MAPPING PARTITION FUNCTIONS
DI YANG AND DON ZAGIER

ABSTRACT. We introduce an infinite group action on partition functions of WK
type, meaning of the type of the partition function Z%* in the famous result of
Witten and Kontsevich expressing the partition function of v-class integrals on
the compactified moduli space ﬂg,n as a 7-function for the Korteweg—de Vries
hierarchy. Specifically, the group which acts is the group G of formal power series
of one variable p(V) = V + O(V?), with group law given by composition, acting
in a suitable way on the infinite tuple of variables of the partition functions. In
particular, any ¢ € G sends the Witten—Kontsevich (WK) partition function ZW*
to a new partition function Z%¥, which we call the WK mapping partition function
associated to ¢. We show that the genus zero part of log Z¥ is independent of ¢
and give an explicit recursive description for its higher genus parts (loop equation),
and as applications of this obtain relationships of the 1-class integrals to Gaussian
Unitary Ensemble and generalized Brézin—Gross—Witten correlators. In a different
direction, we use Z% to construct a new integrable hierarchy, which we call the WK
mapping hierarchy associated to . We show that this hierarchy is a bihamiltonian
perturbation of the Riemann—Hopf hierarchy possessing a T-structure, and conjec-
ture that it is a universal object for all such perturbations. Similarly, for any ¢ € G,
we define the Hodge mapping partition function associated to o, prove that it is
integrable, and study its role in hamiltonian perturbations of the Riemann—Hopf
hierarchy possessing a 7-structure. Finally, we establish a generalized Hodge-WK
correspondence relating different Hodge mapping partition functions.
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1. INTRODUCTION
The Korteweg—de Vries (KdV) equation

(1) @ — u@ + i (93_u
ot Or 12 0x3
was discovered in the study of shallow water waves in the 19th century [12} 65]. It
was shown [66], 84], 85] in the 1960s that this equation can be extended to a family
of pairwise commuting evolutionary PDEs, called the KdV hierarchy:
du  u' du ou 0*u 0%ty
(2) a—ti:——+ezKi(u,a—x,axQ,...,ax%H,e), i>0.

il Ox
Here tg = x, t; = t, and K;, @ > 0, are certain polynomials. For more about the
KdV hierarchy see e.g. [44], 45, 04, O7]. The Riemann—Hopf (RH) hierarchy, aka the
dispersionless KdV hierarchy, is defined again as but with € taken to be 0.
In 1990, Witten [97] made a famous conjecture: the partition function ZV¥(t;e€)
of 1-class integrals on the Deligne-Mumford moduli space of algebraic curves [24]

B ti -t . .
(3) ZVE(tye) = exp( Z €292 Z — o - vy %) ;
9,n>0 i1 yeeeyin >0 g.m
is a 7-function for the KdV hierarchy, and in particular,
(4) V(s €) := €°0; (log ZV*(t; €))

satisfies the KAV hierarchy (2). Here t = (ty,t1,%2,...) is an infinite tuple of in-
determinates, M,,, denotes the moduli space of stable algebraic curves of genus g
with n distinct marked points, and ¢, (e = 1,...,n) denotes the first Chern class
of the ath tautological line bundle on Mg,n- Note that the integral appearing in the
right-hand side of vanishes unless the degree-dimension matching condition

(5) ih+ - +i, =39 —3+n

is satisfied. Witten’s conjecture, that opens the studies of the deep relations between
topology of M, ,, and integrable systems, was first proved by Kontsevich [63] and is
now known as the Witten—Kontsevich theorem. See [0, 22, (61, [62, 83, 91] for several
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other proofs of this theorem. The function ZV¥(t;¢€) is referred to indifferently as
the WK (Witten—Kontsevich) partition function or as the WK tau-function.

The general notion behind the story, which has appeared in combinatorics, sta-
tistical physics, matrix models, and other places, is that many interesting partition
functions are 7-functions of integrable systems. On one hand, there are axiomatic or
constructive ways approaching topologically interesting numbers [45] 49 [64], the par-
tition functions of which would correspond to some integrable systems. In particular,
Dubrovin and Zhang [45] gave a constructive way of defining a hierarchy of evolu-
tionary PDEs in (14 1) dimensionﬂ associated to essentially any partition function.
For instance, their construction applied to the WK partition function gives the KdV
hierarchy. The Dubrovin—Zhang hierarchy corresponding to the partition function of
Hodge integrals on Mg,n depending on an infinite family of parameters [34] will also
play an important role in this paper and will be called simply the Hodge hierarchy.
On the other hand, one is interested in finding certain integrable systems that admit
T-functions, sometimes called possessing a 7-structure, which axiomatically leads to
certain classification invariants [34] [45] [72]. The deep relations between these two no-
tions is revealed most beautifully when there is a one-to-one correspondence between
them, an example being the Hodge universality conjecture in the study of Hodge inte-
grals (rank 1 cohomological field theories) and T-symmetric integrable hierarchies of
Hamiltonian evolutionary PDEs [34], which says that the Hodge hierarchy is a uni-
versal object for one-component 7-symmetric integrable Hamiltonian perturbations
of the RH hierarchyE] i.e., conjecturally any such integrable hierarchy is equivalent
to the Hodge hierarchy.

In this paper we will study the deep relations from a novel perspective that sheds
new light on both sides:

(a) We introduce an infinite group action, different from those of Givental or Sato—
Segal-Wilson, on the arguments (infinite tuples) of partition functions. The group
which acts is the group G of power series of one variable (V) =V + O(V?), acting
on the right on the infinite tuple (denoted t — t.¢ and defined in equation (|16))
below). In particular, if we start with the WK partition function then each element
¢ of the group defines a new partition function Z9(t;e) := ZV¥(t.0o';¢), which
we will call the WK mapping partition function associated to p. The coefficients of
its logarithm provide new and potentially interesting numbers, although we do not
know their topological meaning. We show that the genus-zero part of this logarithm
is independent of ¢, give the dilaton equation and Virasoro constraints, and derive

IFor readers not familiar with some of the terminology, we refer to Section [7| for a brief review.
2Here “perturbation of the RH hierarchy” means a hierarchy of evolutionary PDEs whose right-
hand sides differ from those of the RH hierarchy by terms with more than one spatial derivative.
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loop equations determining also the higher genus parts. Now applying the Dubrovin—
Zhang construction to the WK mapping partition function we obtain a new hierarchy
which we will call the WK mapping hierarchy associated to p. We show that this
hierarchy can be obtained by a space-time exchange combined with a Miura-type
transformation on the KdV hierarchy, and then by using a recent result given by
S-Q. Liu, Z. Wang and Y. Zhang [70], prove the following theorem in Section [0}

Theorem 1. The WK mapping hierarchy is a bithamiltonian perturbation of the RH
hierarchy possessing a T-structure.

(b) We study the classification of bihamiltonian perturbations of the RH hierarchy
possessing a 7-structure under the Miura-type group action. In [34] a related but
different classification work was studied and it was conjectured that the universal
object for the T-symmetric integrable hierarchies of bihamiltonian evolutionary PDEs
is the Volterra lattice hierarchy. Here, however, we consider a larger class by allowing
a weaker form of the 7-symmetry condition used in [34, 45]. It turns out that
there is a rich family of such bihamiltonian perturbations, part of which can be
seen from Theorem [T, and we propose the WK mapping universality conjecture:
the WK mapping hierarchy is a universal object in one-component bihamiltonian
perturbations of the RH hierarchy possessing a 7-structure. This conjecture has a
very precise numerical meaning and we verify it to high orders in Section [9]

Similarly, we consider the G-action on the Hodge partition function. The resulting
power series will be called the Hodge mapping partition function, and the Dubrovin—
Zhang hierarchy for the Hodge mapping partition function will be called the Hodge
mapping hierarchy.

Theorem 2. The Hodge mapping hierarchy is an integrable perturbation of the RH
hierarchy possessing a T-structure.

The proof of a refined version of this theorem is given in Section [II] We expect that
this integrable hierarchy is hamiltonian. Note that our proof for the integrability
also works for the WK mapping hierarchy, and also that Theorem [2| generalizes
part of the result in Theorem [[, We will also propose in Section the Hodge
mapping universality conjecture: the Hodge mapping hierarchy is a universal object
in one-component hamiltonian perturbations of the RH hierarchy possessing a 7-
structure (weakening again the 7-symmetry condition from [34} 45]). This conjecture
generalizes the Hodge universality conjecture [34].

For the special case when the group element ¢ is taken to be

(6) stpecial(v) =
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by using the loop equation we will prove in Section [10|the Hodge—WK correspondence
described in the following theorem, which is a relationship between a certain special-

Hodge partition function Zgspee(q)(t;q) (see (225) and (231) in Section (10| for the
definition) and the WK partition function ZV*(t;¢).

Theorem 3. The following identity holds in C((€?))[[q]][[t]] :
(7) ZQspecial(q) (t-gpspecial; E) == ZWK (t, E) .

We note that, although not completely obvious, this theorem is equivalent to a
result of Alexandrov [5]; see Section |10 for more details.

As an application of the Hodge-WK correspondence, we will establish in the fol-
lowing two theorems explicit relationships of the WK partition function ZV¥(t;€) to
the modified GUE partition function Z™°“"®(z,s;e€) and to the generalized BGW
partition function Z"W(z,r;e) (see [35, 4I] or Section for the definition of
ZmCYE (1 s €) and see [99] (cf. [3, 13, 53, 82, 09]) for the definition of ZY (x,r;¢)).
Here and below, “GUE” refers to Gaussian Unitary Ensemble, and “BGW?” refers to
Brézin—Gross—Witten.

