PROOF OF THE GAMMA CONJECTURE
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Dedicated to the memory of Andrei Andreevich Bolibrukh

Abstract. We verify the (first) Gamma Conjecture, which relates the gamma class of a Fano
variety to the asymptotics at infinity of the Frobenius solutions of its associated quantum differ-
ential equation, for all of the 17 deformation classes of rank one Fano 3-folds. Doing this involves
computing the corresponding limits (“Frobenius limits”) for the Picard—Fuchs differential equations
of Apéry type associated by mirror symmetry to the Fano families, and is achieved by two methods,
one combinatorial and one using the modular properties of the differential equations. The Gamma
Conjecture for Fano 3-folds always contains a rational multiple of the number ((3). We present
numerical evidence suggesting that higher Frobenius limits of Apéry-like differential equations may
be related to multiple zeta values.

INTRODUCTION

The goal of this paper is twofold. On the one hand, we will calculate certain coefficients of
the transition, or central connection, matrix for the Laplace transform of a number of Apéry-like
differential equations, finding the expansion coefficients of the most rapidly growing solution at
infinity in terms of the Frobenius basis at 0. On the other hand, these calculations, the result
of which involves the number ((3) each time, provides a verification of a prediction of mirror
symmetry called the (first) Gamma Conjecture for each of the 17 deformation classes from the
Iskovskikh classification of smooth Fano threefolds of Picard rank one.

We will present two approaches to computing the limits in question. One of them, which we
carry out for the differential equation satisfied by the generating function of the numbers used by
Apéry’s in his famous proof of the irrationality of ((3), is based on the explicit hypergeometric
formula that he gave for these numbers. This is the less satisfactory method, since it depends on
complicated formulas that were found experimentally and whose proofs are somewhat artificial, but
has nevertheless been included because it could apply also in other situations that are not modular,
like the differential equations associated to most Fano 4-folds. It also works almost automatically
whenever the differential equation is of hypergeometric type, which is the case for 10 of the 17
cases on Iskovskikh’s list. The second method is based on the modular parametrizations of the
differential equations in question, like the one found by Beukers many years ago for the Apéry
case. This method is much nicer and explains the crucial constant {(3) as a period of an Eisenstein
series. It works in a uniform way for each of the differential equations admitting a modular
parametrization, which holds for 15 of the 17 families, including all of the non-hypergeometric
ones. This gives our main result:

Theorem 1. The Gamma Conjecture holds for all Fano 3-folds of Picard rank one.

Since mes of the paper cover a wide spectrum and may not all be known to the same readers, we
will include in Chapter 1 a review of the main ingredients of the story (Fano varieties, Iskovskikh
classification, quantum differential equation, gamma class, Gamma Conjecture) for completeness.
However, the actual calculations of the limits, which are given in Chapter 2, involve only classical
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tools from number theory and can be read independently of this material. In the rest of this
introduction, we give a little more indication of the background of the problem and state the
explicit prediction made by the Gamma Conjecture in the Apéry case.

Mirror symmetry predicts, among other things, that to each of the 17 families of Fano varieties
in question there should be associated a family £ of K3 surfaces over P! (up to isogeny, it is the
so-called Landau—Ginzburg model) in such a way that the “quantum differential equation” on the
Fano side is the Laplace transform of the Picard—Fuchs differential equation satisfied by the periods
of £. These quantum differential equations, whose definition will be recalled briefly in §4, arise
from counting embedded holomorphic curves (Gromov-Witten invariants), so that this is the “A-
side” in the terminology of string theory (where one is usually interested in families of Calabi—Yau
3-folds), while the second family & with its Picard—Fuchs equation would be the “B-side.” One
further expects that the Picard rank of the Fano and that of the generic fiber of £ add up to 20.
For the 17 cases we are considering, these mirror symmetry predictions were made precise in [15]
and proved in all cases in [15] and [27]. In each case, the family £ is is a Kuga—Sato type family,
with the base space equal to the modular curve! X3 (N) = Xo(N)/Wy classifying unordered pairs
(E, E") of N-isogenous elliptic curves for some N, and fibre equal to the smooth resolution of the
quotient of E x E' by (—1), with Picard number 19 = 20 — 1 as it should be (16 algebraic cycles
coming from the resolutions of the 16 singularities and 3 more from the classes of E, E’, and the
graph of the isogeny). The fact that these families are of Kuga-Sato type means precisely that the
solutions of their associated Picard—Fuchs differential equations have modular parametrizations.
More specifically, the differential equation has a unique holomorphic solution ®(t) = > | A,t" at
t = 0 with Ay = 1, where ¢ is a suitably chosen coordinate for the base space P!, and the modular
parametrization says that ®(¢(7))? is a modular form of weight 4 on I'j;(IN) for some Hauptmodul
t(T) on X§(N). The Gamma Conjecture relates the asymptotics at infinity of the four Frobenius
solutions of the differential equation satisfied by ¥(z) = > ° A, 2" /n! to the so-called gamma
class (a characteristic class in cohomology with real coefficients, whose definition will be recalled
in §5) of the corresponding Fano 3-fold.

We now describe the picture in more detail in the Apéry case, corresponding to N = 6. Here
we have

n 2 2
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The corresponding recursion and differential equation are

(n+1)°A4,41 — P(n)A, +n*4,1 =0, (D*—tP(D)+t*(D+1)*)®(t) =0, (0.2)

d
where D = ¢ o and P(n) is the polynomial 34n3 + 51n% + 27n + 5 = (2n + 1)(17n? + 17n + 5),

while the modular parametrization, as found by Beukers [3], is given by
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as usual. For the Gamma Conjecture, we
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where 7(7) is the Dedekind eta-function and ¢ = e
consider, not ®(t), but the related power series
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It again satisfies a linear differential equation, this time of order 4, with no singularities on C*,
a regular singularity at 0 and an irregular one at infinity. (This is what we called the “Laplace
transform” above, although “Borel transform” might be a better name.) The space of solutions of

Lor a d—fold cover of it, where d is the “index”, but in the Introduction we assume d = 1.
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this transformed equation near z = 0 has the standard Frobenius basis ¥;(z) (0 < j < 3), where
W;(2) has a singularity like (log 2)7/;! near the origin. We define the Frobenius limits ; by

o (%)
r= gy

(0.3)

The Gamma Conjecture gives their values in terms of ((3) and the Chern numbers of one of the
Fano varieties (the one called Vi) from the Iskovskikh list. Specifically, it predicts that
3 v 3

To@, m=-Ll 4@+l 04

where 7 is Euler’s constant. (The easy explicit computation of the gamma class, here and for the
other 16 cases, is given in Proposition 2 in Section 5.) This will be proved as a special case of our
main theorem, Theorem 2 in Section 3, which gives the Frobenius limit in all seventeen cases.

K1 = —7, Ko =

We end by remarking that the Frobenius basis is part of a larger collection of functions ¥;(z)
for all j > 0, still with a singularity of type (logz)’ at the origin, but with ¥ for j > 4 satisfying
an inhomogeneous version of the differential equation of ¥(z). The limits x; defined in (0.3) still
exist and can be computed numerically to high precision by a method that will be explained in §9.
We find that for j < 10 each of these ratios is again a polynomial in v and Riemann zeta values,
but that this is false for k17, which involves a multiple zeta value as well. This point, although
purely experimental at the moment, seems worth mentioning and will be described in more detail
in the last section of the paper.

Since the main ingredient of our story is the monodromy of Fuchsian differential equations, we
hope that it is a suitable homage to Andrei Andreevich Bolibrukh, who contributed so deeply to
this subject.

CHAPTER 1. FANO VARIETIES, APERY-LIKE
DIFFERENTIAL EQUATIONS, AND MIRROR SYMMETRY

In this chapter we will give a brief description of the Gamma Conjecture (see [23] and [12] for
more detail) and a complete statement of the prediction it makes for Fano 3-folds whose Picard
groups have rank 1. We also describe the associated Picard—Fuchs equations and their modular
parametrizations, following [15].

1. Fano varieties and the Iskovskikh classification. A Fano variety X means in this paper
a smooth complex projective algebraic variety with ample anticanonical class. The projective line
P! is the only Fano in dimension 1. Fanos in dimension 2 are called del Pezzo surfaces; these are
either P x P! or blowups of P? in 0 < d < 8 points. By results of Mori and Mukai [25], there
exist 105 deformation families of Fano 3-folds.

