STRICHARTZ ESTIMATES WITH BROKEN SYMMETRIES

FELIPE GONCALVES AND DON ZAGIER

ABSTRACT. In this not we study the eigenvalue problem for a quadratic form associ-
ated with Strichartz estimates for the Schrédinger equation, proving in particular a sharp
Strichartz inequality for the case of odd initial data. We also describe an alternative method
that is applicable to a wider class of matrix problems.

1. INTRODUCTION

In this paper we study the eigenvalue problem associated with the quadratic formﬂ

QUf) = Viz / / s (g, ). £) dy dt (1)

restricted to the subspace of functions f € L?*(R?®) with some prescribed parity. Here
us : R¥ x R — C denotes the solution of the Schrodinger equation

Owu(z,t) = iAu(x,t), u(z,0) = f(z) (2)

with initial data f and we say that f(z, 79, 2z3) has parity e € {&1}® if it is even with
respect to the x; with ¢; = 1 and odd with respect to the x; with ¢; = —1. Enforcing such
parity constraints on the initial data breaks the fundamental symmetries associated with
the Schrodinger equation (for instance Galilean invariance). The study of such quadratic
form is motivated by its intrinsic relation with Strichartz estimates, as it was used in [2] [§]
to produce sharp bounds for the space-time LS-norm of u; in one space dimension. For a
more general overview of how results of this sort are used we refer to the recent survey [4].

Since the form (@) is invariant under permutation of the coordinates, we can restrict to the
case where ¢; is —1 for i < k and —1 for i > & for some x € {0, 1,2, 3}, i.e., to the subspace
L2(R3) C L*(R?) of functions that are odd with respect to the first x variables and even
with respect to the others. It turns out that the eigenvalues associated to the restriction
of Q to each L?(R?) are all rational and can be given explicitly as the coefficients of certain
generating functions (which was amusing and unexpected for the authors). Specifically,
define four power series G (w) € Q[[w]] by

Go(w) 1 3 3 m 1+ Lwt + Zyb+ ..
G (w) w 1 -1 1 T+ g + twd 4

= 8¢/1—2w+w? = 3
Gs(w) w —3 3 8¢/1+2wtw? 2 4 Sy + 1609 ...

and denote by A, C Z[3] the multiset of coefficients of G,(w), counted with multiplicity.

Since [w"](G,) = 1+ O(n™'/2) for n = k (mod 2) (see Figure [l and vanishes otherwise,

'The v/12 normalization factor has been included here for aesthetic reasons only.
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Ficure 1. First 501 nonzero power series coefficients of Gy (black) and G, (blue).

the only non-zero limit point of A, is }l and this is also the only value that can have infinite
multiplicity.ﬂ Our main result is the following.

Theorem 1. For each k = 0,1, 2,3 there is an orthogonal decomposition
LARY) = P V(N
AEA,

that diagonalizes @Q such that Q(f) = M| fI|? for f € Vi(\). In particular, the largest
eigenvalue o, = max(A,) of Q on L2 is given explicitly by ag = 1, oy = ap = %, and oz = 2
The eigenspaces Vﬁ(a,{) corresponding to these largest eigenvalues are given explicitly by

Vo(0) = {f € L*(R%) : f(x) = g(|2])} ,
Vi( ) = {f € L*(R’) : f(x) = mag(|x]) + 1 P(ar, w2, 23)h(|2) }
Va(z) = {f € L*(R?) : f(z) = miaag(|2]) }
Vs(3) = {f € L*(R’) : f(z) = mamomsg(|])}

where P(x1, 29, x3) = xf — 5(x3 + a3)at + 15(x5 — bajas + x3).

The proof will actually identify the set of eigenvalues of @ on L? with A, as a multiset,
in the sense that each V,()\) is a module over the set V5(0) of radial L*-functions of rank
equal to the multiplicity of A in A, (and hence finite for A different from 0 and possibly %1)
The fact that Vi (5) looks “larger” than the other three V,(«.) is then simply a reflection of
the fact that % appears twice as a coefficient in the power series G (w).

Theorem 1 gives not only the largest eigenvalue, but the whole spectrum for each . In
particular, one can check by a numerical computation (Lemma [5 below) that the second
largest eigenvalue 3, of @Q on L2 is given by

8320 469136 232 221312
(ﬁ07 517 ﬁ2; 63) = (?7 Ta ?7 T)

From Theorem [I| we then get the following sharp trilinear inequality.

