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Q : Given a map of a surface
in a 4-Wfld , when is it

homo topic to a ( loc - flat) embedding ?
←
homeo

"

CU , uns )
= (1/24,1122)"→

e.g. • which elements of Kalm4) are nep . by embedded spheres?

•
when does a knot in S3 bound an embedded

disc in B" ?



Prototypical result : Disc embedding
theorem

Casson
,
Freedman's 2

,

Freedman - Quinn
'90

M¢ connected topological Wfld , It ,M good
.

I = WE i compact surface , each Ii simply
connected

F : E- M

f a generic immersionor
22→ 2M

such that •• the algebraic intersection
numbers of F vanish

o•• FG : WS
'
→ M framed , alg .

dual spheres for F

Then f- is (neg) htpic veld to a loc . flat embedding F-

[with geom dual spheres
G- sit . G- = G . ]

IT -1-1

Powell - R -Teichher'2o .



Generic immersions
(lo c. flat)

• locally an embedding ,

intersections isolated double points
^ (2+2--4)

• any continuous map
£-7M"

is htpic to a gen . imm .

[ FQ ; see PRT
'
20]

uses that any
noncompact , connected
4- unfed is smoothable .

[Quinn]Good groups
• abelian gps , finite gps ,

solvable gps , . -
-

• gps of snbexp growth
• closed under snbgps , quotients , extensions ,

direct limits

• open whether
all gps are good e.g. 76*76

?



Intersection numbers ← sign of
int p -

C- 76 [IT , M]

ftp.ao of Alf .g) := E Elp) Yp)
peflng

well defined if f , g
are simp .

connected

• P (modulo whiskers
)

¥0s ✗ (f. g) = 0⇐ all points in f- Ing are
of
*

paired by gun .
immersed

basepoint gem coll
. { discs , with ( framed) disjoint,of hehdiscs embedded boundaries

self - intersection number µ(f) =o ⇒
all pts in f- ✗ f-

are

pained by genco
II. ofWhdiscs

f. gone alg dual if Alf ,g)
= I⇐ all but one pt in flag

are so paired

f. g are geom
dual if f- Ing -- { pt}



The Whitney trick

÷☒÷n I 1ps

+ = - e

B
t = 0 E- e

1124=-1123×9 time }



The Whitney trick

n B
B

t = O t = E

t = - E



1¥ embedding theorem Casson
,
Freedman's 2

,
Freedman - Quinn

'90

Surface Stong
'
94

,
Kees prowski

- Powell - R -Teichher
21 -1

M¢ connected topological Wfld , It ,M good
.

E. = WE i compact surface , each Ii simplified
F : E- M

f a generic immersionor
22→ 2M

such that • algebraic intersection
numbers of F vanish

o•• FG : WS
'
→ M Maxed , alg .

dual spheres for F

Then f- is neg . htpic veld
to a loc . flat embedding F-

with geom
dual spheres G- sit . G- = G.

if and only if the Kenaire
- Milnor invariant

km (F) C- 742 Vanishes



•

•
K -- RHT

£⑧ s3

①B" [ §v5

RAT is not slice i -e . ☒ evils disc bounded

byk .

Every KISS
bounds an evils .

disc in # Cp
'

#UI
-

n m

given
K ,
win
Ms 't -

- #s2ñs2
k meee. how

slice in EL
"

g2×g2

[wellborn . disc in # 5×5 iff Arflkl :o)



Corollary1 : F : Item"
with •I connected

HIM good . • alg int numbers
vanish

• FG alg - dual sphere

F
'
: = result of adding a trivial tube to F

Then F' is Greg) htpic to an embedding

corollary 2 : F
: 82- M" with • I connected , g (E) > o

•

alg int numbers vanish

⑦
c- I

' - framed
Shandle • FG alg dual sphere

④ Kes
}

S
"

• IT
,
M -- l { trivial gp is good}

Then F is (neg) htpic to an embedding
top , -1-1

Corollary [ FMNOPR] Gsh ( K) £1 .



Intersection numbers

f ✗ (f. g) not well defined in HIM
] !