We will be interested in Fano 3-folds whose Picard lattices have rank 1. (Since degree 2
cohomology classes here are algebraic, this simply means that H?(X,Z) = Z.) According to
V. A. Iskovskikh [21, 22] (see also [20]), there are exactly 17 of these up to deformation. The
relevant numerical invariants for this classification are the index d = [H*(X,Z) : Z c¢1], where ¢; is

1
the anticanonical divisor, and the level N = @(c%, [X]), which is always a positive integer. The

17 possible pairs of invariants (N, d) are then
(1,1), (2,1), (3, 1), (4,1), (5,1), (6,1), (7,1), (81), (9,1), (11, 1),

(1,2), (2,2), (3,2), (4.2), (5,2), (3,3), (2,4). (1.1)

For instance, (N,d) = (2,4) corresponds to the Fano variety X = P3 (so here the deformation
family has a 0-dimensional base), for which the associated Picard-Fuchs differential equation is
hypergeometric, while (N,d) = (6,1), which is the family called V12 (whose geometric definition
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plays no role for us and will be omitted), corresponds to the Apéry differential equation as described
in the Introduction and will be referred to hereafter as the “Apéry case.”

2. Apéry-like differential equations. We will describe the Picard—Fuchs differential equa-
tions associated to our 17 cases in this section, their modular properties in the following one, and
the relation of their Laplace transforms to the quantum cohomology of the Fano varieties in §4.

The differential operators occurring are of type D3. Here “type Dn” (the full name is “determi-
nantal differential equations of order n”) is a specific class of linear differential equations, introduced
in [16], that includes the Picard—Fuchs differential equations of certain families of Calabi-Yau vari-
eties of dimension n—1 and, in its Laplace-transformed version, the quantum differential equations
of certain n-dimensional Fano varieties. The operators of type D2, which have the shape

D* + t(a1 D(D+1) + b1) + ast® (D +1)*> +ast® (D +1)(D + 2) (D =td/dt),

are precisely the ones appearing in the “Apéry-like differential equations” studied in [4] and [32],
of which the prototype was the order 2 differential equation coming from the coefficients used by
Apéry in his new proof of the irrationality of ((2). Since the D3 class also contains the order 3
differential equation corresponding to Apéry’s proof for {(3), we will use the terminology “Apéry-
like equations of order n” as an alternative name for the class Dn. The generic D3 operator, which
is the case that we will be studying, has the shape

L =D +t(D+3) (a1 DD+1) + b)) + t2(D+1)(a2(D +1)? + bo)

2.1
+ azt* (D +1)(D+ 2)(D+2) + ast*(D+1)(D+2)(D +3). 21)
This can also be written as tL where L is the differential operator
@ 3 ) d? t2 d t
L =#Q— + - (*Q) — —Q"+3tQ" + R) — ~Q"+ IR 2.2
th3+2<Q>dt2+<2Q+Q+)dt+(2Q+2 ) (22)

in which the polynomials
Q = Q(t) = 1+art+ ast® + ast® + ast*, R = R(t) = 14 byt + byt? (2.3)

of degree < 4 and < 2 describe the position of the singularities of the equation and the so-called
accessory parameters, respectively.

In general, a Dn equation is obtained from an (n+1) x (n+1) matrix A = (ai ), j<n Whose
coefficients (which in the quantum cohomology situation arise as correlators in a way recalled

briefly in §4) satisfy
a;j =0forj<i—1, a5 =1forj=i—-1, a;; = an—jni (0 <14, j<mn),
so that this family of equations has n?/4 + O(n) parameters. The differential operator £ corre-

sponding to A and its Laplace transform £ (related to L by LT =0 < L& =01if §(t) =D A,t"
and ¥(z) = > A,z"/n!) are then given by

£ =D detp( (85D = ai; (D) (2.4)

ogz‘,jgn)
and (setting D, = zd/dz)

L= detR((étz - aw-zj*”l) (2.5)

ogi,jgn) ’
respectively, where the “right determinant” detg of a matrix with non-commuting entries is defined
inductively as the alternating sum of the right-most entries multiplied on the right by the right
determinants of the corresponding minors. (The first formula makes sense because every term
in the right-most column of the corresponding matrix is left divisible by D.) We will consider
matrices A differing by a scalar ¢l as equivalent, because this corresponds merely to a translation
t~1+ t=1 + c on the t-side, or to multiplication by exp(cz) on the z-side, with no effect on the
Frobenius limits in (0.3). We remark that the operators Dn are self-dual in the sense that the
coefficient of ' is (—1)" i-symmetric under D + —D — i. The equations of type D3 are also
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symmetric squares, which is important for us because being the symmetric power of a second order
differential operator is a necessary condition for modularity. The corresponding assertion for higher
Dn’s is completely false, and indeed the D4 equations occurring as the Picard—Fuchs equations of
families of Calabi—Yau 3-folds are almost never modular.

The 4 x 4 matrices corresponding to the 17 Iskovskikh families were listed in [15], e.g.

5 96 1692 12816 12/5 24 198 880
1 12 216 1692 1 22/5 44 198
0 1 12 96 and 0 1 22/5 24
00 1 5 o 0 1 12/5

for the Apéry case (N,d) = (6,1) and for the most complicated case (N,d) = (11,1), in which
the differential equation corresponds to a 5-term recursion for the coefficients of its holomorphic
solution, and the scalar shifts are chosen so as to make the solutions become Eisenstein series.
Instead of giving the matrices for the remaining cases, we give in Table 1 the polynomials () and R
as defined in (2.3) above, since these polynomials contain the same information and are much more
compact to write. We give the data only for d = 1, since there is a simple algebraic procedure to
deduce the differential equation satisfied by a power series ®(t?) from the one satisfied by ®(¢). (In
our cases, going from (N, 1) to (N, d) simply replaces Q(t) by Q(t%), while the new R-polynomial
equals 1+ (4b; —ay)t? for d = 2 and just 1 for d = 3 or 4, where a; and b; are the linear coefficients
of the original @ and R.) The final three columns of the table contain certain invariants (fas)as|n,
(har)min, and iy = 3 35, Mhyy that will be defined and explained in the next section (eq. (3.7))
and used later for the proof of the Gamma Conjecture.

Table 1
N Q(t) R(t) {far} {har} [N
1 1— 1728t 1 — 240t — — 62
2 1 — 256t 1 — 48t (24,-24) (—80,80) | 40
3 1 — 108t 1 — 24t (12,-12) (—30,30) | 30
4 1 — 64t 1— 16t (8,0,-8) (—16,0,16) | 24
5 1 — 44t — 16t> 1 — 12t + 4¢2 (6,—6) (-10,10) | 20
6 1 — 34t + ¢ 110t (5,-1,1,-5) | (=7,1,-1,7) | 17
7 1 — 26t — 27t> 1 — 8t + 3t? (4,-4) (=5,5) 15
8 1 — 24t + 16t> 18t (4,-2,2,-4) | (—4,1,-1,4) | 13
9 1 — 18t — 27¢2 1—6t (3,0,-3) (-3,0,3) | 12
11| 1—- B¢ — G042 2243 gt | 12y 5042 (2,-12) (-2,2) 10

3. Modular properties. That the operators we are studying are of type D3 is true by
construction, but in fact they also have very specific modularity properties, discovered in [15],
which we now describe.

For any integer N > 1, we have the modular curve X(N), defined over C as H/T'o(N) U {cusps},
the completed quotient of the upper half-plane by the level N congruence subgroup, and X (N),
the quotient of Xo(V) by the Fricke involution Wy sending 7 € H to —1/N7. We denote, as
usual, the group generated by I'o(N) and Wy by T'§(N). As moduli spaces, Xo(N) and X (N)
parametrize the ordered and unordered pairs, respectively, of elliptic curves related by a cyclic
isogeny of degree N. The involution Wy acts of the space My (To(N)) of holomorphic modular
forms of weight k& on T'o(N) by (f[xWn)(7) = N¥/27kf(—1/N7) and splits this space into two
eigenspaces M, (To(N)), with M, (To(N)) = My (T§(N)) and M, (To(N)) = Mg(T§(N), x), where
X : T§(N) — {£1} is the homomorphism sending I'o(N) to +1 and Wy to —1. If N = 1, then
Wy =5=(97') belongs to I'o(N) = SL(2,Z), so that Wy has only the eigenvalue +1. In this
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case, by abuse of notation we will write F' € M, (To(1)) if F/E4 is a modular form of weight &+ 2
on Iy(1), where F4(7) = 1+240g+ - - - is the normalized Eisenstein series of weight 4. In that case
F is not a one-valued function in H, since F4 has simple zeros at 7 = il%i‘/g, but it is well-defined
and holomorphic in the union of the closed standard fundamental domain of SL(2,Z) and its image
by S, which is closed under S and contains the fixed point ¢, and it satisfies the functional equation
(F|gS) = —F in that domain.