Theorem 4. The following identity holds true in C((€?))[[z — 1]][[s]] :
WK (4 WK—GUE . &2’5) _ 7meGUE . i
(8) A (t (q:,s),e) e =7 (x,s, \/5) ,

where A(x,s) is a quadratic series defined by

1 Jije (271 (2)2 0j;1 0js,1
(9) A(fE,S) 25 Z ].—1+j2<j1)(j2)<8j1—37><5j2—]T>

jlz.jQzl
2j 51
o) %),
i1 N
and
(10) o pucun(y )
Cm+1)0 ™ ’
2 1 m+4+j5—1/2 A 0
= 30ma+ gt > ( j]—l / )22]_1<8j_]7’1>’ m20.

Jj=21
We call the WK-GUE correspondence.
Theorem 5. The following identity holds true in Q((€2))[[x + 2]][[r]] :

cBGW (@:1)
2

(11) ZVE (EWRTBEY (g, 1); / — ) "B = ZW(x,15€)
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where Apew(x,T) is a quadratic function given by

1 (Ta = 64,0) (16 — Ov0) " = 060
12 Apew(z,T) = = ; - Nk
(12) cwew (T, T) 22 albl(a+b+1) xb>0b!(2b+1)

a’b_

and

2m — !l —1)m
(13)  tVEBOW(g p) = 60 4 200 + (mQ—m)x—QZ Gl

We call the WK-BGW correspondence.

Using the Hodge-WK correspondence and the G-action we establish in Theorem [13]
an explicit relationship between the Hodge mapping partition function with a special
choice of its parameters associated to an arbitrarily given group element ¢ € G
(which will be called the special-Hodge mapping partition function associated to 1)
and the WK mapping partition function associated to ¢, where ¢ and 1 are related

by © = Qspecial © ¥ With Qypecial as in (@), i.e.,

& HV) = log(14+2qp(V))
2q 7 2q '

(14) p(V) =
Such a relationship will be called the generalized Hodge- WK correspondence.

Organization of the paper. In Section [2| we introduce the infinite group action
on infinite tuples, define the WK mapping partition function, and prove Theorem [6}
the genus zero part is a fixed point of the group action. In Section 3| we give the
dilaton equation and Virasoro constraints for the WK mapping partition function.
In Section [4] we give a geometric proof of Theorem [l In Section [5] we prove the
existence of the jet-variable representation for the higher genus WK mapping free
energies, and in Section [6] we derive the loop equation. In Sections [7] and [§ we study
the classification of hamiltonian and bihamiltonian perturbations of the RH hierarchy
possessing a 7-structure. In Section [0 we prove Theorem [I] and propose the WK
mapping universality conjecture. A particular example is discussed in Section
where we prove Theorems [3, 4] 5] In Section [LI] we prove Theorem [2] and propose
the Hodge mapping universality conjecture. Section [12]is devoted to generalizations.

Acknowledgements. One of the authors D.Y. is grateful to Boris Dubrovin and
Youjin Zhang for their advice. Part of the work of D.Y. was done during his visit in
Max Planck Institute for Mathematics; he thanks MPIM for excellent working condi-
tions and financial support. The work was partially supported by the CAS Project for
Young Scientists in Basic Research No. YSBR-032, and by NSFC No. 12061131014.
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2. G-ACTION AND THE DEFINITION OF THE WK MAPPING PARTITION FUNCTION

In this section we define an infinite group action on infinite tuples and the WK
mapping partition function, and prove Theorem [ below.

Fix a ground ring R (which for us will always be a Q-algebra, usually Q or C
or Q[¢]) and let G = V + V2RJ[[V]] be the group of invertible power series of one
variable with leading coefficient 1, with the group law given by composition and
denoted by o. We define an affine-linear right action of the group G on tuples t by

(15) t = (to,tl,tQ,...) — th =T = (T(],Tl,TQ,...),
where t and T are related by

(16) Br(V) = v¢'(V) Bi((V))

with B defined for any infinite tuple t by
t;
(17) Bi(v) == v — Z — ',

Explicitly, if we write (V) = > ;7 a;V* with agp = 0, a; = 1, then

(18) To=to, Ti=t1 +asty, To=1ts +dar(ti —1) + (3az—a3) to, ...,
(19) to=Ty, ti=Ti—axTy, to=To—4as(Tt —1)— (3as —5a3) Ty,

Note that if we introduce for any tuple t the 1-form

(20) wi(v) = By(v)*dv,
then the defining equation for the G-action can be stated equivalently as
(21) wr(V) = we(p(V)).
Let E(t) denote the following power series
1 ty 1 2t0t] + 5ty
22 E(t) = — B —— tot it SV T
(22) (t) ;n il;m il o+ tots + 5 + ;

i1+ Fin=n—1
which is the unique power-series solution (see [27, [97]) to the RH hierarchy

OE(t)  E(t) OE(t) .
23 = >0
(23) o, i or T
specified by the initial condition E(x,0,...) = x, where x := ty. Alternatively, it
can be uniquely determined by the following equation:

(24) By(E(t)) = 0
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(see e.g. [27]), sometimes called the genus zero Euler—Lagrange equation [29, 45]. Tt
is easily seen (and well known) that the power series E(t) has the property:

OFE(t)
oxk

The following two lemmas are important.

(25) = k1 + tr + higher degree terms.

Lemma 1. For any ¢ € G, we have the identity:

(26) p(E(T)) = E(t),

where t and T are related by .

Proof. By definition we have Br(E(T)) = 0. Then by we obtain

(27) Bi(p(E(T))) = 0.
Note that ¢(F(T)) can be viewed as a power series of t. The identity then
holds due to the uniqueness of power-series solution to equation ([24)). [l

Remark 1. We can extend the group G to a semi-direct product consisting of all
pairs (m, @) with power series m(V) € 1 + VR|[[V]] and ¢(V) € V + V2R[[V]], and
with the group law * given by

(28) (ma, 1) * (M2, pa) = (M1 - (M2 0@1),p10p2),

where “.” denotes multiplication of power series. It acts on tuples t by sending t to
T = t.(m, ), where Bp(V) = m(V)Bi(¢(V)). One can verify that the identity
still holds for ¢ in this larger group. One could therefore also consider partition
functions under the extended group action, but we do not know whether this would
have any interesting applications.

Lemma 2. We have

OE(T) OE(T)

29 = "(E(T

(29) S = VB

where t and T are related by .

Proof. By and . O

For convenience, we denote X = Tj and x = ¢ as in , and write as

OE(T OE(T

(30) D _ Jomm) 22D

ox 0X
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By using the identities , iteratively, one can obtain the map between the
higher z-derivatives of F(t) and X-derivatives of E(T). For instance,

sy 2Oy 2R
e I8 apmmyeem) (BR) + emr .

By induction we arrive at the following lemma describing this map.

Lemma 3. For each k > 0, there exists a function My(Vo, ..., Vi), which is a poly-
nomaial of Vi, ..., Vi, such that

OE(t) OE(T) OFE(T)
Ok ox 779Xk )
Moreover, for k > 1, the function My(Vo, ..., Vi) satisfies the homogeneity condition.:

i OM(Vo, -, Vi)

(33) M, (E(T>,

(34) = kM,(Vo,.... Vi)

ov;

The first few My are My(V) = V, My(V,V1) = ' (V)32V1, My(V, V1, V) =
20/ (V)" (V) Vi + &' (V)*Va.
Recall that the free energy FV¥(t;€) of 1-class intersection numbers is defined by

(35) FYE(t;€) = log ZW"(t;€).
By definition the free energy F"V¥(t;¢) admits the following genus expansion:
(36) FVE(te) =t Y 92 FVN(L).

g=>0

We call F"(t) (g9 > 0) the genus g free energy of v-class intersection numbers.
Explicitly,

(37) FE(t) = / L) b)), Hz) =)t
Mgn i>0
Definition 1. Let ¢ € g. The WK mapping free energy associated to ¢ is defined
by
(38) F?(T;e) := fWK(T.gp_l;e),

and define the genus g WK mapping free energy associated to o, denoted as ]-"f(T),
by

(39) F(T) = F(T.e™"), g>0.
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Remark 2. By the degree-dimension matching (), one can deduce that F#(T;e)
and F¢(T) (g > 0) are well-defined elements in e *R[[T]][[¢’]] and R[[T]], respec-
tively. Another consequence of is that we can upgrade our G-action to an action
of the full group of units C[[V]]* by setting

(40) FA(Tie) = F (T e/ (0)")
and
(41) Ff(T) = ¢’(0)39—3 JT_';’VK<T'SO—1) 7

and similarly for Z¢(T;¢) below. Note that formula (40) makes sense even without
choosing a square-root of ¢’(0), because FV¥ is an even power series of €.

Definition 2. For ¢ € G, the WK mapping partition function associated to ¢ is
defined by

(42) Z#9(Tse) == Z"(T.o e).

It is clear from the definitions that F*#(T;e€) has a genus expansion

(43) F?(Tie) = Y 2 F7(T)
920

and that

(44) Z9(Tie) = 77T,

Our first main result says that the power series F)"*(t) is G-invariant, i.e.,
(45) Fo i(t) = Fo(tp), Veoeg.

In view of the definition of the group action , we can state this even more
compactly in the following way.

Theorem 6. For any ¢ € G, we have F§ = Fy' .

Proof. The 1-class intersection numbers in genus zero have the well-known formula:

(46) w’il---wZ”:(.n_S.), i, iy >0,

Mo.n 11y...,1p
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Writing (n — 3)! as [ s"®e *ds, we find

WK 1 Zl in —s
(47)  Fy (t)zzm / Fetin g8 g

n>0 i1yeees 1n>0
i1+ Fin=n— 3

Z1+ “+in 2 it . i t’L
_ —s n+i1+-+in Y
= res,— 0(/ E g ”Z,j!dsdz),

n=0 i1,...,in,=0 7j=1

= res,—o (/ e Be)/z gy - dz) ,
0

where Bg(v) is defined by . Here, in the last equality we employed the change of
variables v = zs.
Therefore,

F§(T) == Fg™(t) = res.— (/ e B2y 2 dz)
0
< e~ V¥ eVD/IZqy 2 dz)
0

= res,—q (/ e BrWlzqy dz> )

Here, in the first line we used and ., in the second line we employed the

change of variables v = (V) and Z = \/¢'(V) z, and in the last equality we used
the definition ([16)). The theorem is proved. O

We also note that the power series E(t) defined in is equal to the second
to-derivative of Fy (t), i.e.,

= TIeSz—p

0
ot}

Then from (47)) we immediately get an integral representation for E(t) as follows:

(49) E(t) = res,—g </ e Bz gy — dz>
0

Before ending this section, we make the following remark.