" but count in a double coset space

p

{Jug
of * Alf ,g)=o⇐> all pts in f Ing
basepoiut paired by gen imm

coll of Wh discs

µ(f) = 0 ⇐ all pH in f Mf
paired by gen imm
coll of Wh discs



The Kenaire - Milnor invariant

[ for discs / spheres , due to FQ
90 § 10 + strong]

E = WE i

F :Ees m trivial alg int numbers .
F G : US↳ M alg dual

⇒ f Inf are paired by gen
. coll . of Wh discs W

Let GE E subsurface ,
F?= F Isis admits only twisted duals

1-e- euler number of the
norm . bundles

←
are odd .

Let was = { WE} E W subset pairing into of
F?

Then km (F ,W) : = § / Int We
"
X F
" / mod 2 .



n¥f:⑨ µµwF km ( f?w 1=1

km ( f-29W)=0 C- 742

I

← main

Question : When is km ( F. W) independent of
W ?

( spoiler : when F is
b- characteristic )



Proof outline : Suppose F W s - t .
Km ( F , W)

-
- OE742

Step 1 : By neg . htpy ,
make F and G geom

dual (still immersed)

(standard trick)

step 2 : upgrade W and F by neghtpy sit
. { In 1-We} n F- 0

Step 3 : Use Cohihrey)
disc embedding theorem

to replace W by { Ve}
s - t

.

• { Int ve} n F =
• { Ve} flat , embedded , disjoint
•
F geom

dual spheres { vet}
in MIF

Step 4 : Tube G into {Vet} to get G- ,
'

geom
dual to F. disjoint

from {Ve}

Step 5 : Whitney move F over
{Ve} to get desired

É
.



Step 2 : upgrade W and F by neghtpy sit
- { In 1-We}nF=0

⑦%{⑨
"

& "ahhh " "

not twisted change by
even number

twisted change by
odd number

f
f f f

WEW

•• local cusp
moves in lntw changes framing by

-1-2
.



Step 2 : upgrade W and F by neghtpy sit . {
In 1-We} n F- 0

Remainingproblem : heh discs for F witha single
"

problem
"

each

Rm= 0 → there are even
such

problem discs .

7¥

Fiji" ¥8s: " transfer "move÷÷¥!÷¥ ! ; ; ¥f? I 1 U
ff FF fcs

4

• do a finger move between F1and f-¥



Thanks !



when is km ( F , W) independent of W ?

• For convenience , assume I connected ; M ,

E oriented ;

E-gas

suppose F immersed sphere
S :S

-

es m

s - t .

F. S F- S - S mod 2

d) F. S odd

N S . S even

F

⑦
( ii ) F. S even

/ I s - s odd

Otherwise
,
F is called S - characteristic .



when is km ( F , W) independent of W ?

• For convenience , assume I connected ; M ,

E oriented ;

E. = gas

suppose I immersed
IRP
'

R : RIP
'
es M

s - t .

F .
R F- R - R mod 2

s
F

Otherwise
,
F is called r - characteristic .



when is km ( F , W) independent of W ?

• For convenience , assume I connected ; M ,

E oriented .

If 72/2 B. (f) trivial , for a band B
and A a collection

of Wh arcs for F,

①
a
(B) : = µz (ZB) + 2B In A +

B 1nF + e (B) mod2

Suppose FA ,B s -
t - -0A(B) -1-0



When is km ( F , W) independent of W ?

• For convenience , assume I connected ; M ,

E oriented ;
E. = Ecs

Let B (F) C- HalM ,
E ; 742) the subset hep by maps of annuli

or Mobius bands

suppose the 742 int form 7g on H
, (E ; 742) is nontrivial

on 2B (F) .



when is km ( F , W) independent of W ?

• For convenience , assume I connected ; M ,

E oriented ;

8=5

Lemma : -0A (B) depends only on the homology class of B .

If 7s / 2B (f)
--0

,
then -0A does not depend on A .

→ F well defined -0 : B. (F)→ 742 .

Definition : F is b- characteristic if 7oz 12B¢,
--0 & -0--0



when is km ( F , W) independent of W ?

• For convenience , assume I connected ; M ,

E oriented ;

2=5

Theorem (KP RT) : km (
F
,
W) is independent of W

iff
F- is b- characteristic

Definition : km (F) =
0 if F not b- char

km (F) = Km (F ,W) if F b- char .



oozEBf

ftp.r-z-gogf
TEBBE

prosopopoeia -9

--→

messages Assessed

moose



left"Plumbed 15×15
asmooth 4-Wfld

.

☒← iwm
discs .

P is good if
°

v4 :* 11519-717
F disco

sit . 41dg>e) =e]
IT
,
-well disc property


