (f) =o ⇐
an pls e f- Af are pained

by gen - call - of Wh discs

fig are alg . dual if Alf , g) ⇒ ⇒ all but one pt in f- Ag
are pained

fig are geom -
dual if f- Ng -

- Gpt}



Breakthrough result : Disc embedding theorem (Casson ,
Freedman '82

,

Freedman - Quinn
'
90)

M" connected , topological manifold
. IT ,

M good

[ = WE , compact surface ,
each Ii simply connected

F : I es m
Ei -- D2 or S2

z{-§
Generic immersion

F-- W fi fi : Ei es M

such that • algebraic intersection
numbers of F vanish

Xlfi , fj ) -- tutti )
-
-
O

o• FG : uses M framed alg .

dual to F

G -

- Wgi trivial uomfund.ie .

Xlfiigj)=8ij

Then f- is ( reg .) lrtpic rel 2 to a loc . flat evils E

[with geom
dual spheres CT with GII . ] Yuen - R - Teichunto



Consequences of the disc embedding
theorem

• h -cobordism theorem ,

s -cobordism term (good etc)

• surgery sequence
exact Cexgooditi )

• Poincare
'

conjecture

Quinn : annulus term ⇒ connected sum ofTOP
U -outlets

well - defined .

Good groups
• abelian gps , finite gps ,

solvable groups ,
. - -

•

gps of subexp growth [Kmshkal
- Quinn

,
Freedman -Teicher]

• closed under snlsgps , quotients , direct
limits , extensions .

• open e. g . whether Mb * % good



Dish embedding theorem ( Casson .
Freedman

'

82 ,
Freedman - Quinn '

go

Stong ,
Kas prows ki

- Powell - R . Teicher
'20-1

Surface

M" connected , topological manifold
. IT ,

M good

[ = WE , compact surface , ea-chsisimply.co#ected

F : E es M

z{→ypf
generic immersion

such that • algebraic intersection
numbers of F vanish

o• FG : uses M frLaxd alg .

dual to F

Then f- is ( reg .) lrtpic rel 2 to a loc . flat evils E

with geom
dual spheres G- with G e I

iff kmCF) C- 742 vanishes

Vervain . Milnor invariant .



2 4

Corollary 1 : F : E es M with • E connected

• alg int numbers vanish

7¥ F
'

: = F u him.ae use

• FG alg dual sphere

Then f
'

is (neg) htpic
to an embedding

corollary 2 : F : E
-

es M
"
with • S connected , g CE ) > O

• alg int numbers vanish

h±
, framed

• FG alg dual sphere
V-
→

2handle along k • IT
,
M = I

Then f is (neg) htpic
to an embedding

Corollary : gT%± , Ck) f L V- K

[FMNOPR
'
20] [ In fact , g ,

( K ) = Arf Ck ) tf k]



Definition of invariants :

f§¢g¥
Alf 'S) not well defined in

76 Erin] !

Alf , g) -- o ⇐ all pts in f Ng pained

i. = § / Int Wea X FM mod 2 by gen inurn . coli of

Wh discs

In general , X (F , F) = MF
) --O

f

⇒ Haye? qgy.com
. gwen discs

fig.
ruin.

EIEEIFEF.in?j7isF.%aemaues
← euler# ofnormal

Rm CF ; {We}) : = I Ihrtwe A fat mod
'd

bundle is odd
l



Thanks for your attention !