2This could happen only if i occurred infinitely often as a Taylor coefficient of G,. In fact, numerical
computations up to n = 10° suggest that it never occurs at all, but we could not prove this.



Corollary 1. Let g1, 9,93 € L*(R) be a collection of functions with the first k being odd
and the others even. Then

2
\/12// ‘Ug1<y,t)u92(y,t)ug3(y,t)} dy dt
RJR
: 2
< o [] / |g;(z)]*dz — B.dist(g1 ® g2 ® g3, Vi)
=17k

with o, By and V(o) as above. Equality holds if and only if g;(x) = bj:ce_“f"’2 for j <k
and gj(x) = bje_‘“’2 for j > K for some a, b; € C with Rea > 0.

Here we have used the fact that the function g; ® g, ® g3 belongs to V() if and only
if each g;(x) or g;(x)/x, depending whether g; is even or odd, is a multiple of the same
Gaussian for j = 1,2,3. (We leave the details to the reader).

By setting g1 = g2 = g3 in Corollary for an odd function g; (and removing the distance
term) we obtain the following sharp inequality for odd initial data.

Corollary 2. Let f € L*(R) be an odd function and let uy : RxR — C solve the Schridinger
equation with initial data f. Then

_ 1/6
lusllsery < 1277 (5/9)° 1 llagey (4)
with inequality if and only if f(x) = bre " with a,b € C and Rea > 0.

Foschi [3] proved inequality (4] with no parity condition on g and optimal constant 12’5,
which he showed is attained by Gaussian initial data be=9=* . Our result is a sharpening of
his inequality when the initial data is odd.

2. PROOFS

In this section we collect the necessary facts to prove our main result. Since in most part
our techniques are general, we will work with a higher dimensional analogue of () and later
on specialize to dimension 3.

For a given f € L*(R¥) we denote by u;(z, ) the solution of the Schrodinger equation ([2))
with initial data f. The Strichartz inequality (see [9 Theorem 2.3]) states that there
exists A > 0 such that

sl r@exry < Allfll L2y (5)

where p = 2 + 4/k. It is conjectured that Gaussians are the only maximizers of this
inequality, that is, letting A be the best possible constant, the inequality is attained if and
only if f(x) = cexp(—alz|*> +bx), where c,a € C, b € C* and Rea > 0. In lower dimensions
k = 1,2 this conjecture was solved by Foschi [3] and subsequent alternative proofs were
given in [I}, 2 5 [6 §]. The results of [2] are of special interest to this paper. By embedding
the problem into a higher dimensional version and using the delta calculus tool, Carneiro [2]
Lemma 6] proved the following useful representationﬂ.

3Generalizing the work of [8].
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Proposition 1. If uy : R* x R — C solves Schridinger’s equation with initial data
[ € L*(R%) then

Cd/ﬁg/ﬁgluf((ya"wy)vt)‘zdy dt = \/]Rd ‘PE(wdf)(x>‘2dxv (6)

where E C L?(R%) is the subspace of functions invariant under rotations fizing the direction
1= \/ig(l, ..., 1), Pg is the orthogonal projection onto E,
d—3

wi(z) = (|l = (z-1)%) * |

f s the Fourier transform of f defined by

~

fley = @m | fl)eerar,

and
ca = Vd 202732 T((d-1)/2).

Notice when d = 3 and f(x) = g(x1)g(w2)g(x3) for some function ¢ € L*(R) we have
ur((y,y,9),t) = uy(y,t)*, w =1 and ¢4 = V12, and thus we obtain

VB [ [ oraa = [ pd@rar < [ ferae = ([ wra).

This is the sharp Strichartz inequality for k = 1 proven by Foschi. Note that equality is
attained if and only if f € E, which in turn is equivalent to g being a Gaussia

Let #,, denote the space of spherical harmonics of degree n on the (d—1)-dimensional unit
sphere S9! (i.e., the restrictions to S*! of degree n homogeneous polynomials annihilated
by A). Let also

H, ® Radial = {f € L*(R?): f(z) =Y, (z/|z|) g(|z|) and Y, € H,}.
It is well known that
L*(RY) = P H, ® Radial,
n>0

where the sum is orthogonal, that is, any function f € L*(R¢) can be expanded in the form

f(x) = Y Ya(x/le)) gallzl) (Yo € Ha). (7)

n>0
Lemma 1. We have
_ Y, (1) dj2—1( v
Pefe) = 3 i g O CRIEC! (®)

if f € LARY) is ezpanded as in (7)), where 03/2‘1(2) is the Gegenbauer polynomial.

