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Slice knots

A knot K ESS is trivial Tff it binds an embedded

& @
disc in S3
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's
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°•µe an embedded disc of
134

• if O is smooth ,

Kis smoothly slice

134 s3

• if 0 is flat , Kis topologically
slice

Trivial ⇒ slice
*



Examples of slice knots
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Concordance of knots
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Obstructions to sliceness

Not all knots are slice

e -g . slice ⇒

Goal : organise
these systematically

Solvable filtration of G (
Cochran - Orr -Teichher

2003 )
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Some properties
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Definition of { In}

Motivation : wish to approximate sliceness
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k is slice if it

%yt bounds a disc

134 S3
inside 134
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Definition K is w - solvable
,
devoted KE Tn

, if
it bounds a disc 0 in a TOP W 4 s - t

.
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2 . Hzcw) gem by embedded surfaces
{ Li ,Di }

,

Li
,
Di E who

w - trivial normal
bundle s - t -

Li A Dj = fij ,

3- IT , ( Li ) E it, ( w
yo)

Cn)
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= Din Dj
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)
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E ti (WILD

,
then Kis n -5 solvable

devoted KE Tn . s



Examples

Infection / satellite operation
:
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Proof : if REFN ,
ME tic IR)
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Obstructions

M's closed .
oriented , M discrete group

define p ( M , 4 : it
,
M→ M) : = off ' (wit) - ocw)

where M -- 2W
"

.

W compact ,
oriented

Tim
IT

ix.twa
[Cochran - Orr -Teicher] KE Tn . ,

and P is PTFA with P
'""? o

then PCs} ( K) ,
4 : it , ( SICK))→ T) = o



Other approximations ?

Motivation : wish to approximate sliceness

•←
K

K is slice if it

0.4 bounds a disc

inside 134

B4 53



Gropes
K

④
K E Gn if it bounds a height n grope

in 134 .



Whitney towers

K

F
K E Wn if it bounds a height n Whitney

tower in B
"



Gatz E Fn Fn [ Cochran -Orr - Teicher]
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Similarly Wirtz C- Tn Vn



Smooth vs topological concordance
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Positive / negative / bipolar filtrations
KE Pn if it bounds a disc 0 in a smooth W

4 s - t
.

I
.

IT , (W )
= O

2 . Hz(w) gem by embedded surfaces
{Si}

,

Si E wi o

intersection form is positive definite
sin Sj = 0 titj

3
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IT , ( Li ) E t, ( w
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)
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K E Nn if

K E Bn if



Smooth vs topological concordance

Let T : = { smooth concordance
classes

of topologically
slice knots

}

Define Tn : = Bn nT th

Cochran - Harvey - Horn

919:#
rn }

(see also Cha - Powell
)



Miscellaneous results and open questions .

Generalisations

• Links ?

• string link
concordance group

• define Tn , Gn ,

Wn
,
Pn

,
Nn ,

Ben
,
Tn similarly .

• Double concordance group
•

analogues for Tn , Gn ,

Wn
.

[T .
Kim ,

Cha - Kim]

• Smooth vs TOP ?



Nontriviality

• 7%0+07420 E Gn /gn+ ,

Vn [Horn , Jang]

• Friggin, to for m 72
""

[Otto]

what about for knots ?

• In.in/qynjn to for m > 3.2
"" ( O Ho]

what about for knots ?

Every genus I
knot in To .s

is in FL [Davis -Martin - O Ho - Park]



• Eg n E Wn Hn (Schneiderman]
are they equal

?

• Geometric analogue for Pn
,
Nn

,
Bn ?

• in terms of Casson towers [R . ]

• Does there exist 7420 E Tn / Tn + ,
In ?

• 7420 E Tty
,

[Chen]

• {Top slice} E N Fn

are they equal ?



Characterisation

•To = { KI Arf Ck)
-

- O}
,

• To
.s

= {K lalg slice }
[Cochran - Orr -Teich new]

• Tom characterised via Milnor i
nuts [Marlin]

• To? ? Po
,
No

,
Bo ?

• Fo in terms of gen . crossing changes [
Cochran -Tweedy]



Interaction with other properties

• F ? K C- In with large gig ?

n -- 2 [Cha - Miller - Powell]

Smooth version ?

• F ? K E Tn ,
K F Kr ?

-

-

.

Proxy for s lioness / concordance

• Is every
knot in a Mb # S3 TOP conc . to a knot in S3 ?

Yes
,

' '

up to
solvable filtration

"

[ Davis]



Questions ?