(48) E(t)

Remark 3. There is another way to state Theorem [l For any ¢ € G, define
a modified right action, denoted t — T = t|p by the following formula which is
similar to , but with the map now being linear rather than affine linear:

(50) > T = (V) Z b

i>0 i>0
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It is clear from that and that

. Vi
(51) T, =T,+01—C; Z C; T = VeV)p((V).

>0

It is also easy to deduce from that

(62) Br(V) = VIV BuaeolV), Y = VIE @), fi=o,

i>0

where d = (0,1,0,0,0,...) and ¢ = (¢, ¢1, Ca, ... ). Theorem |§| can then be alterna-
tively stated as follows:

(53) fo(To,Tl,Tg, .. ) = ./T"Q(t(),tl,tQ — Cg,tg — C3, .. )

One can use the modified group action to define a modified WK mapping partition
function for any ¢ € G. It leads to the same WK mapping hierarchy as before. The
shifts are nevertheless interesting due to their connection to higher Weil-Petersson
volumes [58] 80, 68, 86, [10]) and will be useful for several of the applications later, e.g.
in connection with the Alexandrov formula where the ¢; (up to a scaling factor ¢ ')
are specific numbers (—4,23, 176, ---) (Theorem B in Section [10]).

3. VIRASORO CONSTRAINTS FOR THE WK MAPPING PARTITION FUNCTION

In this section, we give the Virasoro constraints for the WK mapping partition
function.

Recall from [97] that the free energy FV¥(t;¢) satisfies the following dilaton and
string equations, respectively:

OF VK (t;€) OFVE(t;€) 1 OFVK(t;€)

4 y _— = ———

(54) ; i T T o,
OF VK (t;€) ty OFV (t;e)

>0

Recall also that the Witten—Kontsevich theorem can be equivalently formulated as
an infinite family of linear constraints for ZV*(t; €), which come from a realization of
half of the Virasoro algebra of central charge 1, called the Virasoro constraints |26,
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45]. More precisely, define the linear operators Ly, k > —1, by

(56) Li* =

Z 2i+2k+D1 9 (2k+3)! 9 N 810
K41 (25 — ) 7 Oty 261 Oty 16

>0
e 3 (2i+ D25+ 1)1 02 2

= R
3 2k+1 otor, | 2e b

4,720
itj=k—1

These operators satisfy the Virasoro commutation relations:

(57) (LY, LK) = (k= ko) LYy, Vi ke > =1,

The Virasoro constraints for ZV¥(t;¢) then read

(58) LY(Z2™(t;e)) = 0, k>-—1.
Obviously, the £ = —1 constraint in is the same as ([55)).

Proposition 1. We have

- 07%(T;e) 0z°(Tie) 1 oim \ _
(59) ;TZ T, + € 5% +24Z(T,e)—0,
(60) Z:(Z¢(T;e)) =0, k=>-1,

where Ty := T} — 0i1, and Z:, k > —1, are linear operators of the form

0 T2 J
—p k,O

4,720

Here the coefficients af;(k), bf;(k) depend on ¢ and k.

71]

Proof. For ¢ € G, write
(62)  Ti =i+ > M (tw—0m1). tm = 0m1+ > Ny (Ti—6i1)

Here M™ and N}, have dependence on ¢. Then we have

0
(63) D (tm—0m = 23 = ) MY g = D (1= 001)

m2>0 m>011>m >0

13
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Similarly,

B 5 (2i + 2k + 1)! s

WK __ 20 k,0 j i+k
L = 5k1+16+l§:2k+12@—1” NTZM aT
€ (20 + 1)1 (25 + 1)!! 9,
+ 9 Z ok+1 Z Z M;, @Trl oT.,”
2,70 r1=07r2=0
itj=k—

The proposition is proved. O

We call the dilaton equation for Z¥(T;e€), and the Virasoro constraints
for Z#(T;€) because the operators L, satisfy the Virasoro commutation relations:

4. THE WK MAPPING FREE ENERGY IN GENUS ZERO
In this section, we give a different and more geometric proof of Theorem [6]

Lemma 4. The following identity holds:
O*F™(t) _ P(Fo™ (b))

65 _ 00,
( ) 8@815@ at@atg y Lt Z
Proof. Recall the following well-known identity

OPFYE(t) B(t)i++L

06 - = Vi, d >0

o Ot;0t, A (i+0+1)7 ht=

(see e.g. [29, 45]) with the i = ¢ = 0 case being the same as (48). From one can
easily deduce:

83]_?)NK(t> B E(t)i+€+m 81)(1:)

ot;0tot,,  dllm! 0Oty ’

P (FYE(t.0)) Z O, 0T, 0T, E(T)™tm2tms 9F(T)

(68) ot.ot ot ot, Ot, ot, mylmylms 0T,

(67)

mi,mz2,m3>0

where T and t are related by T = t.p, and 7, ¢, m > 0. By using we have
oT,, E(T <p
(69) o ' =\
— m!
Using , and Lemma , we obtain that
O (Fo™ (t-)) E(t)" ™ 0E(T)
ot;0t,0t,, i lm! oT,

(70) = ¢/(B(T))*?
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We conclude from (]@, , that
FE) _ O F )
1 0 = 0 > 0.
(71) 9t:0t,0t 1, oLoion, 0 bhm=0

So the two sides of can only differ by a constant. The lemma is then proved by

observing that they both vanish when t = 0. U
A second proof of Theorem[d. It follows from the dilaton equation that
OFE(t)  OF)(t)
72 2F)K(t) = t; —2 - =2 :

Differentiating this identity with respect to t, we find
OFYH(t Z " DPFE(t) 82]-"8”(’5)

(73) BT

>0.
0t;0ty 0t,10t, , £20

From (72)), (73 . we see that the power series F3'(t) is uniquely determined by
2 WK
8§fi—au(t)’ 1,¢ > 0. Combined with Lemma , this proves the theorem. O

5. THE HIGHER GENUS WK MAPPING FREE ENERGIES

In this section, we show that the higher genus WK mapping free energies admit
jet representations.
It is known that [27], 43| 45| 48] the power series F;"(t), g > 1, has the (3g —2)-jet

representation, i.e., there exists F"*(vy, ..., v34_2), such that
OE(t) DI2E(t)
74 FVE () = FYF >1
(74) ) = (Tt ) e,
with
1
(75) FiV¥(vy) = 2 log vy .
Moreover, for g > 2, FgWK(vl, ...,U3g_2) is a polynomial of vs,...,v3, 2 and vyt
(see e.g. [43,45]), that satisfies the following two homogeneity conditions:
0FWK ’017...,1)3 _2>
Zkvk 6vk ? :(29_2)F;NK(U17"‘aU3g—2>7 9227
k>1
0FWK(01, ..., U3 _2)

(77) Z(k_l)vk . ur : = (39 = 3) F)"(v1, ..., v35-2), g =>2.

k>2

By using , Lemma |3 and — we arrive at the following proposition.
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Proposition 2. For g =1 we have the identity:

OE(T)\ . 1 1
(78) FE(T) = Fr (B0, 25 ). with RV = g logVi + (olon/ (V).
For each g > 2, F7(T) is given by
O392F(T)
for some function F7(Vy,...,Vag_2) which is a polynomial in Vit Vo, oo, Vag o,

Moreover, this polynomial is weighted homogeneous of degree 2g — 2 (where V; has
weight i), i.e.,

39—2
OF?(Vy, ..., Va,_
(80) STk g(ovk 392):(2g—2)Fg‘p(Vg,...,V3g_2).

k=1

What is more, for each g > 1 the differences F£(T)—F"*(T) and Ff (Vo, ..., V3g2)—

g
FYS(Vi, ..., Vg a), as power series of a, as, ay, - .., have vanishing constant terms.

For instance, for ¢ = 2 we have the following explicit expression for Fy :
Vi TV3Vs Vy

1152V 1920 V{3 T 360 Vi

(V) Vs 11e"(V) V2 (5eP(V) 290" (V)?

T30 ) 30V V2 (768 o' (V) 7680@’(1/)2) Ve
N < pW (V) ¢"(V)? (V) w”(V)) V2

(81) FY(V,V1, Vo, V3, Vi) =

384 ¢/ (V) + 11520 ¢/ (V)3 334 o' (V)?
In the next section we will show that this function, and also the higher F?, are
equal to a power of Vi times a weighted homogeneous polynomial in the variables
Vi1 /Vit! and di(log(V))/dV* (eqs (T18) and (19)).

From the last statement in Proposition [2| we know that for each g > 1, F#(T)
is a deformation of F)"*(T), as well as that F(Vq,..., Vs, 2) is a deformation of
FYS(Vi, ..., Vaga). For g = 1,2, this is obvious from , . An alternative way
to see this e.g. in genus g = 1 is from the identity

(82) FP(T) — FYS(T) = - log 90’(

P FyN(T)
16

2
JT;
6. THE LOOP EQUATION FOR THE WK MAPPING FREE ENERGY

This section devotes to the derivation of the loop equations for the WK mapping
free energy.
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Following [45], introduce the following creation and annihilation operators:

)
(83) ap = { € Otyrsa p>0,

671 (_1)p+1/2 (t*pfl/Z - 5p,73/2) ’ p < 07

where p is a half integer. Let

(84) f= Z a, /OO e 2Py = Z a, I'(p) A77.
0

pEZ"F% pEZ—i—%
Then
) A =- Y alp+)rr = —yFed - Y1p,
PEZ+3 ‘
with
Cm+ DIt 5 O
(86) A=) o) oL
m>0
2m
87 B = N2 (4 = 6a)
(87) ) (2m — Il ( 1)
>0
It can then be verified that
Ly,
(88) > e (T(N)<-1,
k>—1
where L;, k > —1, are the operators defined in , and
1 2 1 e, I, 1
(89) T(\) .—%.(@f) '+16)\2_§A +BOA+2_€23 +16)\2'
The Virasoro constraints can now be written as
(90) (TON)_(Z(t; ) = 0.
Here “—” means taking the negative power of A. By definition we have
(91) (T(\)-(Z?(T;e)) = 0.
Dividing both sides of by Z% and taking the coefficients of €72, we have

(92) (BoA) (FZ(T) + 5 (AFH(T)) + 5 (B). = 0.