Proof. Firstly, it is not hard to realize that
Pef(e) = [ fpr)dci(p
G

4This is the proof method of [§] in a nutshell, which was later generalized by Carneiro [2]. Foschi’s
original proof is a bit more complicated.
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where G is the subgroup of SO(d) that fixes the vector 1 and dG its induced G-invariant
Haar probability measure. Secondly, noting that the function

w e S HLYn(pw) dG(p)

still is an spherical harmonic of degree n that depends only on w - 1, and must therefore be
a multiple of the zonal harmonic C/ *Y(w-1). We conclude that

Ya(1) d/2—1 d—1
Yo(pw)dG(p) = —m2—CY -1 weS ,
JRACERED ari R )
which proves the lemma. |
In what follows we let
L*(RY) = {f € L*(R%) : fis odd in x1, 7y, ..., 2, and even in T, 1, ... ,xd} 9)

for k = 0,1,...,d. We also let P, denote the orthogonal projection onto L?(R%) and set
T, = P.PgP,. Abusmg notation, we use the same symbol 7T, to denote the restriction of

T, to H,; this is justified since T, = =T, ®1d on H, ® Radial, and we identify T, with T,.
Using the fact that

P,{( Z eq1- 81W1—|— —i—sdwd),
e€{+1}d
we can apply to obtain the following lemma.

Lemma 2. We have
Y,(1)

Cir= 1(1)
for every Y,, € H,, where, for alln > 0, we set

Piyn(w) = 2—1d > 51"'6502/2_1<%> (wes™).

ee{£1}d

TR(Yn)(w) = Pdnn( )

In particular, T, leaves each subspace H, invariant and rank(Ty|y,) < 1, with equality if
and only if the eigenvalue

. 1 d/2—-1 €1+ - +teq
MNrn = 5d Z g1 €. C), a4
ee{£1}d
is nonzero, in which case Py, is the unique associated eigenvector of T, in H,,.
The next lemma gives part of the structure of the eigenvalues Mg .
Lemma 3. We have A\jn =0 if 0 <n <k orifn —k is odd. Moreover,
26k1(d)2 — 1),
de(d —2),

Ad,n,n —

Proof. Since Zae{il}d €1 ---&, vanishes for 1 < k < d, it follows that

1 m!
Z 51"'85(51+"'+€d)m:@ Z — (10)

cef{x1)d M+ tmg=m
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which implies that vanishes if 0 < m < k or if m — k is odd. Since 03/2_1(2) is an
even or odd polynomial depending whether n is even or odd, we conclude that \;,, = 0 if
0 <n<korif n—kisodd. Finally, if m = n = k then ((10) equals k!, so we obtain

) k! x leading coefficient of C’ff/Q_l(z) _20RN(d/2 — 1),
dis,w = 05/2_1(1) s (d—2)x

We believe that A\g ., := max{Ag.n}n>o for all d > 3 and k = 0, 1,2, 3, but we could not
prove that.
We now restrict our attention to the 3-dimensional case.

Lemma 4. For 0 < k < 3 the series G (w) = ano A3 W™ s given by .

Proof. The generating function for the Gegenbauer polynomialsﬂ is
(1— 22w+ w2)1_d/2 = Z w"CY27 ().

n>0
Hence
1 w-E
Gi(w) = < e1---60 Y wnC321 (—)
W =3 ¥ ama e (4
ee{x1} n>0
B 1 €1 Ex
8 ee{£1}3 \/1 - %(51 + &2 + 63)w + w?
which is easily seen to be equivalent with . ]