We now formulate the main result describing the modular properties of the differential equations
associated to the 17 families of the Iskovskikh list. The first statement in this theorem was proved
in [15], which also contained the formulation of the second statement and a sketch of its proof
in some cases. The remaining harder cases were checked by Przyjalkowski [27]. The ingredients
used were the Quantum Lefschetz Theorem of Givental [14] together with the computations of the
quantum multiplication by the first Chern class in grassmannians by Przyjalkowski [26] and by
Fulton and Woodward [9], as well as Kuznetsov’s calculation of GW invariants for varieties Vag
(private communication) and Beauville’s result on V5 [2].

Theorem ([15], [27]). Let N and d be natural integers, and suppose that T§(N) has genus 0 and
that there is some modular form in Ms(To(N))™ whose differential equation with respect to the d-th
root of a Hauptmodul of T§(N) is of type D3. Then (N, d) belongs to the list (1.1) and the Laplace
transform of this differential equation is, up to equivalence, the quantum differential equation (see
Section 4 below) of the corresponding Fano variety from the Iskovskikh classification.

The modular form F and Hauptmodul ¢ occurring in this theorem can be given by a (nearly)
uniform formula. If N > 1, we define a modular form Fy € M3(T'o(N))~ as the unique Eisenstein
series of weight 2 on I'o(N) that takes on the values +1 at 7 = oo, —1 at 7 = 0, and 0 at all
other cusps. If N = 1, this definition makes no sense, but we can set F; = /F4 and this again
belongs to M, (I'g(1)) in the sense just introduced. Then in every case the modular form F' = Fiy 4
and Hauptmodul ¢ = ¢ 4 whose existence is asserted by orem are given (after normalization by
F(1) =1+ 0(q) and t(7) = g + O(¢?), and up to equivalences t — t/(1 + ct), F + (1 + ct)F) by
the uniform formulas

FN,d(T) = FN(dT), tN7d(T) = tN(dT)l/d (31)
for all N and d, where tx(7) is the power series in ¢ defined by
Fx(r) ty(r) % = n(r)*n(NT)?. (3.2)

Conversely, it is an elementary exercise to show that the only pairs (N,d) € N? for which the
function t = ty 4 defined by (3.1) and (3.2) is a modular function on I'o(dN) are those listed
n (1.1). We sketch the argument. If N is sufficiently large then the well-known “valency formula”
(the formula giving the number of zeros of a holomorphic modular form in a fundamental domain
for the group) implies that the function Fy has at least one zero in H of order not divisible
by (1\711741_,112)’ and then the function ¢x(7) defined for Im(7) large by (3.2) does not even extend
to a single-valued meromorphic function in the upper half-plane, let alone a modular function.
Checking the remaining cases by computer, we find that the only N for which the needed root can
be extracted are the ten values N =1,...,9,11 occurring in (1.1) and four further values N = 12,
16, 18 and 36, but in each of the latter cases the function ¢x(7) defined by (3.2) is not modular
on Th(N). (In each of these four cases the function Fy is an eta-product and V1! is also an
eta-product and is a modular function on I'y(N) but ¢ itself is not. For instance, for N = 12 then
we find

n@n)Gon@nnEnt n(r)™n(12r) s
n(ryn(ze® 0 T \n@n) G E(An) 2 r)E )

so t'¥ is a modular function on I'o(12), but ¢ itself is only invariant under a non-congruence

subgroup of I'g(12) of index 13.) This fixes the possible values of N, and then for each N a similar

F12(7') =
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argument shows that for all values of d except those occurring in (1.1) the function ¢y 4 defined
by (3.1) is only a root of a modular function on I'g(dN).

As a side remark we mention that there are exactly eight values of N for which the modular
form Fy € M, (I'o(IN)) can be written as a quotient of products of eta-functions, namely

N ‘ 4 6 8 9 12 16 18 36
I 220 2737 9640 310 04314165 914681 o9lg3gigl  zlgagl
N ‘ 18438 156° 1484 1333 13123 12162 22182 11361

where the notation is clear if one compares the N = 12 entry with the formula for Fy5 given in (3.3)
or the N=6 entry with the formula for ®(¢) in the Apéry case that was given in the Introduction.

Now in each case we write the modular form F' = Fy 4 as a power series ®(¢) in the Haupt-
modul ¢ = ty 4, where ® = ®y 4 is a power series with integral coefficients and with leading
coefficient 1. (This integrality, which is clear from the modular description, is not at all obvious
from the recursion for these coefficients coming from the differential equation of ®, which was
one part of the “Apéry miracle” that was demystified by Beukers’s modular interpretation). The
operator £ annihilating ® then has the form ¢t with L as in (2.2), as explained in the previous
section. The following proposition expresses it in purely modular terms.

Proposition 1. The differential operator L is given in terms of the modular variable T by

1 1 d\° 1
L= ——|——) = 3.4
H(T) <27ri dT) F(r)’ (34)
where F' = F g € My (T'o(N) is the form defined above and H = Hy 4 is a modular form belonging
in My(To(N))~. This form is given explicitly by Hy 4(7) = Hn(d7), where Hy for N > 1 is the
unique Eisenstein series of weight 4 on T'o(N) that takes on the values +1 at 7 = 00, —1 at 7 =0,
and 0 at all other cusps, and Hy = Eg/\/Ej.

Proof: We first note that, since the space of solutions of the differential equation is spanned by F'(7),
7 F(7) and 72F(7), it consists of precisely those functions whose quotient by F(7) is annihilated
by (d/d7)3, so £ must have the form (3.4) for some function H(7). By comparing the symbols
(coefficient of (d/dt)?) on the two sides of (3.4), using (2.2), we find that

1 t'(r)3
Hr)?Q(t(r)) = — 3.5
(PO = F5 TP (35)
where ¢/ = ;L j—i, and this is at least a meromorphic modular form of weight 4 on I'o(N) with

W-eigenvalue —1. On the other hand, a purely algebraic calculation shows that, because the
differential operator is of type D3, one also has the formula

t'(r)
mr) = P25,
and by comparing these two formulas one finds that the modular form H (for N > 1) is holo-
morphic and has the given values at the cusps, which suffices since Sy(T'g(N))~ here is always 0.
Alternatively, one can simply check case by case that the right-hand side of either of the above
equations agrees with E, y if N > 1 and with Eg(7)//Ea(r) if N = 1. The d > 1 cases follow
easily from the d = 1 cases, with H(7) = Hy 4(7) defined as Hy (dr). O

Note that the equality of the equations (3.5) and (3.6) for H implies that the curve u? = Q(t),
which is either rational or elliptic depending on the degree of (), has a modular parametrization
by t = ¢(7), u = t'/tF, and in particular gives the Taniyama—Weil/Taylor-Wiles parametrization
when deg @ > 2 (which here happens only in four cases, (N,d) € {(11,1), (5,2), (3,3), (2,4)}).
In this case the function f = ¢F is the cusp form of weight 2 for which f(7)dr = t/(7)/u(7) is the
Weierstrass differential dt/u on the elliptic curve, and hence is a Hecke eigenform with multiplicative

(3.6)
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coefficients. In this connection we mention also the joint paper [17] of one of us with Masha
Vlasenko, which contains among other things a classification of all D3 equations with 5 distinct
singularities for which the function ¢®(¢) has an expansion with respect to exp(®;/®g) with
multiplicative coefficients (which in the modular case again means that it is a Hecke eigenform).