17



MAPPING PARTITION FUNCTIONS 18
For k > 0, applying 8?2 on both sides of the equality , one obtains

(93) (A(FF) 0 A+ (BoA)-) (Vi)

= O ((k+2)(Bx o A(FR))_ + (A(FG))" + ((Bx)?))

= (B) (v (e AR 5 (8 AR)

9 ((Bx +A(FR))")
Here 7§ = FJ(T) = Fo(T).

Introduce

(94) Ffp = Fiy(Tie) = F?(Tie) — e 2Fo(T) = > _ ¥ 2F2(T).

g=>1
Here and below “h.g.” stands for higher genera. Dividing both sides of by Z¢
and taking the coefficients of nonnegative power of €, we find

62

(95) (BoA)-(F,) + 5 (AT + A(F,))
+ A(F) A(FE,) + %A2(fgf) 1 161>\2 - 0.

Substituting the jet representation (78), for AF¥ into (95)), we obtain

OFf
0 3 (5) (8 B+ AR 6 (5 v ) e
k>0 m=1 B :
oOF¢
B k ) 2 h.g.
k;ax((BﬂA(fOX)) ) v
2 1 2 OFf. OFF.,  PF.
+3 X BTAFER) T AFER) (G o e )
q1,92>0
2 8]:};% 1 1

< 2 g o2 _
+ 3 > A(Vi) T +2A(f0)+16A2_0.

m>0
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Here we also used (| . We note that

(2a + 1 E(t)* 9t
" _ “h a—3/2
(97) A(fox) a;O 2a+1 a! ila+i+1) 0X A ’
(08)  A(FT) = 1 5
K TP V) R PEh

= 83% = —2b b N\b—1/2 Coef(x —1 )
P ot; 0X = (20 — D! ¢ (o1 (x))

It follows from the equality and Lemma |l| that

o 1 B(t) 1 dx 1 E(T) ¢ ()
(100) A(FOX) ) /0 ()\_x)gm P (o1(2)) D) /0 (/\—go(x))3/2 dx .

Together with we find via integration by parts that Bx + A(F{y) admits the
following explicit Puiseux expansion as A — ¢(V):

(101) Bx + A(Fgy)

_ <k;1 % (A = p(V))F+1/2 (ﬁ 5V)k+l (%) )

Then by noticing that the genus g part of equation admits a Laurent expansion
as A — (V) and that the vanishing of the coefficients of negative powers in A is
equivalent to the vanishing of the coefficients of negative powers in A — ¢(V') in the
Laurent expansion, we arrive at

(102) - Z (ak (W(N?) + i <];> (aﬂ'—l(W(A)) ok+1- (W(M))) ) 5;:‘1%.

k>0 j=1

(99) By

V=E(T)

OFL,  OF, OFf
s k+1 41 h.g. h.g. h.g.
+ E 7 ) Ot (WN)) ( vov. T av. on )

k,£>0
528’““( 1 2)8Fﬁg-+i%:07
6 A=e(V))2) Vi 16 (A= (V)

where 8 = Zk Vk+18/8Vk,
o 2% _ s—1/2 1 y 1
109 W) = 3 T 0 ) () (o55)

and (e)~ means taking terms having negative powers of A — (V).
We have the following theorem.
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Theorem 7. The generating function

(104) FP, = Fl(e) =) 2 F(Vh, ... Vaga)
g1
satisfies
(105) Z V[/2 + Z i 1 ak+1—g (W) - aFffg.
e Vi,
- [ O2F¢ OF? OF?
6_ k:—i—l 041 h.g. he O hg.
T3 Z; (o1 (m) 2 (W)> (avkaw o aw)
OF; 11
6_ k+2 ~ " hg. - _
N GZ: (2> v, 1A -

where W is the element in
(106) (p/(v)71/2A71/2Q [90/(‘/)117 SO/I(V), (,0”/<V), o ] HA]]

defined by

o w= S et () ()4

the operator O is defined on functions of A, Vo, Vi, Va, ... by

0 0
(108) 0 = (V)V18—A + ; VkHa_Vk’

and (e)~ means taking terms having negative powers of A. Moreover, the solution
to (L05)) is unique up to a sequence of additive constants which can be uniquely fized
73

by (78)) and the following equation:
8F@° So1
109 k 'V 29 —2) F? + 2= >1.

k>1

Proof. Observing that W(A) = W|asa—ev), equation (105) is just a rewriting

of .
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To see uniqueness, by taking coefficients of powers of €272, ¢ > 1, in the loop

equation ((105)) we see that the loop equation (105 is equivalent to

i . ~OFY
(110) (ak (W?) + ( )af Y )a’““—f(w)) g
_ [ OPFY OF% OFY
_ = k+1 (1 g g—m
- ,;0 W) F=w) (Wkaw Z Wi Vi >
OFf, 11

Zak+2(A2> 8Vk —i—EE(Fg,l, g>1

(setting [y = 0). For each g > 1, since F/ is a function of Vj, ..., Vs, the sum ),
on the left-hand side of is actually is finite sum, and by comparing coefficients
of negatives powers of A we find that is equivalent to the following triangular
inhomogeneous linear system for the gradients of F/:

(111) C OF§ OF§ ' M,
P\ vy v, = M,,
where M, is a column vector which is determined by FY,..., F/ ; and W, and C,

is an upper triangular matrix determined by W. Moreover, by a stralghtforward
calculation we find

39—2 .
27+ Dt .
(112) detC, = [] (TL,O(V)J L2,
=0

which implies that gives a recursive formula for the gradients of 7, g > 1.
For g = 1, equation ([110]) reads
<§£ 3 ©"(V) E) OFY 11 oFy 1
2A%2 2¢ (V)2 A) OV o'(V) A 0V} 16 A%
By equating the coefficients of A™! and A2 to 0, we get
Gy O L OF 3, fV)OFF 1)
oVy 24V, OV 2 (V) on 16 ¢'(V)’

which agrees with . For g > 2, the homogeneity (109) fixes F/ by its gradients.
O

When g = 2, the expression of Fy obtained using a computer algorithm designed
from the above theorem coincides with the one given by . We have made this
double check also for g = 3,4,5 with a simple home computer.
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We call or ((105)) or (110) the Dubrovin—Zhang type loop equation for the WK

mapping partition function, for short, the loop equation.

Remark 4. We note that the existence of solution to the loop equation is a
non-trivial fact. Our construction proves this existence.

Remark 5. For the case that (V') =V, the loop equation (105 reduces to

2 £ () () %

m=1
+ i Z ohrtl (L) e+l ( 1 ) ( a2F}§1&-g- + aFlfg- aFlfg-)
2 no VA VA oV,.0V, oV, 0V,
2 OFY 1
c o 1 h.g. _
T 16 ]; J <A2) v, " 1ear

This loop equation coincides with the loop equation for the Witten—Kontsevich par-
tition function, derived by Dubrovin and Zhang in [45].

Introduce the polynomial ring

(114) R = Q[wl,wg,...;fl,fg,...].
As a vector space R decomposes into a direct sum of homogeneous subspaces
(115) R = ®m=oR™,

where elements in RI"™ are weighted homogeneous polynomials of degree m in vari-
ables w; and /¢; of weight i (i > 1). In the remainder of this section we will give a
more elementary description of the functions F¥ by showing that

(16) FAViViee Vigoa) = Vi By (3 g V) B(V).) (922).
where [ (V) is defined by
d \k
(117) (V) = (5) (og(V)), k=0,
and P, = P,(wy,wa, ...; {1, s, ...) is a polynomial in PP9=3. For instance, for g = 2,
w3 7wy woy w3 0y we 1147 w?
(118) P = 1055~ 20 T30 T 320 3sd0

. 5£2+7£§ o £1£2+ 03 +£_3
768 ' 2560 ) 192 11520 ' 384 )°
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which is much simpler to read than the equivalent expression for Fy and belongs
to RBl. More generally, we will show that

OF¥ Vo Vo
9 _ 292k 2 V3 . <L <3
(119) v = Pg7k<—V12, g L(V), V), .. ) (0<k<3g—2)

for some polynomials P, ;, in RI*9=27#. Notice that this formula, unlike (T16)), is true
also in genus 1, with

% 1
120 p.—2 p.o_ L
(120) 0= 160 = g0
as we see immediately from equation ([78)).
Let us introduce further some notations. First, we can show that OF(W) for every

k /
k> 1is ——— times a polynomial in + = £ namely
- Ve V)a v o A ’

(121)  OF(W) = Vivin g v, ,lkfn(V)) y "

\/72 kn(vgw"an

where My (w1, ..., Wg—pn;l1,... lp—p) € RIFE=1 with M, = 0,1/2. Second, for
k>0, we define Y;, = Zj 0 (ljﬁ)ﬁj( )07 (W). Then we have that there exist
}/}c7n(w1, - ,wk_l;él, C. 7£n) S R[n]

such that

(122) Vi

AZ kn(‘vfz,...,V%;zl(m,...,zn(m)y”—k

with Y0 = (2k + 1)!!/2k, k > 0. Third, for k£ > 1 we have

(123)
— V;H-?)—m 1
ak(AQ) = Z ka(vZ, RN W, l1<V), R ,lk+2_m<V)> Y -m ,
for some Qk,m = Qk,m(wh cooy WEg42—m; gla s >€k+27m) € P[k—i—Q—m] with Q173 = 9.