Lemma 5. Let o, and B, be the two largest eigenvalues in A, = Unzo{)‘i’wn}- Then

ag = Az00 =1 > Bo = A0 = oy = 0.4226997 - - -

Ofl - )\37171 — )\37175 - % > ﬁl — )\371715 - fl56994133263 - 02942540 ety

Qg = )\37272 = > ﬁg = )\3,2,8 = % =0.3182441- - - |
>

©olot Wl

By = A3313 =22 =0.4164375- - -

a3 = >\3,3,3 =

Proof. One can check that the coefficient of w™ in (1 — 2w+ w?)~!/? is bounded in absolute

value by (3/7mnv/2)Y/2 = 0.82172---n~'/2, and from this it follows that A3 < B for all
n > 1000 with S, as in the lemma. Then by explicitly computing the first 1000 eigenvalues
As.xn We can find the first and second biggest eigenvalues and their multiplicities exactly. W

Proof of Theorem [I. Noting that if f € L3(R3) then f € L2(R3), we then use (©) to
obtain

—~

o = [ 1rN@Pa = [ 1.0 7w ar

We can now apply Lemmas [T} 2 and [4] and Plancherel’s theorem to obtain the desired
orthogonal decomposition. To finish, Lemmas [5{ and [2| tell us what the largest eigenvalues
are and how to compute their associated eigenspaces, and direct computation then gives

Psgo(z) = 1, Pyia(z) = Jgua,

Note that if d = 3 then C71,/2(z) is the Legendre polynomial and C}L/Q(l) =1



P3,2,2(I) = I1T2, P3,3,3(15) = %153%131-

This finishes the proof. |

3. A MORE GENERAL EIGENVALUE PROBLEM

There is another approach to our problem, though rather more technical than the one
presented above, by using Laguerre polynomials as the basis of L?(IR?) (as in [6]) to reduce
Theorem [1| to a statement about a specific sequence of matrices of increasing size, with
entries defined by certain power series and with the property that the eigenvalues of the
larger matrices contain the eigenvalues of the smaller ones. In this section we give a more
general matrix problem and its rather simple solution, since this can potentially be used for
other problems. The application to our original problem is described at the end.

General problem. To any power series F(wq,wq, w3) € Clwy,wq, ws] we associate an
endomorphism @5 of the vector space V' = C|[u, v]], defined on monomials by

P Ki) u® vs—a} = XS: (f) Rs(a,b)u’v®  (0<a<9), (11)

b=0

where
Rs(a,b) = [wiw; “wi](F) 0<a,b<S). (12)
Thus @ preserves the space Vg of homogeneous polynomials of degree S for every integer
S >0 and Rg = (Rg(a,b))0<a7b<s is the matrix representation of the restriction of ®g
to Vg with respect to the basis {Zi) @S- a}0<a<S
commutes with multiplication by (u + v). If this holds, then by considering the action of

We will call F' special if the map ®p

® with respect to the basis {u u+v)"" Z}0<’L<S of Vs we see that the matrix Rg has the
eigenvalues (eg, e1, ..., eg), where e, is independent of S and is given by
n - n—bf T n, n n

€n = CI)F[U ](17_1) = Z(_l) b Rn(na b) = [wlw?)] ((1_w3) F<w1707w3)) : (13)

b=0

We remark that any endomorphism @ of Clu, v] that commutes with the Euler operator
au + v . preserves each Vs and hence gives rise via (11]) to a sequence of (S +1) x (S +1)
matrlces RS and via ([12) to a power series F(w1, wy, w3) = 7, o Rare(a, D)wiwsws with
dp = ®. (For example, if @ is the identity then Fis (1 —w,) (1 —wyw;)~'.) Equation (T3)
gives a very simple formula for the eigenvalues of the matrix Rg if the power series F' is
special. The next proposition tells us how to recognize when this is the case.

Proposition 2. Let F' € C[[wy, wa, w3]]. Then the following are equivalent.
(i) F is special, i.e., Pr commutes with multiplication by (u + v) .
(i) F satisfies the first order linear differential equation

OF OF OF
Jw (1 — wg) — + UJ3(1 — w3) - = (1 + UJ3) F. (14)
1

( L= i ) 8w2 8w3

(iii) F has the form

1 — 1-—
F(wl,wg,wg) _ H(uu Wo w2>

(1—w2)(1—w3) 1—w2’w31—w3
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for some power series H(x,y) € C[[z,y]].
If these conditions hold, then the eigenvalues of ®p are given by

e = [")(H)  (n>0).

-1

Ezample: The H corresponding to ® =Id is (1 +y — zy)~', with e,, = 1 for all n.