If N > 1, then, since all Eisenstein series on I'g(/N) for the cases in question come from level 1,
the functions Fy and Hy are given by formulas of the form

Fn(r) = Y M fuGa(Mr), Hy(r) = Y M?hy Ga(Mr), (3.7)
M|N M|N
where
B 1 - 1 = ng® 1 1 L ndgn
G = g Baln) = —p g G = B = g+ Y

are the Hecke-normalized Eisenstein series of level 1 and weights 2 and 4 and where fs, hps (M|N)
are rational coefficients satisfying the antisymmetry property

Inm = —fu,s hnm = —hu (M|N), (3.8)

since F' and H are in the (—1)-eigenspace of Wy . (Note that the function Go(7) itself is only
quasimodular, but since (3.8) implies that ) fys vanishes, the right-hand side of the formula
for Fy in (3.7) is modular.) It is these coefficients fa; and hys that were tabulated in §2 together
with the coefficients of the corresponding D3 operators. These coefficients, or rather the numbers

62 ifN=1
N = 1S Mhy if N>1 (3.9)
M|N
(which were also tabulated there), appear in the following theorem giving the values of the Frobe-
nius limits occurring in the Gamma Conjecture.

Theorem 2. Let ¥y = VU, Uy, Uy, W3 be the Frobenius solutions of the fourth order linear
differential equation satisfied by U(z) = > Apz"/nl, where Fy q(T7) =Y Aptn a(T)" for one of the
17 pairs (N,d) from (1.1). Then the Frobenius limits k; (j = 1, 2, 3) defined by (0.3) are given by
2 3
- _ _l_(£_1> 9 - _ (i_l) 2 (ﬂ_l) 3
K1 = =7, Ko = 2 2N ) C( )a K3 = 6+ 2N 2 7<()+ 3N 3 C()a
where py is defined by equation (3.9).

orem will be proved in Chapter 2, Sections 7 and 8. We remark that the formula in its statement
can be written in the simpler-looking form

3 4
I'(l1+¢)” ZHJEJ :1+ﬁ775 +d3N§()5 + O(e%) . (3.10)
In fact, the expression Wthh is naturally computed from the modular side is the expression on
the left-hand side of this equation, which describes certain limits associated to the Frobenius
solutions of the differential equation of ® itself, rather than of its inverse Borel transform ¥. On
the topological side, this is related to the “modified gamma class” defined in (5.2) below.

4. Quantum differential equations of Fano manifolds. In this section we explain briefly
how the differential equation whose asymptotic properties play a role in the Gamma Conjecture is
defined. We first describe the meaning of the coefficients of the 4 x 4 matrix A = (a; ;) specifying
the quantum differential equation via equation (2.5) and then for the benefit of the interested
reader also explain very briefly how this determinantal equation arises.

Very roughly, the coefficient a; ; for j > ¢ (the other coefficients of A are 0 or 1 by definition) is
meant to be the (correctly interpreted) “number” of rational curves of anticanonical degree j —i+1
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that intersect algebraic cycles of codimensions specified by ¢ and j. We state this a little more
precisely in the case of interest to us when X is a Fano 3-fold with H?(X;Q) = Q¢;. One defines
the three-point correlator <a1, o, a3> of three (effective and homogeneous) classes ai, as, ag in
H*(X) as the polynomial 3" ¢, 2", where ¢, is the expected number of holomorphic maps P* — X
of anticanonical degree n sending three fixed generic points P; of P! to cycles representing the
Poincaré duals of the a;. Using this correlator, one can define the quantum cohomology ring of X
as H*(X) ® Clz] together with a quantum multiplication *, where a; * a5 is defined by viewing
(a1, g, - ) as a linear functional on H*(X) ® C[z] with values in C[z] and dualizing it with respect
to the Poincaré pairing: f[X](al * o) Uag = (o, a2, a3). Then the matrix G(z) = (gi,;(2)) of
the operator c¢;*x with respect to the basis ¢ = (1,¢1,¢f,¢}) has the form g¢; ; = a; ;297" for

some matrix A, and the fourth order differential operator £ that we want is the one associated
to the system of first-order differential equations D, ((z) = ((z) G(z) in the usual way (with 1
as the cyclic vector). The Frobenius basis {U;} of solutions of the differential equation LU =0
then corresponds to the basis of H,(X,Q) that is Poincaré-dual to c. The expressions giving
the coefficients of Z, or the expansion coefficients of the Frobenius solutions, in terms of the

Gromov—Witten invariants of X can be found in [28].

v
We can now consider the linear functional ¥ +— lim (2) on the solution space of the
z—o00 Wy (z)
differential equation L ¥ = 0 as a cohomology class Ax (called the “principal asymptotic class”

of X) via the identification just described. In our case, it is given explicitly by
3 .
Ax = ancjl € H(X;C),
j=0
where the numbers «; are the Frobenius limits as defined in (0.3). The Gamma Conjecture, which
we now describe, says that it should coincide with a certain characteristic class of X called its
gamma class.

5. The gamma class and the Gamma Conjecture. The gamma class of a holomorphic
vector bundle E over a topological space X is the multiplicative characteristic class, in the sense
of Hirzebruch, associated to the power series expansion I'(1 + z) = 1 — vz + w 2+ -
of the gamma function at 1; in other words, it is the function that associates to a holomorphic
bundle E/X the cohomology class f(E) =[[,T(1 + ©) € H*(X,R), where the total Chern class
of E has the formal factorization ¢(E) = [[(1 + 7;) with 7; of degree 2. If E is the tangent bundle
of X, we write simply fX for f(E) Its terms of degree < 3, which are the only ones that will be
needed for our purposes, are given by

¢(2) +77 c2>

D(E) = 1—ya + (<@ + ==1-d

(5.1)

)

3
(<@ es + (€O +vC@) ey - ZETIEBET )

where ¢; = ¢;(T'X) € H*(X) are the Chern classes of X. This formula becomes much simpler if
we introduce the modified gamma class T' , defined by

Tx = D(1+¢)T%, (5.2)
in which case it reduces to
T% = 1-¢(2)ea+ ¢B3)(crea—es) + - . (5.3)

(The passage from Ty to fg( in the cases that we will study reflects the relationship between the
topology of the Fano variety to that of its K3-surface hyperplane sections, while for the other side of
the Gamma Conjecture—as we already mentioned in connection with Theorem 2—it corresponds
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to the relation between the Frobenius limits for the quantum differential equation associated to
the Fano 3-fold and the Frobenius limits of the Picard—Fuchs differential equation of its mirror
dual.) The gamma class of a variety can be regarded as a “half” of the Todd class occurring in the
Hirzebruch—Riemann—Roch theorem, or more precisely of the A-hat class A x = e “1Tdx occurring
in the Atiyah—Hirzebruch theorem, since the I'-function identity I'(1 4+ 2) I'(1 — z) = =2 implies

sinmz

that we can factorize the A-hat class as p4 (fx)u,(fx), where p1 denote the rescaling operators
of multiplication by a factor (+27i)~"™ in H*™(X;C).

We now have all the ingredients necessary to state the Gamma Conjecture. Let Ax € H*(X) be
the principal asymptotic class of the quantum differential equation associated to a Fano variety X
as explained in Section 4, and I'x € H*(X) its gamma class.

Definition. If the equality
Ax =Ty (5.4)
holds, then we will say that the Gamma Conjecture? holds for X.

Theorem 1 says that the Gamma Conjecture holds for the 17 Iskovskikh cases. To prove it, we
will compute both sides of equation (5.4) independently and check that they agree in each case.
The result on the Picard—Fuchs side was given in Theorem 2 above and will be proved in Chapter 2.
The computation on the cohomology side is straightforward and will be given here.

Proposition 2. The modified gamma class of a rank one Fano 3-fold X is given by
=~ 12 ht2 +10
I =1- ﬁ(@)c% + WC(?’)C?,
where c1 denotes the first Chern class of X and h'? the dimension of H*?(X).
Proof. The three Chern numbers of X are given by (c3,[X]) = 2d2N (by the definition of N),
(c1e9,[X]) = 24 (essentially because the hyperplane section of X is a K3-surface and because

(ca,[S]) = e(S) = 24 for all K3-surfaces S) and (cs3, [X]) = e(X), the Euler characteristic of X.
Here e(X) = 4 — 2h*? because all Hodge numbers of X except h®* = 1 and h''? = h%! vanish.