We also introduce the first-order differential operators D,Em] :R — R by
DI = Dy + eam,
where D, is the derivation defined by

%, 4 d 0
DO_Z&HM D1:—2(2+1)wia—, D) = (k>2).

w; Owy,_
i>1 i>1 i k=1

The operators Dy, k > 0, simply correspond to V}* a?/ when applied to the function
Py V2 Vs /VE s 1i(V), (V),...).
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Theorem 8. The functions F;f and OF [0V}, are given by equations (116)) and (119),
where the polynomials Py, € RBI=2=k (0 < k < 3g — 2) are defined by the initial
values (120) and the recursion

(124)
3g—5 39—2
2k + 1)!! 1
%Pg,k - 16 Z Qet2k+1 Pg—1,0 — Z Yjj—k Py
£=0 J=k+1

3g—5 g—l
1 2g—4—k
T 5 Z Z Mk1+17”1 Mk2+1vn2 (Dl[mg 1](P9—1,k1) + Z Pm,/ﬂpg—m,km)
m=1

k1,ko=0 1<n1<k;+1
1<na<ko+1
ni+no==k

for g > 2, and the polynomial P, € R~ is defined by

1
(125) P (Pg,l + Z kwy_y Pg,k) (9>2).

g p—
2g — 2 =
Moreover, the polynomials Py, and P,y are related by
(126) Py = (Dr+ (29 —2)0k1) Py (92>2).

Proof. Substituting (121)—(123)) in the loop equation (110]), and comparing the co-
efficients of powers of y we obtain (124). Dividing (109) by V2, we find that for
g > 2 the polynomials P, can be constructed by P, ; by (125)). O

Remark 6. Formulas (120) and (124) define P, for all g and k explicitly by induc-
tion. But the fact that these polynomials and the polynomial P, defined by
are related by is not at all obvious from this definition. This corresponds to
our previous Remark [4] about the existence of a solution to the loop equation.

Remark 7. Note that the functions My (Vp,...,Vs) given in Lemma |3 for & > 1
have the following more accurate form

My(Vo, ..., Vi) Vs Vi
@/(V)ngl‘/lk *Nk V_lg,---,V—lk,ll(V),...,lkfl(V) R

where N, = Np(wy, ..., wi_1;01,..., k1) € R with N; = 1. Then by using
and we get the expressions of the polynomials Py, g > 2, from F)'*. For the
reader’s convenience, let us provide here the expressions for the first few Ny, k > 1:

(127)

25 ) 15
(128) lel, N2:2€1—|—w1, N3:Z€f+§€2+?€1w1+w2
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7. REVIEW OF HAMILTONIAN AND BIHAMILTONIAN EVOLUTIONARY PDES

In this section we review basic terminologies about evolutionary PDEs and Pois-
son structures, referring to [30 B0, [45] for more details. The evolutionary PDEs
considered in this paper are always in (1+1) dimensions, meaning that the unknown
functions have one space variable and one time variable, and also, the number of
unknown functions will be one (except in the last section, where a more general situ-
ation is considered). For readers from other areas, we also recall that “evolutionary”
simply means that the PDE expresses the partial derivative of the unknown function
with respect to the time variable as a function of the partial derivatives with respect
to the space variable.

Let Ay = S(U)[Uy, Us, - - -] be the differential polynomial ring of U, where S(U)
is some suitable ring of functions on U. For instance, S(U) could be O.(U), the
ring of power series in U — ¢ for some constant ¢ (we often take ¢ = 0). Let 0 :=
Ym0 Um410/0U,, be a derivation. When U is taken as a function of X, we identify
Uy, with 9™U/0X™, m > 0, and 0 with 9/0X. Define a gradation deg on Ay by
the degree assignments degU,, = m (m > 1), and we use AE}C] to denote the set of
elements in Ay that are graded homogeneous of degree k£ with respect to deg. For
{ € Z, we also denote

(129) Av[lelle = {a € Aul[e]] [gra = la},
where 9 5
gr = €5 + ;mUmM.

An element M in Ay[[€]]o can be written in the form M = Y, o ME(U, Uy, ..., Up)e,

where MF(U, Uy, ..., U,) € Agc], k > 0.

A derivation D : Ay|[e]] — Ayl[e]] is called admissible if it commutes with 0 and e.
Following Dubrovin and Novikov [28], 38, 39] 88|, we call an admissible derivation
D : Aylle]] = Avulle]] a derivation of hydrodynamic type if D(U) has the form

(130) DWU) = SU)U,, SU)eSU).
If we replace D by 0/0T and think of U as a function of X and T, then we get a
one-component evolutionary PDE of hydrodynamic type [28, 38, 39, [88]:

ou ou
We sat that an admissible derivation D : Ay [[e]] — Ay[[e]] is of the Dubrovin—Zhang

normal form if D(U) has the form
(132) D(U) = Y _ Su(U.Ur,...,Ukna), S € ALY, So(U.Uy) = S(U) U

k>0



MAPPING PARTITION FUNCTIONS 26

We also call (132)) a perturbation of (130]), or say that (130) is the dispersionless
limit (the € — 0 limit) of (132). A derivation of the Dubrovin—Zhang normal form

is called an infinitesimal symmetry of (132)) if it commutes with ({132]).
For any R(U) € S(U), the derivation of hydrodynamic type D', specified by

(133) D'(U) = R(U) Uy,

is an infinitesimal symmetry of (130)). We call the following family of derivations of
hydrodynamic type Dg, S € O.(U), defined by

(134) Ds(U) = S(U) U,

the abstract local RH hierarchy (see e.g. [30]), sometimes simply the abstract RH
hierarchy. It is obvious that the derivations in pairwise commute. When we
take the countable subfamily of derivations (S;(U) = U'/i!);>o and consider U as
a function of X and T}, i > 0, then the equations oU/0T; = S;(U)0U/0X, i > 0,
are nothing but the RH hierarchy , where we identify X with 7T as we do
before. In practice, some other interesting countable subfamily of derivations like
(sin(ku))g>1, (€")g>1, ..., can also be taken and the resulting family of equations
are an integrable hierarchy which we call the chord RH hierarchy (sometimes simply
still the RH hierarchy).

By a perturbation of the abstract local RH hierarchy (134), we mean a family of
derivations Dg(U), S € O.(U), each being given by (132)). We say that Dg(U) is
integrable if D52D51<U> = D51 DSQ(U), V51,5 € OC(U)

Denote by [ : Ay — Ay /0Ay the projection, which extends termwise to a projec-
tion on Ay|[e]]o. Elements in Ay|[e]]o/0Au][e]]-1 =: F are called local functionals.
The variational derivative of a local function [ h with respective to U is defined by

6 [h . Oh
1 Y7 — - e — .
(135) 7 = 2= (79 (8Uk>
k>0
Clearly, if h € Ay|[e]lo, then ‘S(Sf—Uh € Aylle]lo. Also, for a € Ayl[e]]o, it is known
that a € 0 Ay[[e]]-1 if and only if the right-hand side of (135)) with & replaced by a
vanishes, so (135)) is well defined.

Let P be an operator of the form

k+1
(136) P=3pPH  pH =N a0 A e AptTT
k>0 =0

Such an operator P defines a bracket {, }p : F x F — F via

(137) {/F/G}P _ / %P(%) VE.G e Aulld)o.
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This bracket is obviously bilinear. We say that {, }p is Poisson if it is anti-symmetric
and satisfies the Jacobi identity. We call that P a Poisson or hamiltonian operator if
{, }p is a Poisson bracket. An equivalent criterion of the operator P to be Poisson
is that
[P , P ] =0,

where [, ] denotes the Schouten-Nijenhuis bracket (see e.g. [45]). The part PL
in is called the dispersionless limit of P. Obviously, if P is Poisson then P is
Poisson. A Poisson operator like P is called a Poisson operator of hydrodynamic
type. According to Dubrovin and Novikov [38], a Poisson operator of hydrodynamic
type corresponds to a contravariant flat pseudo-Riemannian metric (true also for the
multi-component case), i.e., Pl must have the form

1
(138) PO — g oy + 5g’(U) Ux,

where ¢g(U) is a contravariant metric (automatically flat for our one-component case).
We call (132)) a hamiltonian derivation of the Dubrovin—Zhang normal form if there
exists a Poisson operator P and an element h € Ay[[¢]]o, such that

(139) D(U) = P(%[—Uh) .

We call [ h the hamiltonian of (139) and h the hamiltonian density. A local func-
tional [r, r € Ay|[€]lo, is called a Casimir for the Poisson operator P if

(140) P(%{Jr) ~ 0,

with r being called the Casimir density.
We will call any transformation of the form

(141) U = M =Y ¢MMUU,... 0 € Avlldlo, MP(U) e SU)~,

k>0

a Muiura-type transformation. These transformations form a group, called the Miura
group, which contains the local diffeomorphism group as a subgroup. For more details
about Miura-type transformations see e.g. [45], 93].

A further extension is given by the quasi-Miura transformations

(142) U Q=) QWU ... .Uy,
k>0

where QF(U, Uy, ..., U N.), k > 0, are usually still required to have polynomial de-
pendence in Us, ..., Uy, for some integers N but are now allowed to have rational
dependence in Uj.
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The class of derivations of the Dubrovin—Zhang normal form, the class of hamil-
tonian derivations of the Dubrovin—Zhang normal form and the class of Poisson
operators are invariant under the Miura-type transformations [45]. In particular,
the hamiltonian derivation of the Dubrovin-Zhang normal form (|139) under the
Miura-type transformation transforms to the hamiltonian derivation of the
Dubrovin—Zhang normal form given by

(143) D(M) = ﬁ(ifwh) ,

where h is understood as an element in Aj[[e?]]o, and

~ oM OM
144 P = —1)¥=—00*0Pod .
(144) 3;0( ) au, 0cd*oPod o U,

To make notations compact we will often write P as P(U) and P as P(M), when U
and M are related by a Miura-type transformation.