Proof. For a,b,c > 0 set R(a,b,c) = [wiwSws](F) = Ra.s(a,c). Then both conditions (i)
and (ii) translate to the same recursion
(a+1)R(a+1,b,¢)+ (b+ 1)R(a,b+ 1,¢) = cR(a,b,c — 1)+ (a+b—c+ 1)R(a,b,c),

as one checks by an easy direct calculation. This proves the equivalence of (i) and (ii). For
that of (ii) and (iii) we use the inverse isomorphisms Cl[x,y, z]] = C[[wy, wa, w3]] given by

1 W1 — Wo 1— wWo
H(w,y,2) v Flw),ws,w;) = H( , Jwa).
(z.3,2) (e, ws) = G S Ay T = Ty 2
F(wy,we,w3) — H(x,y,z) = (1_—2)2F(x+z—xz z L)
1, W2, W3 ' Y 1+y_z ) 71+y_z .
. : : . . o0H . .
Under this correspondence the differential equation is sent to 5 = 0. Finally, if
o z
holds with H(x,y) = > hyx'y’, then
i,j>0
n] __ - wl w3 b n—>b
o] = 3= (5) butut) (5 o bt ) o
b=0 1,j>0
n b e n n . i
-2 (b) (j) et = 2 (g) e
0<j<b<n Jj=0
and therefore equation gives e, = hy, as claimed. Note that this proof shows that the
matrix Rg is conjugate to the triangular matrix R with entries R%(a,b) = (Z) Pap - |

In the remainder of this section we will explain how Proposition [2| can be applied to
the problem described in the introduction and whose solution was glven in Theorem [I} For
n € Zsg and € € {£1} we define Q5 € L*(R) by Q%(z) = a"L /? (72?) e ™*/2 where
+1 = (—1)" with » € {0,1} and L&‘E/Q)(z) is the Laguerre polynomial of degree n and
parameter —e/2. These functions can be defined by the generating series identity

r

N n x Tl+t
n=0

The easy calculation [*° OF(z;t)Q%(2;ts) do = T Pr+1/2) implies that the Q5 are or-

(17t1t2)7‘+1/2
thogonal with ||QS]]? = W In particular, these functions are orthogonal bases for
L3(R), and for each integer 0 < x < 3 the multivariate functions

Qnie) = Q@) = [ Q) ][ Qi) (neZx)

form an orthogonal basis of the parity # space L2(R3) as defined in @ Instead of appeal-
ing to Proposition |1, we can then deal directly with the quadratic form by applying
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Lemma 11 of [5] to this orthonormal basis of L2(R?®). This leads after some computations
to the problem of computing the eigenvalues of the sequence of (S ;2) X (S ;2) matrices

((Qm,Qn)L2 )‘m| nj—g: Where Q € L2(R) is defined by Q(z) = Q(z1), with
1 = \/§(1, 1,1). In the rest of this section we show how to solve this problem.

The first point is that Mg has the same non-zero eigenvalues (with multiplicities) as a
much smaller matrix. To see this, we observe that Mg factors as AiAg, where Ag is the

map defined by Q — Q from the (S;Q)—dimensional subspace Vs = (Qn)jnj=s of L*(R?) to
the (S + 1)-dimensional space of L*(R)

. K+2n —7rx2/2
Vs = <.Z' € >O§n§S'

Hence Mg has the same non-zero eigenvalues as the endomorphism Ms = Ag A% of \75. To
compute them we will actually consider Mg acting in the larger subspace

Vs = <Qi>0§n§5+n/2’
where e = (=1)* (i.e., we consider Ag : Vs — Vg and take its adjoint A% in the larger

subspace 1% s). Then we will show that the matrix representation of ]T/[/S is of the form
for some special power series F' = F,;, but with S replaced by S + [r/2].