Si LY. 0) = O this of _ 12 U (U S ituti
ince ¢; € Halg(X7 Q) = Qc}, this gives ¢3 = 2N and cico —c3 = —BN T ubstituting
these values into (5.3) gives the desired assertion. O

Proof of Theorem 1. The numbers h'? for the 17 Iskovskikh families are given in the table below,
which we took from the comprehensive source on Fano varieties [20]. We check that in all cases we

N |1l 2 3 4 5 6 7 8 9 11|1 2 3 4 5|3 ]2
d 11 1 1 1 1111 1|2 2 2 2 2|3
h2 152 30 20 14 10 7 5 3 2 0[21 10 5 2 0|0 |0

have h''2 + 10 = py/d, where py is the integer tabulated in §2 and defined in (3.9). Combining
Theorem 2 from §3 with Proposition 2, we obtain Theorem 1. O

CHAPTER 2. COMPUTATION OF THE FROBENIUS LIMITS

In this chapter we will give two different approaches to calculating the Frobenius limits, one
using the combinatorial description of the coefficients of the holomorphic solution as sums of
binomial coefficients (like Apéry’s formula in the Vi case or Landau—Ginzburg models in general)
and one using the modular description of this solution. We will carry out the first one in detail for

2This is called “Gamma Conjecture I” in [12], but we will not discuss “Gamma Conjecture II” and will therefore
simply speak of the “Gamma Conjecture”
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the Vi3 case in §7, where the prediction of the Gamma Conjecture in the (easier) hypergeometric
cases is also checked. The modular approach, which works uniformly in all of the cases with N > 1,
will be treated in §8. In the final section, we describe briefly numerical calculations suggesting that
the higher Frobenius limits beyond the dimension of the Fano variety are also interesting, with the
next few still being polynomials in Riemann zeta values but the further values apparently involving
more complicated kinds of periods like multiple zeta values.

6. The two Frobenius bases and their relationship. In this section we define the higher
Frobenius functions for both the Picard—Fuchs type differential equations and their Laplace trans-
forms. We will illustrate everything using the Apéry numbers, but the definitions given here work
the same way for all cases.

The definition and recursion relation of the Apéry numbers Ag = 1, A1 = 5, Ay = 73,
were already given in the Introduction and will not be repeated here. We consider the Frobenius
deformation of Apéry’s recursion, i.e., the sequence of power series

= i!“%”fj e Q] (m=0,1,...)

§=0
defined by the initial condition A_;(g) =0, Ag(e) = 1 and the recursion
(n+e+1)°Apti(e) — P(n+e)Au(e) + (n+e)* Ap_i(e) = 0, (6.1)

with P(z) as in (0.2). We assemble the rational numbers Agf ) into further power series

(¢ ZAn . OM(te) Z(I»an el = ZA (6.2)

with the beginnings of the first few power series ®;(t) bemg given by
PA(t) = ®(t) =145t + 7312 + 1445¢> 4 33001 t* 4+ 819005t° + - - -,

PIM(t) = 12t + 210¢> + 4438¢% + 104825 ¢" 4 132TO63T45 4

P (t) = 7212 4 2160t% + 592501 4 1631910¢° + - -, (6.3)
n _ 1011 42 522389 ;3 _ 90124865 14 _ 264872026721 45

PF(t) = Tt - A T 1728t 216000 Ut
an 1437 42 182489 43 5753277 44 663266820361 45

3 (t) = G+ g "+ g U+ st T o0 LT

Putting t° = exp(eclogt), we define the Frobenius functions ®;(t) for all j > 0 by the expansions

(log t)J g

T (6.4)

B(t,e) = t° DM (t,e) = i@j(t)gﬂ', Z@dn

<.

0
Then the recursion satisfied by the A, (¢) translates into the statement that the power series ®;(t)
and ®(t,e) satisfy the differential equations

j—3
clate) = 2, L) = (B (65)
respectively, where
L = D* —tP(D) + t(D+1)? (D—t%)

is the differential operator that annihilates ®(¢) and where the right-hand side of the second
equation in (6.5) is to be interpreted as 0 if j < 3. In particular, &y, ®; and ®, are solutions of
the original differential equation £& = 0 and constitute, of course, the well-known Frobenius basis
for the space of its solutions, but, as already mentioned in the Introduction, the higher ®; are also
of interest. In any case, however, even for the Gamma Conjecture we will need ®3, which satisfies
the inhomogeneous differential equation £& = 1, because under the Laplace transform there is
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a relationship between {®g,...,®;} and {Py,..., U ;} for all J, as we will now discuss, and the
operator £ has order four and thus four Frobenius solutions Wy, ..., V3.

We now do the same things on the Laplace transform side. The modified numbers a,, = A,, /n!
satisfy the modified recursion relation

(n+ D%apny1 — P(n)ay, + nan_1 = 0, (6.6)

with the same polynomial P(n) as before, and their generating function ¥(z) = Y a, 2™ therefore
satisfies the modified differential equation (Laplace transform of £)

L(W) =0, L =D!—:2PD.,) + 2(D.+1)>?,
where D = 2 % as before. The Frobenius deformation in this case is given by
(n+1+¢e)*ani1(e) + P(n+e)an(e) + (n+e)*an_1(s) = 0 (6.7)

for n > 0, with initial condition a_1(¢) = 0 and ag(e) = 1. Again we set an(e) = >, a$ei and

AT G an _ () on an _ an ) o
define power series W3"(2) = >, an’2" and U*(z,e) = 3, Wi (2)e! = 3, an(e)2", the first
values being given this time by

V() = U(z) = 1+5z+7—23z2+% 3+3320401z4—|— 16380125 T

won(2) 7ot 221 22 4 10733 234 432288875 A 47%8859 e

YA (y) = Tz 461 22 93:;(233 23 92324050685 L4 6122%33(1)33 S (6.8)
an () -~ %zQ + ¥z3 + 42689514265 4 3811075 J

UA(y) = 924 % 24 448169420 . 0210864430299 z4 + 20&13538833329 254

Then just as before, putting 2° = exp(elog z), we find that the Frobenius functions defined by

Ute) = 22U (z,) = Y Uy(= Z pon(y & (6.9)
= (j —)!
satisfy the inhomogeneous differential equations
~ ~ logt)i—4
L(T(z,¢)) = e*2°, L(¥;(t) = % ) (6.10)
(j—4)!
with the same convention as before. In particular, ¥y, ..., U3 give a basis (again called the Frobe-

nius basis) of solutions of the transformed differential equation.
The Gamma Conjecture concerns the limits x; defined by (0.3), but to calculate these it is

more convenient to work with the numbers A%j ) and functions ®;(t), which have better properties
(regular singularities, modular parametrization). We therefore have to look how the two sequences
of numbers and of functions are related. From the recursions we obtain

an(e) = <fi(§> - 13( D

Here (1 + €),, denotes the ascending Pochhamer symbol (1 +¢)(2+¢)---(n +¢). We insert into
this expression the expansion

n 1 2 3
H(l—l—E) :eXp(—Hng—l—H,(lg)E——H,(L?’)a——l—...),
pie k 2 3



GAMMA CONJECTURE FOR RANK 1 FANO 3-FOLDS 13

WhereHmzl—i—%—F. 4+ Hy(,f):1—|—l+...+#,etc.,andﬁnd

m’ 1
n! aglo) = A;O)
n! agll) = Agll) _ I{nA%O)7
2 (2)
aa® — A® _ a0 Tt ) (6.11)
" " netn 2 n o

Now if we use that H, =logn + v+ O(1/n) and aim = ¢(m)+ O(1/n) for m > 1 and that the
maximum of a$)z" for large z and j fixed occurs for n ~ Cz with C = (1 + v2)* = 17 + 12V/2
(because A,, ~ const - C"/n3/2, as discussed in more detail in §9), then we see that we simply have

to replace H,, by log(Cz)+~ and H,(zm) by ¢(m) for m > 1 to get the asymptotics of the Frobenius
solutions. This means that if we define a sequence of Frobenius limits K? and the corresponding

generating function x°(¢) for the regular case by

J i (2) [eS)
IOgC ] . An 0 . 0_j _ —e 1: An(g)
E G0 nlgr;(}( A, ) , k'(g) = E kil = C7° lim ( A, ) (6.12)

i=0 3=0

then the relationship between the two generating functions x°(g) and

= 4 . U(z,e)
) = E rpel = lim —grst (619
is given simply by
1
0 _ 14
K = Fryg A (6.14)

exactly the same relationship (if we replace ¢ by ¢1(X)) as that between the gamma class and
modified gamma class of a Fano variety X as explained in §5. We will explain in §9 how the limits in
both (6.12) and (6.13) (which in any case determine one another by (6.14)) can be computed quickly
and to very high accuracy, and will discuss some of the results of the numerical computations.