If we apply the quasi-Miura transformation (142]) to , the Poisson operator
still transforms under the rules but the resulting operator could have rational
dependence in M; and the variational derivative of the hamiltonian could have ra-
tional dependence in M; (here the definition of the variational derivative is extended
again with the same rule (135)).

Two Poisson operators P, P, are called compatible if an arbitrary linear combina-
tion of Py, P, is a Poisson operator. When P;, P, are compatible, we call P,+\ P; the
Poisson pencil associated to Py, Py. Following Dubrovin [29], let us start with consid-
ering the dispersionless limit P2[O} +A PI[O}. Fix PZ[O] (U)+A PI[O] (U) an arbitrary Poisson
pencil of hydrodynamic type. According to Dubrovin [29] (see also [38, [39]), it cor-
responds to a flat pencil, that is, a pencil of flat contravariant pseudo-Riemannian
metrics go(U)+ X\ g1 (U). The associated canonical coordinate of the pencil u = u(U) is
defined by u = g2(U)/g1(U). The flat pencil in the u-coordinate reads u g(u)+ A g(u)
with g(u) = g1 (U)u/(U)?. A Poisson pencil P5(U) + X Py(U) with the hydrodynamic
limit being PQ[O] (U)+A Pl[o] (U) is then characterized by the so-called central invariant,
denoted c(u), defined in [36, [73], [77]. On one hand, two Poisson pencils having the
same hydrodynamic limit Pz[o](U ) + )\Pl[o](U ) (or say the same g(u)) are equivalent
under Miura-type transformations if and only if they have the same central invari-
ant [36]. On the other hand, it is shown in [20, 21] (see also [76] for the case g(u) = u)
that, for any given function c(u) there exits a Poisson pencil Py(U) + A Py (U), with
the hydrodynamic limit P2[0}(U )+ A Pl[o}(U ) and with the central invariant c¢(u); the
proof is based on a subtle computation of the bihamiltonian cohomology introduced
in [45] and developed in [36, [73]. For example, the Poisson pencil corresponding to
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the pair

(145) (9w, cw) = (. 57)

can be obtained from the bihamiltonian structure discovered by Magri [78] of the
KdV equation (1)) (see e.g. [36]).

For an element ¢g(U) € O.(U) that is not identically zero, the abstract local RH
hierarchy can be written in the form:

(140 Ds(U) = (9(U)0+ 540 1) (5%9) ,

where h[SD] is a solution to the following ODE
1

56U (hg)) = S).

Obviously, up to a trivial additive constant, the hg is unique up to the addition of
a Casimir density for the Poisson operator g(U) dx + 1 ¢'(U) Ux.
Let us consider the hamiltonian perturbation of the abstract local RH hierar-

chy (146):

(148) Ds(U) = P<U>(

(147) g(U) (W +

5 [ hs
U

where P(U) is a Poisson operator of the form (136) with PIYU) = ¢(U)dx +
$9'(U) Ux, and hg are hamiltonian densities of the form

(149) hs =Y éngl, ngle A

k>0

with h[g] given by . Here, we point out that our labellings of the derivations
and of the hamiltonian densities for the abstract local RH hierarchy and for its
perturbation are different from the one used in [30].

According to [23] 45], [47], the Darboux theorem holds for the hamiltonian opera-
tor P(U), namely, there exists a Miura-type transformation U +— M of the form

U
(150) M =Y MU, ), MPU) = ;dUﬂ
k>1 U+ g(U)

reducing P(U) to P(M) = 0.

For simplicity, we shall consider in this paper that hg written in the M-coordinate
are power series of €2.

Before proceeding we introduce some notations. A partition is a non-increasing
infinite sequence of non-negative integers u = (1, ft2, . . . ). The number of non-zero

), Se0.U),
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components of p is called the length of p, denoted by ¢(p). The sum » .o, p; is
called the weight of ju, denote by |u|. The set of all partitions is denoted by P,
and the set of partitions of weight d, d > 0, is denoted by Py. If ¢(u) > 0, we
often write p as (fi1, . . ., fte(u); otherwise, we write  either as (0) or as (). Denote
p+1= (i +1, .. peg+1)if £(pn) > 0, and () +1 = () otherwise. We use mult;(z)
to denote the multiplicity of ¢ in g, ¢ > 1, and denote mult(x)! = J];=, mult;(u)!.

For any sequence of indeterminates (y1,ys,...), Yy := Hf(:“l) Yu, (clearly, yy = 1).

S.-Q. Liu and Y. Zhang found (see also [17,130},34]) that performing a canonical [30]
Miura-type transformation M +— w = M +- - -, that is, a Miura-type transformation
keeping the Poisson operator 0 invariant, yields the following unique standard form:

(151) Ds(w) = a(” )

dw

with the derivation D)) satisfying

0 [ hagorw
(152) Do) = 9 5212,
where
w? €
(153) hM[O](U) = F — ﬂao(w)wf + 2629 Z O{)\(U})U))\.

g>2 AEPyg
£A)>1, A 1=

Here ap(w) and ay(w) with A € Py (g > 2), £(A) > 1, A = Ay, are functions of w.

Remark 8. It was conjectured by S.-Q. Liu and Y. Zhang that if one imposes the
integrability to the above standard form , then the functions «y(w) appearing
in are uniquely determined by agm(w), m > 2, and the functions agm(w),
m > 2, are free functional parameters. In [34] (see also [I7]) it is indicated that
if one further imposes a symmetry condition [34, 45] for the hamiltonian densities
(so-called T-symmetry) then the functional parameters ag(w) and a)(w) appearing
in (153) all become constants. In this paper, we will impose a new condition, as
already mentioned in Introduction, i.e., to require the hamiltonian system to possess
a T-structure (see the next section for the details).

In [30], B. Dubrovin considers the bihamiltonian test for the integrable hamiltonian
perturbation and obtained the following theorem.

Theorem A (Dubrovin [30]) For ag(w), q(w), ¢'(w) all not identically 0, let Py, Ps
be the Poisson operators of the form: P, = 0, and

(154) Py(w) = q(w)d + %q'(w) wy A+ e
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114 ”

where contain higher order terms in €. The commutativity

(155) {/hsl,/hSQ}Pl = {/hs“/hsz}pz = O(%, VS, S,

holds if and only if

(156) a22(w> _ aog(g())) (5 a{)(w) o q”(w)> )

The explicit expression for the e2.-term in P»(w) is given in the Appendix of [30].
We have the following proposition.

Proposition 3. The central invariant for the pencil Py + APy in Theorem A is

1 ag(qg(u
(157) tu) = 57 L
where u = q(w) is the canonical coordinate for the pencil Py(w) + APi(w).
Proof. Let us perform the following Miura-type transformation:
(158) u = q(w).

The Poisson operators P, P, in the u-coordinate read:

(159) ) = 5q(a )00 + S d0q( (),

N — DN —

1
(160) Py(u) = Suq(q'(w))’0d + sdouoq(q ()’ + -
Using [36, formula (1.49)] and using [30, Appendix| we obtain the expression ({157))
of the central invariant ¢(u). The proposition is proved. U

8. HAMILTONIAN AND BIHAMILTONIAN PERTURBATIONS POSSESSING A
T-STRUCTURE

Driven by topological field theories and the Witten—Kontsevich theorem (see [26]
27, 29, 145, 63, O7]), the 7-structure for the KAV hierarchy (see [10, 25, [44] [45])
becomes an important notion in the theory of integrable systems. It still makes
sense to speak of a T-structure for more general evolutionary systems (we will give
a precise definition in a moment). One of our main objects for the rest of the paper
is to give conjectural classifications of hamiltonian and of bihamiltonian systems
possessing a 7-structure with the help of the group G.
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It can be shown (see e.g. [10} 25] 27, [44], 45] 63, [07]) that there exist unique elements
05 € Aul€%], i,5 > 0, such that

, 0%log FVE(t;¢) o okav

(161) 6t18t] N i up =08 (uWE (t;¢)), k>0

i, >0.
For instance,

u? Us u? uuy Ul Uy
(162) Qg,%vzu’ Qg,iV:?+E2E7 Qll(,dl\/:?"i_62 ?‘f’ﬂ +€4m.

The polynomials (€25"); j>o form a 7-structure for the KdV hierarchy (2) and hence
defines 7-functions (see [10] 25] 44 [45] 94]).
Constructively, {27" can be obtained in the following way. Introduce

O?FWVE(t;¢) OFVE(t)
. 2 ’ _ 2 g
(]‘63) UWK<t)€) = € T — E(t) + Z € QW'

g>1
Here x = ty. From (74)) we know that it leads to the quasi-Miura transformation
(164) v ou=v+ Z I (F)YN),

g=>1

which transforms the abstract local RH hierarchy Dg(v) = S(v)v; to

S’ (u S (u S (u
(165)  Dg(u) =S(u)u; + ( 1(2 ) uz + é ) Ut + %ui’) ¢
S"(u) SG) () SG) () 23SW(u)
( 240 "0 TRy MM T Ty WM T gy

313(4)(“) 2 3(5)(“) 3 S(ﬁ)(u) 5\ 4
40 M T o0 T Tm “1)6 e

By the Witten—Kontsevich theorem, when S(u) = u’/i! (i > 0), equations (165)) are
the abstract KdV hierarchy (see (2) and [10], 25, [44] 45]). In general, Dg commutes
with D/, i > 0. We call (165]) the abstract local KdV hierarchy. Note that

(166)

2 02 log FVE(t;¢€) _ E(t)*it! N 2625’ 9 log F'(t)
ot;0t ilili+j5+1) = ot; 0t ’

where we used and (66). By we know that the right-hand side of (166|) can

be represented by the jets v, vy, vs, ---. Substituting the inverse of the quasi-Miura

transformation into the jet representation of the right-hand side of (166) we get Q.
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As in [44] (see also [10), [45]), we say that a perturbation of the abstract local
RH hierarchy (see ([132)) possesses a 7-structure if there exist Qg, 5, € Auvllel]o,

Si, 82 € O.(U), such that Q) € O, (U)* and
(167) QSl,SQ = QSQ,Sl ) DS1 (QSQ,S3) = DSQ(QS1,S3>7 vsl; S27 S3 S OC(U) .