To do this we use kernel functions. The two 3-variable generating series

e +y Cosh(me\F) if e =41,
V1—w f smh(zmy‘r) ife=-1

are the kernel functions for the multiplication maps on LZ(R) sending Q% to w"Q, for
all n > 0. We can see this either by using formula 8.976-1 of [7] to write

- Y Ry

(z, y;w w”,
HQE !!2

or else directly by using the algebraic identity

l+wa?+y*  2eyyw | 1+ty* 14wt a? N 1 — wt < _a:(l—t)\/ﬁ>2
l—w 2 1—w 1—t2  1—wt?2 (1 —w)(1—1t) 1 —wt

Pz, y;w) = (16)

to get (setting p = [k/2], r =k —2p, e = (—1)" = (—1)%)

1+wt 2

> € e wiT/Q 67”171”% > i— - wlt t ( I(ll_t);/E)Q
/ P (x,y;w)Q (y;t) dy = M(l—t)r+l/2 / y e =00 - dy

w2 e \/(l—w)(l—t) (ma—t)m -

T VTow(_ e

(We have given this second proof because a more complicated form of the same calculation
will be used in a moment.) It follows that the product

P( l’ , Y, w H P {L‘],y], H ’P+(xjayj;w)

1<j<k K<j<3

1—wt 1— wt > = Q(y;wt). (17)
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is the multivariate kernel function for the multiplication map Q% — w™lQ% on L2 (R3)
and hence that the coefficient of w* in its diagonal restriction

€T K

P yi) = PO Lytiw) = P2 L) P (G i)
V3 V3 V3 V3
is the kernel function of the endomorphism M. s of \75. From (|16]) we get the explicit formula

—r 14w z2+y2

N(H) ) . e 1—w 2 ( ) 27rm:v_yu\)/ﬁ
P (‘/L‘7 y’ w) - ’LUH/Q (1 . w)3/2 Z Cnf (& 3(1 ) R
me{£3,£1}

where C\) are defined by cosh® "z sinh"z = > i eme o explicitly by C’i’? = (£1)~/8
and C\¥) = (£1)%(3 — 2k) /8.

To compute the action of MS on \75 we must compute the scalar product of P (x, -)
and ()5, which we again do by using generating functions and a Gaussian integral calculation.
The calculation is exactly similar to the one given in : using the algebraic identity

l+wa®+y* 2mayyw  14+ty* 1+zma:2+ 1 —wt ( mx(l—t)\/@>2
l—w 2 31—w) 1—-t2  1-2,2 (1—w)(l-t) 3(1 — wt) ’
where
1—wt—m?*1-1)/9 wt if m =43,
Zm = 2 = (1—w)(1—wt) . _
1—wt—mw(1—t)/9 1—m 1fm—:|:1,
9 9
we find -
/ POz, y;w0) Q(y;t)dy = Y CWIW (w5w,t)
> me{£3,4+1}
with
I ) w2 @—”ifiﬁ T e — 1—>q(ut )(y_mz((lfz)\)/a)z d
K) (e — T o T a—w)(1—t T—wt
m (#310,1) <1—wﬂ1—wwv2/my€ !
Zm CL‘2
w™P e_ﬂitzm 2 (mx/g)r w™P (m/B)r (1 _ Zm>7'+1/2 QE( )
1—w (1 — wt)+1/2 1—w 1 —wt ’

Now replacing each Q%(y) by u® to keep track of the matrix coefficients, inserting the values
of O and noticing that the resulting series is a power series in w,u and T = wt, we find

Ms(a,b) = [Tw™?"u’)(F)
for 0 < a,b < S+ p, where

L/l —zg\r+1/2 1 3—2Kk 1 —2z\7+1/2 (1/3)"
e - Y422) (=)
(Toww) = 377 1— zu 4 \1-T 1— zu
But this function is special because it has the form (15]) with (wy, we, ws) = (T, w,u) and
1 1 3-2 1— 8g)l/2r
Hy(z,y) = L L)

41—ylz—1) * 4-3" 1—=3Sr—ylz—1)

Therefore Proposition [2| gives the eigenvalues of M, 5 as
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—1)" 3—2k
en [:C Y ]( K) [x ] 4 + 37-(1 _ 8:6/9)”4_7-4_1/2
_ 1 N 13-2k [v”]( 1 (1+’U+\/1+14v/9+v2>1/2_r>
4 4 3 V/1+14v/9+02 2 ’
where in the second line we have used the substitution v = z %_xl/Q and the residue theorem,
2n+r

and it is easily checked that this equals the coefficient of w in the series G (w) defined in
equation (3. It is also possible with this method to characterize the eigenspaces associated
with the largest eigenvalues, but this requires a bit more work (especially in the case K = 1
where the space Vi.(aw) = Vi(3) has rank 2) and is not carried out here.
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