7. Frobenius limits from the hypergeometric point of view. In this section we give a
proof of the formula (0.4) for the Frobenius limits in the Apéry case based on Apéry’s original
formula (0.1) for his numbers as finite sums of products of binomial coefficients, or terminating
hypergeometric series. This method is quite computational and uses identities that were found
experimentally and whose proofs are not particularly enlightening, but has the advantages of
being completely elementary and of applying in principle to any linear differential equations of this
type, even if they are not modular. It also gives very easy proofs of the Gamma Conjecture for
the 10 cases from the Iskovkikh list corresponding to hypergeometric differential equations.

The idea is to mimic Apéry’s original proof of the irrationality of {(3), in which he studied the
second solution A7 of the recursion (0.2) with initial values A§ = 0, A} = 1 (whose generating
function again satisfies an inhomogeneous version of the original differential equation, though this
time with right-hand side ¢ rather than 1) and proved that the limiting ratio lim,, A% /A, is equal
to & ((3) by finding an explicit formula for A, of the form Y7 _, (2)2(”21“)2 Q(n, k) for a suitably
chosen elementary function Q(n, k) involving partial sums of {(3). (See [1] and [31].) Looking for
similar formulas for the numbers Agf ) for small values of 1, we found experimentally a number of
identities of this type that gave the correct values for 1 < ¢ < 3 and for all n up to some large
limit, and any of which could be used to evaluate the Frobenius limit in question. One choice,
which had an especially simple form, is reproduced in Proposition 3 below together with its proof
by the standard method of telescoping sums. To find both the identities and their proofs, we
made an Ansatz for the functions denoted @Q;(n, k) and R, () in Proposition 3 that had the form
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bk H,gi) and

HY in the case of Qi(n, k) and the four coefficients in Q(n, k) of €’ in the case of R, x(¢)) and
then determined the necessary values of these coeflicients by a computer calculation. This proof is
therefore not very aesthetic, but—as alredy mentioned—has the advantage that the method can in
principle be applied to the Frobenius deformations of other differential equations, not necessarily
having a modular parametrization.

given there, but with unknown coefficients (the three numerical coefficients of H @

Proposition 3. Forn,k >0 set

ans(e) = (Z)(“j;’“)xp@ Q) +0EY).

where Q1(n, k) = 4H, x—4Hy, Qa(n, k) = 4H Y —8H'?)

@) and Qs(n,k) = 320, —HY —14H?.
Then

n+k
A, (e) = Zamk(s) + 0"
k=0

Proof. Define R, x(g) € Q(n, k)[e]/e* by
Rok(e) = 4@2n+1)(2k* +k — (2n+ 1)%) + (16k* + 8(4n + 3)k — 4(2n + 1)(12n + 5))e
+16(2k — 5n — 2)e? 4 (—16 + st J5 (202 + 2n — k))& + O(c?).
Using the easily checked identity

1 3 an+1,k(5) _p 3 an—l,k(s) — R, "R . an,k—l(g)
(n+1+¢) o) (n+¢e) + (n+e) “ann@) Lk (€) ki 1(6)7%,19(8)
in Q(n, k)[e]/e* and induction on K, we find that
K
Z((n +1+e)ant1k(e) = P(n+e)ani(e) + (n+e)’an_14(e)) = Rur(e)ank(e)
k=0
for all K > 0. Taking K > n shows that Y ,_ a, x(g) satisfies the defining recursion of A, (),
and since it also has the same initial values (0 for n = —1, 1 for n = 0), they are equal. (]

Corollary. One has

- exp<—2§(2)€2 + %c(:a)& + 0(54)).

Proof. The maximum of a,, = (2)2("7€'k)2 over 0 < k < n is sharply peaked at k = n(1/v/2+0(1))
for n large, since the ratio a, i /an k-1 equals (n+ k)%(n — k + 1)?/k* ~ (n?/k?* — 1)%. Hence

ian,k(g) ~ (zn: an,k) exp(410g(1 +V2)e — 2¢(2)e? + %c(:a) e + 0(54)) . O
k=0 k=0

By virtue of (6.12) and (6.14), the statement of the Corollary is equivalent to the formula (0.4)
predicted by the Gamma Conjecture, completing the proof of this conjecture for the Apéry case.

We mention that for each of our 17 families, and also for other DIV equations arising as Picard—
Fuchs equations, there exist formulas like (0.1) expressing the coefficients A,, as simple or multiple
finite sums of products of binomial coefficients (terminating hypergeometric series), for example
the ones coming from the “Landau—Ginzburg models,” which express A, as the constant term of
P(z,y,z)™ for some Laurent polynomial P(z,y, z). One could therefore in principle study each of
the other cases using the same idea of inserting appropriate factors into these formulas. We did
not try to do this since the modular approach as discussed in the next section is much simpler and
works in a uniform way for all cases. We can, however, use the combinatorial approach to give an
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easy direct proof of Theorem 2 in all ten cases from the Iskovskikh list for which the corresponding
differential operators are hypergeometric, and this is useful since it includes the two N = 1 cases for
which the modular approach fails (or at least needs modification) because the function Fy = /E,
is not a holomorphic modular form. Note, however, that the case (IV,d) = (2,4) corresponds to the
Fano variety P and therefore is a special case of the result of Dubrovin [7] (see also [12]) proving
the Gamma Conjecture for all P", and in fact all of the hypergeometric cases are essentially known
by the work of Iritani (see §10). We nevertheless include a proof here since it is elementary and
fits with the other cases considered.

We begin with a remark that applies to all 17 cases, not only the hypergeometric ones, namely
that it suffices to prove Theorem 2 for the 10 cases of the Iskovskikh list with d = 1. Indeed,
comparing the statement of Theorem 2 in the version (3.10) with the formula (6.14) relating the
Frobenius limits for the differential operators £ and Z, we see that this theorem now takes on the
simple form

K a(e) = 14+ 0e + iw 2 4 LN (3)e® + 0(eh) (7.1)

K d>N d*N ’

where £ ;(¢) denotes the function £°(¢) as defined by (6.12) for the (N, d) case from the list (1.1)
(so that the £ for the Apéry case that was used as an illustration in §6 would be g ), but with
the constant C' = 17+ 12+/2 appearing in (6.12) replaced in the other 16 cases by nl;rgo Aﬁ/", which
is the reciprocal of the smallest positive root of Q(t). But the power series @y q(t) corresponding
to this case is simply ®y 1 (t?), so passing from (N, 1) to (N, d) replaces A,, and A, (g) by n/d and
Ay a(€), interpreted as 0 if d f n, and C by C'/4, and it therefore follows that w.a(e) = &%, (e/d)
to all orders, not just up to O(e*).

This remark reduces the number of hypergeometric cases to be proved from 10 to 4, namely the
cases 1 < N <4 and d = 1. For these cases the coefficients of the power series ®(t) = >~ A, t"
are quotients of products of factorials, as given by the following table:

N| 1 2 3 4
A (6n)! (4n)!  (3n)!(2n)!  (2n)1®
7| (3n)In!3 nl4 nl!® nl!6

We write the expression for A4,, in each case as [[,.(rn)!"" and notice that it makes sense also for non-
integral values of n if we interpret z! as I'(1 + ). The Frobenius deformed numbers A, (), defined
by the same recursion (here of length 2 rather than 3 as before) with initial value Ag(e) = 1,
can then be written simply as A, (¢) = Ap4:/A-. On the other hand, since ) rv, = 0 in all
cases (otherwise ®(¢) could not have positive radius of convergence), Stirling’s formula gives the
asymptotics A, ~ az’/2C* for x — oo, with o = HT(QTF’I“)VT/z, v=> v, C=][.r"". Hence

1
k(e) = C™¢ lim A”(E) = C7° lim Anve _ = HF(I—H‘E)_”T

exp(ZVT (—’yre + @7“252 — @7"353 + )),

T

and since > rv, = 0, > r?v,. = 24/N and Y 73y, = 3uy/N in all four cases 1 < N < 4, this
completes the proof of Theorem 2 for the ten hypergeometric cases.