It can be easily verified that the existence of a 7-structure implies integrability [44]
(cf. also [34]). More general setups for this principle are given in a forthcoming joint
work of the first-named author with Valeri. We refer also to a related forthcoming
joint work announced in [72].

We are ready to give an axiomatic way to approach the class of (bi)-hamiltonian
perturbations of the RH hierarchy possessing a 7-structure.

Lemma 5. The class of hamiltonian perturbations of the RH hierarchy possessing a
T-structure 1s invariant under Miura-type transformations.

Proof. We already know that the class of hamiltonian perturbations of the RH hier-
archy is invariant under Miura-type transformations. It is also obvious that under a
Miura-type transformation a 7-structure remains a 7-structure. U

Let us now consider hamiltonian perturbations of the RH hierarchy possessing
a T-structure with a fixed choice of Pl%. First we use Miura-type transformations
reducing the consideration to the standard form f. Then with a help of a
computer program we find that the requirement of existence of a 7-structure implies
that the functions agz(w), aoigz(w), ayz(w), ageze(w), gz (w), asz(w) are uniquely
determined by ag(w), agz(w), ags(w), ag(w), ags(w) (agreeing with Remark [§)), and
that the functions g2 (w), ags(w), ass(w) must have the expressions

aoa,
(168) ap = 5.0 + Qg

3lay/ad  527qraday  1800q¢iagay N 499q,adag
96768 1008 7 336
23ap N 1613apapal
45360 967680

(169) Qs =

6
420y ,
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913a""a?  1795¢1aat  10357¢%a”al
1 _ 0 %o 0 o 19 % 5509003454
(I70) 02 = 45118640 32256 R
167qoada; ~ 23087qiagay? 12528 Tag
s | DTS | iy . el
15635¢7agag N 593qaadag N 20893q1a0a’4 N 7733ay" aday,
14 70 20160 30965760
212591af aZay n 47953q1ay adap, n 56519a() apaf? N 48785q agapal
464486400 60480 66355200 56
733qataiag N 70229agafag? N 1049357agaf —_—
224 28060800 1393459200

where q1, 2, g3 are arbitrary parameters (independent of w) and where the arguments
of the functions ag(w), agz(w), ags(w), as:(w) have been omitted. More generally, we
expect that there are unique expressions giving all a, as polynomials in ag, ag, ag, . . .
and constants ¢1, o, ..., where ¢; first appears linearly in awi+1(w). This implies in
particular that if ag(w) is a constant function, then all of the a,(w) are constants}
Moreover, we expect that except for the term g;aj’ all terms in agi+1 contain higher
derivatives of ag, so that when ag is a constant, then ayit1 is simply g;ad’

We continue to consider bihamiltonian perturbations of the (local) RH hierarchy
possessing a T-structure. Of course, this class of perturbations is again invariant un-
der Miura-type transformations (see Lemma . We reduce the considerations to the
standard form as above, and the bihamiltonian axiom will further impose restrictions
on ¢;’s. Note that in Theorem A, B. Dubrovin already did the bihamiltonian test for
integrable hamiltonian perturbations (hamiltonian perturbations with a 7-structure

belong to this class) up to order 4 in e. So by using ([168)) and by using formula ([156))
of Theorem A, we find

Cl fqu]* aU(w/> dw' + 027 q1 = 07
(171) q(w) =

1—exp(—960q1 [% ao(w’) dw’
Cyl ( 9160q1 : )+027 (J17£07

where C, Cy are arbitrary constants (that can depend on ¢;’s) and C; # 0. Contin-
uing Dubrovin’s bihamiltonian test, up to the order 8 in €, we find that

6400
(172) Q2:Tfﬁg’7 g3 = 0.
We expect that g4, g5, - - are also determined by ¢; and ag(w). Note that since ¢a, g3
do not depend on ag(w), we can further expect this to be true for g4, gs, - - - ; with this

3This occurs, for example, in the presence of T-symmetry, as shown in [16], 17, [34].
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consideration, we can restrict to the simple case ao(w) = 1 and the corresponding
bihamiltonian test allows us to compute two more values:

(173) _36805017600000 _ 45612552683520000000 4
qa = 77 ql ) q5 = 7007 q1 .
We have the following proposition.

Proposition 4. The central invariant for the pencil P, + APy is given by

_1 pa—
2107 @ =0,
1
24(C1—960q: (u—C)) > 1 # 0.
Proof. By using Proposition |3| and the expression ((171)). ]

Theorem 9. A bihamiltonian perturbation of the RH hierarchy with the central
invariant c(u) #Z 0 admits a T-structure up to the €& approximation if and only if
1/c(u) is an affine-linear function of .

Conjecture 1. The statement in Theorem[9 holds for all orders in e.

Notice that when there is a(n) (approximated) bihamiltonian structure, there is a
choice of the associated Poisson pencil. Namely, consider the following change of the
choice of Poisson pencil:

(175) P i=cPy+dP,, Po:=aP,+bP, ad—bc+0.

Here a,b,c,d € C are constants. The canonical coordinate of ﬁl, ﬁg, denoted u, is
related to u by

5 o +b
Ccudd’
The pair of functions (g, ¢) that characterizes the pencil P, + AP; are given by
. (ad — be)?
1 — " T
(176) g(a) (cut dp g(u),
cu+d
1 c(u) = .
() ) = S ()

In particular, formula (177)) was obtained in [36]. So, if the central invariant c(u)
of a Poisson pencil satisfies that 1/c(u) is an affine-linear function of w, then it is
always possible to choose properly the pencil so that the central invariant is 1/24.

Hence the above conjecture can be more compactly reformulated as follows.
Conjecture 1. A bihamiltonian perturbation of the abstract local RH hierarchy
possesses a T-structure if and only if under a proper choice of the associated Poisson
pencil the central invariant is 1/24.
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Here we recall again that according to [20} 211 [76], the existence of a bihamiltonian
perturbation with central invariant 1/24 is known (actually for arbitrary function
c(u) the existence is also known).

Remark 9. Conjecture 1’ was proved for the case of the flat-exact Poisson pen-
cils [37], where the T-structure is associated to 7-symmetry [34, 45]. The flat-exact
condition implies g(u) = u which is a special case in our general consideration.

9. THE WK MAPPING HIERARCHY AND THE WK MAPPING UNIVERSALITY

In this section, we introduce the hierarchy of equations associated to the WK
mapping partition function, call it the WK mapping hierarchy, and prove it to be
integrable and bihamiltonian with the central invariant 1/24. Then we propose the
WK mapping universality conjecture.

9.1. The WK mapping hierarchy. For an arbitrary element ¢ € G, let F#(T;e¢)
be the WK mapping free energy. Introduce

2 Tp T- @f‘ﬁ
(178) U?(T;e) := 628“2—)((2’6) = ) + Z €9 9 )

g>1

Here X = Tj, and we used and Theorem @ From Proposition [2] we know
that (178) leads to a quasi-Miura transformation

(179) Vs UP =V 4+ ) 0% (Fy).

g=>1

It transforms the abstract local RH hierarchy Dg(V) = S(V) V; to

(180) Ds(U¥?) = SU? + (S Us + (% + %;) Usus

S/// S// S/ ()0/// ()0”2 3
T S G Uy 2 4 ...
+<24+16g0+16(90’ 7)) D&

which (by Proposition [2| and the Witten—Kontsevich theorem) is a perturbation of
the abstract local KAV hierarchy (165). In (180), ¢ = ¢(U¥), S = S(U?), and
o) = pF) (), Sk = SE(U?) for k > 1. We call the abstract local WK
mapping hierarchy associated to @, for short the abstract local WK mapping hierarchy.
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In particular, Dye(U?) reads as follows:

(181) Dy (U¥)

- ) 1 . S0// oo 90/” (10//2 o3
/! " "2 " 12
af Ty Iy p @
e (480 % Ui+ (480 ¢ 960 @'2) UItr + (48 r 19290/2) iUy
53 (p//?, 11 @ll/‘PI/ 9 90(4) )
* (288090’3 2407 T390 %] Uf(ur)
17 //3 7 ", I
+ ( SO o y /2) <U¢)2Uf
480@ 1440@ 240
N 5 90(5) 71 4,0 13 QDWZ 13 (P(4)(,0 (10///()0//2 UW(UW)S
192¢ 1920 Ot 192002 32092 64t ) 2R
N 23 SO//5 B 90(5)90” N SO/I/SO(4)
384(,0 640 e 192¢2  T68 p?
11 % )90”2 N 11 QOIHQO”B 33 ¢///2 " (UW)E) L
1920 '3 160 ' 1280 '3 ! '
Alternatively,
1 [ lo
(182) Dy (U%) = UYUY + (— U§O+§1U{0UQ +E(U“0) )

(e (Tl B e (2 I USUS
480 ° 480  320) * 1 18 T 64) 8
913  3Thl, I3 o ons
(%Jr 960 140 ) U3 (D)

1713 37141 5
T )(U*”) uf

+ ===+
5l 61hLls 13713 121
+< 4 13 2+ 2

480 480 720
+

2 P17%
192 960 * 1920 192) vf ey
+

b Ll Thls Bl LI \
* (384 T o5+ 256 T 1280 Teao) U)o

where [, = [p(U?) are defined in (117)). The abstract local WK mapping hierar-

chy (180]) reduces to (165) when ¢(V) = V. Recalling that S(V) € O.(V), we note

that for ¢ # 0 one should modify the infinite group G to G = V —c+(V —c)*R|[[V —(]],
which does not affect the previous formulations. By construction, the power series
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U?(T; €) satisfies the following hierarchy of evolutionary PDEs:
oU¥#(T;e)
oT;

which we call the mapping WK hierarchy associated to ¢. Here on the right-hand
side it is understood that one replaces U? by OU?(T;e)/X*, k > 1, with X = T,.