8. Frobenius limits from the modular point of view. The method described in the
preceding section for the Apéry case depended on a complicated and artificial-looking identity. We
now give a more natural proof using the modular parametrizations of our diffential equations as
discussed in §3. This approach works in a uniform way for all of the cases with N > 1 in the
Iskovksikh list, i.e., for 15 of the 17 cases, and since the two N = 1 cases are hypergeometric and
have already been proved, this completes the proofs of Theorem 2 and Theorem 1.
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By the remark made at the end of the previous section, it suffices to prove the 9 cases with d = 1
and N belonging to the list {2,...,9,11}, and after all of our preparation this is now fairly easy.
In each case the differential operator £ has the form given in Proposition 1 (equation (3.4)). where
H(t) = Hy(7) is the weight 4 Eisenstein series given by (3.7). By (6.5), the first four Frobenius
functions satisfy the differential equations L&y = L&y = LPy = 0 and LP3 = 1, which then
translate on the modular side into (®;(¢(7))/F(t))"” = 6;3H () for 0 < j < 3. (Here ' means
ﬁ %, as in §3.) In view of the asymptotic form of the Frobenius functions ®;(t) near t = 0,

which corresponds to ¢ = 0 with 27iT = logq = logt 4+ O(t), this means that

2miT)? . ~
5() = L r@ G0, en) = AOF@. 61
where H(7) is the Eichler integral of H(r), defined by H” = H and normalized by H(r) =
. \3
% + O(q) as ¢ — 0. But from (3.7), we have
- har ~
H(r) =Y %GZL(MTL (8.2)
MI|N
where C~¥4(T) = (21’;170)3 + Zn21 % is the correspondingly normalized Eichler integral of G4 (7).
But it is well known, and elementary to prove, that C~7'4 satisfies the functional equation
. ~ 1y B 5
2 2
G4(T) — T G4(—;) = T(T - 1) — ?T.

for all 7 € H. (This follows from the transformation property G4|4S = G4 by threefold integration
using “Bol’s identity,” which gives that (F|_27)"” = F"’|4vy for any holomorphic function F and
any Mobius transformation v, implying that the expression on the left is at most a quadratic
polynomial, which one then calculates using that the L-function of G4 equals {(s)((s—3).) Inserting
this into (8.2) and using the antisymmetry property (3.8), we get

NTQE[(—%) + H(r) = A;V;\A;g(:s) (M*7* — 1) = “WNg(?)) (NT2+1) (8.3)

with py asin (3.9). (A similar calculation is given in [3], 1.2.) The calculation of the Frobenius limit
now follows. Indeed, from (8.1) and (8.3) and the anti-invariance of F' under |2WN it follows that,

if we set (ko, k1, k2, k3) = (1, 0, %, E¥((3)), then ®;(t(7)) — k; F(7) is a W-invariant function in
the upper half-plane for each j € {0,1,2,3}. But that means that, as functions of ¢t = ¢(7), which
is W-invariant and hence has a double zero at the fixed point 7 = i/ VN of Wy, they have no
singularities at the value ¢ = t(7n) = 1/C, so that they have a larger radius of convergence than
the radius of convergence 1/C of ®(t). Tt follows that the Frobenius limit £} = lim;_,1 /¢ ®;(t)/®(t)
equals k;, completing the proof of equation (3.10) in all cases with N > 1.

Finally, we make a few remarks about the missing case N = 1. Here the function Hy(7) =
Es(1)/\/E4(1) = 1 — 624q + 64368¢> — --- is no longer a modular form, but by virtue of the
transformation property Hi|4S = —H; and Bol’s identity we still have

() + 2 i (f%) — B (24 1).

for some complex number pu, so that the only thing missing is the evaluation p = pu; = 62. This of
course follows from our alternative proof of the Frobenius limit in question via the hypergeometric
expansion of v/E,, and we have also checked it numerically to high precision, but have not given a
purely modular proof. We note, however, that such a proof could probably be given by imitating the
calculations in [8], where the Eichler integral of the very similar almost-modular form A(7)/+/Eg(7)
of weight 3 is related to the zeros of the Weierstrass g-function.
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9. Higher Frobenius limits: beyond the Gamma Conjecture. In this final section we
discuss very briefly the values of the Frobenius limits x; (or rather of the equivalent limits H?)
for 7 > 3.

Since the results here are numerical only, we should first say briefly how to calculate /@9 and x;
to very high accuracy very quickly. (Of course one does not really need both, since they are related
by (6.14), but being able to do the calculations in two ways provides a nice verification of the
numerical correctness of the procedure.) For x; one simply uses (0.3) directly with a moderately
large value of z like z = 100 (actually, a much smaller value also suffices), and since the convergence
is exponential this works well. For x) one cannot use (6.12) directly because the ratio of C~%A4,,(¢)
to A, converges to its limiting value °(¢) only like 1/n. Instead we use that A,, has an asymptotic
expansion (in the Apéry case; the others are of course similar) of the form

C«n+1/2 1
P( )
(n+1/2)3/2" \64(n + 3v2
for a certain power series P(X) = 1+30X +274X2—17132X3+- .- with easily computable rational

coefficients (determined by the property that A(n) has to satisfy the same recursion as A4,,). Then
K%(e) = C~¢ lim A,(¢)/A(n) = lim A, (¢)/A(n+¢), and in the latter expression the convergence
n—o0 n—oo

A, ~ A(n) = 29/4p=3/2

is faster than any power of n, so that now by taking a moderately large number of coefficients of P
and a moderately large value of n we get very precise values for the power series x°(g). (For
instance, using 100 terms of P and taking n = 100 gives the first 15 coefficients H? to 300 decimal
digits in under 10 seconds on a normal PC.)

We did these calculations (to 300 digits) for both ; and Ii? for V15 and several other cases,
each time finding agreement of the two series in (6.14) to the precision of the calculation. We then
tried to recognize the coefficients I{? beyond the values j < 3 that were predicted by the Gamma
Conjecture and proved by the calculations in the last two sections. It turned out that up to 7 = 10
(in the V1o case) these values were always polynomials in Riemann zeta values (or Riemann zeta
values and the Euler constant +y if we work with the x; instead). The results are cleaner if we use
the coeflicients \; defined by the generating function Z;‘;l )\jaj = log(k°(¢)), in which case the
first ten values are given (within the precision of the calculation) by

A1 =0, Ay = *QC(Q)v Az = %<(3)7 Ay = 73C(4)>

X = 5¢(5), Xe = —3¢(6) — %¢(3)°, Ar= = 34(T) + 5C3)C4),

ds = 33¢(8) — 5 C3)¢H), Ao = §5C(9) + 5¢(3)¢(6) + 5 C(4)¢(5) + g5 ¢(3),
Mo = =155 ¢(10) — BT = 5 C6)? = 39 ¢B)%,

involving only Riemann zeta values, as already stated. But for the 11th coefficient we find
A = 666(11) + 2 CAC(T) + MO ¢(5)C(6) + L2 C(R)C(3) + I CB)PC(5) + 2¢(3.5,3).
where the final term involves not an ordinary zeta value but rather the multiple zeta value
1
3,5,3) = ———— = 0.002630072587647 - - - .
“f ) O<€;n<n SmPn?
This suggests that the higher Frobenius limits might be interesting periods in general, and that at
least in some cases they are connected with multiple zeta values. We make a few final remarks in
this direction. First of all, the first weight in which the ring of multiple zeta values is not generated
over Q by Riemann zeta values only is 8, the multiple zeta values space in both this weight and
in weight 10 being 1 bigger (more properly < 1 bigger, since the required linear independence
statements are not actually rigorously known), but here neither of these values appear and the
first non-trivial multiple zeta value that we see in this example is the number {(3, 5, 3) in weight 11.
This suggests that there may be a connection with Brown’s “single-valued multiple zeta values” [6],
which also diverge from the ring of ordinary zeta values for the first time in weight 11. However,
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the connection is not quite clear since the new single-valued multiple zeta value in weight 11,
modulo polynomials in Riemann zeta values is not a rational multiple of ((3,5,3), but rather
a rational linear combination of {(3,5,3) and the product of {(3) with the non-trivial double
zeta value ((3,5). However, a private communication from Brown suggests that there may be an
explanation connected with the duality property of the D3 equations (already mentioned in §2)
and with his older calculation [5]. Finally, we mention that in the other non-hypergeometric cases
we looked at we again found polynomials in Riemann zeta values for the Frobenius limits up to a
certain weight but not beyond, and that we could not always recognize the higher values (like x7
for the case (N, d) = (9,1)). This phenomenon is presumably related to the fact that Fano varieties
like V15 can be obtained as successive hyperplane sections of Fano varieties of higher dimension,
but only up to a certain point, so that it is only up to that limit that the Gamma Conjecture
for these higher Fano would predict values that can be expressed by polynomials in Riemann zeta
values. In the case of V15, which can be obtained as a 7-fold iterated hyperplane section of a certain
10-dimensional Fano with Picard rank one (namely, the orthogonal Grassmannian of isotropic 5-
planes in C!?), we have checked that the prediction of the Gamma Conjecture indeed agrees with
the numerically found values of A; as given above for all j < 10.

10. Related work/further references. The Gamma Conjecture in our hypergeometric
cases (which correspond to complete intersections in toric varieties) follows essentially from the
celebrated Quantum Lefschetz Theorem of Givental [13] and Iritani’s work [19]; we have given
a proof for the sake of completeness. Dubrovin [7] had computed the expansion of all other
asymptotics in the case of projective spaces; one can find a different treatment of this subject in
[23]. Przyjalkowski [29] defined weak Landau-Ginzburg models for Fano varieties, and proposed
candidates for weak Landau-Ginzburg models in our 17 cases. He discovered that the number of
the irreducible components in the resolution of the central fiber (which corresponds to the point
t = oo in our notation) is one more than the h''? of the respective Fano for all of his models.
The relation of the Hodge numbers of Fano varieties and the reducible fibers of their Landau—
Ginzburg models are explained in [24]. Galkin established modularity of “G-Fano varieties” [11].
He computed the “Apéry constants” for many homogeneous spaces and introduced what he called
the “Apéry class” in [10]. The work of van Enckevort and van Straten [30] pertains to the case
of Calabi-Yau, rather than Fano, 3-folds; there is an implicit relation to the topology of Fano
4-folds, again by the quantum Lefschetz principle. Finally, modularity for Fano threefolds of all
Picard ranks has been recently announced by C. Doran, A. Harder, L. Katzarkov, J. Lewis and
V. Przyjalkowski.

REFERENCES

[1] R. Apéry, Irrationalité de {(2) et {(3). Astérisque 61 (1979), 11-13.

[2] A. Beauville. Quantum cohomology of complete intersections.. Mat. Fiz. Anal. Geom. 2 (1995), 384-398.

[3] F. Beukers, Irrationality proofs using modular forms. In Journées arithmétiques, Besangon, France 1985,

Astérisque 147/148 (1987), 271-283.

] F. Beukers, On B. Dwork’s accessory parameter problem. Math. Zeitschrift 241 (2002), 425-444

] F. Brown. Irrationality proofs for zeta values, moduli spaces and dinner parties. ArXiv:1412.6508, 2014.

[6] F. Brown. Single-valued motivic periods and multiple zeta values. Forum of Mathematics. Sigma 2 (2014), e25.

1 B. Dubrovin. Geometry and analytic theory of Frobenius manifolds. Doc. Math., J. DMV, Extra Vol. ICM

Berlin 1998, vol. II, 315-326.

[8] M. Eichler and D. Zagier. On the zeros of the Weierstrass g-function. Mathematische Annalen 258 (1981),
399-407.

[9] W. Fulton, C. Woodward. On the quantum product of Schubert classes. J. Algebraic Geom. 13 (2004), 641-661.

[10] S. Galkin. On Apéry constants of homogeneous varieties. Preprint SFB45, 2008.

[11] S. Galkin. G-Fano threefolds are mirror-modular. Preprint IPMU, 10-0150, 2010.

[12] S. Galkin, V. Golyshev, and H. Iritani. Gamma classes and quantum cohomology of Fano manifolds: Gamma
conjectures. ArXiv:1404.6407, 2014.

[13] A. B. Givental. A mirror theorem for toric complete intersections. Progr. Math. 160 (1998), 141-175.



GAMMA CONJECTURE FOR RANK 1 FANO 3-FOLDS 19

[14] A. B. Givental. Equivariant Gromov—Witten invariants. Internat. Math. Res. Notices 1996, 613—-663.

[15] V. Golyshev. Classification problems and mirror duality. London Math. Soc. Lecture Note Ser. 338 (2007),
88-121.

[16] V. Golyshev and J. Stienstra. Fuchsian equations of type DN. Commun. Number Theory Phys. 1 (2007),
323-346.

[17] V. Golyshev and M. Vlasenko. Equations D8 and spectral elliptic curves. ArXiv:1212.0205, 2012.

[18] V. Golyshev and D. Zagier. Apéry numbers of half-integral index and quasiperiods of modular forms. In prepa-
ration.

[19] H. Iritani. An integral structure in quantum cohomology and mirror symmetry for toric orbifolds. Advances in
Mathematics, 222 (2009), 1016-1079.

[20] V. A. Iskovskikh and Yu. G. Prokhorov. Fano varieties. Encyclopaedia Math. Sci. 47 (1999), 1-247.

[21] V. A. Iskovskih. Fano threefolds. I. Izvestiya Akademii Nauk SSSR. Seriya Matematicheskaya 41 (1977), 516—
562, T17.

[22] V. A. Iskovskih. Fano threefolds. II. Izvestiya Akademii Nauk SSSR. Seriya Matematicheskaya 42 (1978),
506—549.

[23] L. Katzarkov, M. Kontsevich, and T. Pantev. Hodge theoretic aspects of mirror symmetry. Proc. Sympos. Pure
Math., 78 (2008), 87-174.

[24] L. Katzarkov, M. Kontsevich, and T. Pantev. Bogomolov-Tian-Todorov theorems for Landau—Ginzburg models.
ArXiv:1409.5996, 2014.

[25] S. Mori and S. Mukai. Classification of Fano 3-folds with by > 2. Manuscripta Mathematica 36 (1981), 147-162.

[26] V. V. Przhiyalkovskii. Gromov-Witten invariants of Fano threefolds of genera 6 and 8. Sb. Math. 198 (2007),
433-446.

[27] V. V. Przyjalkowski. Quantum cohomology of smooth complete intersections in weighted projective spaces and
in singular toric varieties. Rossiiskaya Akademiya Nauk. Matematicheskii Sbornik 198 (2007), 107-122.

[28] V. V. Przyjalkowski. The minimal Gromov-Witten ring. Rossiiskaya Akademiya Nauk. Izvestiya. Seriya Matem-
aticheskaya 72 (2008), 203-222.

[29] V. V. Przyjalkowski. Weak Landau—Ginzburg models of smooth Fano threefolds. Rossiiskaya Akademiya Nauk.
Izvestiya. Seriya Matematicheskaya, 77 (2013), 135-160.

[30] C. van Enckevort and D. van Straten. Monodromy calculations of fourth order equations of Calabi—Yau type.
AMS/IP Stud. Adv. Math., 38 (2006), 539-559.

[31] A.van der Poorten. A proof that Euler missed ... Apéry’s proof of the irrationality of ((3). Math. Intelligencer 1
(1979), 195-203.

[32] D. Zagier. Integral solutions of Apéry-like recurrence equations. CRM Proc. Lecture Notes 47 (2009), 349-366.

ALGEBRA AND NUMBER THEORY SECTOR
INSTITUTE FOR INFORMATION TRANSMISSION PROBLEMS
Borsaor KARETNY 19, Moscow 127994, RUSSIA

golyshev@mccme.ru

MAX PLANCK INSTITUT FUR MATHEMATIK
VIVATSGASSE 7, 53111 BONN, GERMANY

and

INTERNATIONAL CENTRE FOR THEORETICAL PHYSICS
VIiA MIRAMARE, TRIESTE, ITALY

dbz@mpim-bonn.mpg.de