(183) = Dweyia(U?(Ts¢€)), >0,

Remark 10. Surprisingly, the rational numbers appearing on the right-hand side
of (182)) are all positive. This may hold to all orders in e.

A priori the coefficient of each power of €2 on the right-hand side of could
be a polynomial in (Uf)*!, UL, U, ..., but with the help of a general Mathematica
packageﬂ designed by Joel Ekstrand, we find that up to and including the term €'°
there are never any negative powers of Uf. We will prove the following theorem.

Theorem 10. The abstract local WK mapping hierarchy (180|) has polynomiality:
for any S the right-hand side of (180)) belongs to Aye[[€*]]:.

We first prove a special case of Theorem [10]

Proposition 5. Theorem holds when ¢ = id, i.e., for the local KdV hierar-
chy (165). More precisely, the abstract local KdV hierarchy (165|) has the form:

(184) Dg(u) = 0(/u5 + Ze?g Z K, SN+ () uA>

921 )\GPQg
(185) = Su + Y e Y G S (),
g>1 HEP2g+1

where Ky, G, are rational numbers.

Proof. For S(u) = w'/i! (i > 0), it is known that (165]), i.e., the abstract KdV
hierarchy, can be written as

(186) Dub/z'(u) = 8(hi,1(u, Uy, U9,y . .. ,'Lbl)) s 1 2 O,

where hy = hy(u, uy, o, - . ., up1) € Qu,uy, . .., ups1][€%]o, k > —1, are T-symmetric

hamiltonian densities for the KdV hierarchy [45] (see also [10] 44]), which satisfy
k2 , )

(187) hk—m € € ~@[u,u1,...,uk+1}[e ],2 (sz —1),

(188) hoi =u, Dyjj(hic1) = Dyisa(hj-1) (Vi,j > 0),

4The package is based on the method given in [311, [45], [76].
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and

Oh;

(189) o

- hi,1 5 1 Z O .
For S(u) =), >0 amu™/m! with a,, being arbitrarily given constants, we have

(190) Ds(u) =Y tmDymmi(u) .

m>0

The expression ((184]) follows from ((189)), (190 and (186)). For S € O.(u) with ¢ # 0,
the proof is then similar. Equation (185]) follows from ((184)). O

We note that assuming polynomiality the precise form ({184]) can also be obtained
as a result of the quasi-trivial transformation combined with (74)—(77).

Remark 11. Let us briefly describe another way of defining the abstract local KdV
hierarchy Dg, S € O.(u). Define D, as an admissible derivation such that D,(u) =
uuy + €% Require Dg to be the admissible derivation on A,[€?] satisfying

(191) Ds(u) — S(u)us € e- Auela, [Ds,Da] = 0.

For the uniqueness of Dg for any S € O.(u) see e.g. [14, [74]. The existence of
Dyisit, @ > 0, is well known. For S(u) = > - anu™/m!, let Ds(u) be assigned as
the right-hand side of (190]), then it can be checked that Dg satisfies (191]). For a

general S € O.(u) the proof of existence is similar.

It is known (see e.g. [10, [14, 25, 27, 44], 45| [63, O7]) that Y, i, 5 > 0, actually
all belong to A,[[€*]]o. Then by an argument similar to the proof of Proposition
we have Q§7, = [“515 4+ O(e?) € Au[[]]o, V51,5 € Oc(u). Here Q5" is
defined as the substitution of the inverse of the quasi-Miura type transformation
in [*915 + > g1 €9Ds, Ds, (F,"") (similar to the definition of Q§"; see (166)).

In order to prove Theorem [10| for general ¢, we will prove a stronger statement.
(In Section [L1] we will give a more direct proof of a generalization of Theorem [10])

Define two operators P and Py by

ou¢ 1 1 ou¢
192)  Pf = " 4+ do——)o(-0)0o—
1) 7= 3 G o0t (o0 + 00 ) o 0 o G
)

o . ou# o(V (V) U
(193) Py = Z —— o000 (Qw’(V) 00 + 0o 290’(‘/)) o(—@)goa—w,




MAPPING PARTITION FUNCTIONS 40

where U¥ is given by the quasi-Miura transformation (179)). It readily follows from
the definition that the operators P?, a = 1,2, have the form:

(194) PE(U?) = > 9Pl

g=>0
3g+1
(195) paldl — Z AL O A L € OJ(UN)UE,... US o (UF)],
1 1
196 Pl =~ o940
W0y B = 5w 00 T 0 ey
U®) p(U?)
197 pel _ oW07) o g oU7)
e 27 RAEEGO)
(198) Zm m 8[;92(1 (29+1 )Aggja

m>1

We know that [P#(U¥), P7(U¥)] = 0, for arbitrary a,b € {1,2}. The abstract local
WK mapping hierarchy (180f) can be written in the following form:

(199) Ds(U#) = Pf"(Uﬂ(%) = PY(U¥) (%th > i>0.

Here, the hamiltonian densities h“f; g5 hf; ¢ are understood as the substitutions of the
inverse of the quasi-Miura transformation ({179)) into

(200) hf;S - / \ 90/(552) /9[:2 S(xl) V Qpl(xl)dxl dx?v

01) e, = W— [ st ﬂd Loy,

A priori, the operators P#(U¥) and the variational derivatives of the hamiltonian
densities hf; ¢ with respect to U?, a = 1,2, could contain negative powers of Uy, but
just as in the remark preceding Theorem [I0] we can use Ekstrand’s Mathematica
pakage to check that up to and including the €® term this does not happen. Explicit
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expressions for P, P, up to and including €2 are given as follows:

11 1 1
3¢///2 90(5) 13@(4)S0// B 15S0m90”2 90//4 ( <p)3
16(,0/3 2490/2 4890’3 16(,0’4 290/5 1

I// //

1
2
/// // (4) B 3¢//3 UPUe + SOHQ B 90”/ [
890,3 6(,0'2 4t 12 6B 12¢7 3
( e

(4) "3 "2 1
¥ 2 v ¥ 2
_ Uy - _\yur 0
( " 2@@’2 490’4)( o (390’3 6@’2> 2)0 )6 i

and

Ly 1 77
(203) PY(U?) = 25° 08 + 5305
P

"2 74 "3

L€ LA o 2
2 2490/2 &pl 16()0/3 2¢/5 490/3
13@“’(4)80” 150" 12 190" " (Uw)g
48" 16" 48" 1

" 112 ", n

(4) 3 "3 3 7
+<_w _ 9 3ee™ 39" wso)Ufo

6g0'2 380/ 490/4 8g0'2 8(,0’3

12 n "
I A o N Us
6g0’3 12(,0/2 12(,0/
", I

(4) 1 13 "2 3
O O A S . AN
12(10/2 6(,0/ 4¢/4 890/2 890/3

QOQDHQ 9090,” g0// o 83
*(3¢3‘W‘@ Vi)eorg) o

The following theorem, which is stronger than Theorem gives a refined version
of Theorem [1l

Theorem 11. Fora = 1,2, g > 0 and 0 < j < 3g + 1, the elements Agg]a all
belong to A2g+1 i, Moreover, the variational derivatives of the hamiltonians [ h1;s
and [ h§g with respect to U¥ belong to Aye|[[e]].
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Proof. First of all, we have

ot

Here when we use a function of u, say f(u), to label a derivation Dy, we mean the
corresponding derivation in the abstract local KdV hierarchy. By the definition
we can simplify the above equality to

(205) 0=D o
By Proposition |5 we know that D g (u))(u) has polynomiality and of course it

commutes with the KdV derivation D, (u). Then, using the results in [70], we know
that by taking 0 = 0y as the spatial derivative the abstract local KdV hierarchy is
transformed to a bihamiltonian evolutionary system for u and particularly the 0,-
flow of the abstract local KAV hierarchy after the transformation is bihamiltonian in
Dubrovin-Zhang’s normal form. Secondly, we note that
O?F?(T;e) ot; Ot
_ 2 € 2 i Ol 1 2
4,720

Since the 0,-flow for u with 0 = dx as the spatial derivative is an evolutionary PDE
in Dubrovin-Zhang’s normal form and since QY € A,[[¢*]]o, we find by doing the

substitution that 5" are power series of €2 with coefficients being polynomials of

Ox(u), 0%(u), .... This means that equation (206] gives a Miura-type transformation
(with the spacial derivative being 0). The theorem is proved. O

We note that an equivalent description of the second statement of Theorem [11]is
that the hamiltonian densities hf; g, @ = 1,2, modulo certain total 0-derivatives, both
belong to Age[[¢]] for any S. We also note that the first statement of Theorem

implies in particular that Afgvj;a =0 for all j > 2¢g + 2.
Proof of Theorem [10. The theorem follows from Theorem [11] O

Since we have proved Theorem by using the quasi-trivial transformation ({179))
with Theorem [§, we can further prove that the abstract local WK mapping hierar-
chy ([180)) has the more precise form:

Ue L(A)+g—1
(207) Dg(U¥) = a(/ S+ > > Y ((UP),...) SOU) Uf) :

g>1 AEP2y,  j=1

where Y, (£y,...) € RIVT9717 and [,(U%) are defined in (I17).
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For ¢ € G, we have

2 Plog 7ol BN 5= oy Slos 77(D)
oT; 0T} gl +7+1) oT;07;;

(208)

g>1

According to Proposition , the right-hand side of (208 can be represented by the
jets V, Vi, Vo, .... Substituting the inverse of the quasi-Miura transformation ((179))
into the jet representation of the right-hand side of (208)) we get a power series of €2,
which we denote by €27;. We have
ot;, 0t o

(209) o, = aTl, 8T1- O, 63 =0.

i1,j120 ~ " T
This implies that €7 belong to Aye[[¢?]. In Section 11| we will give a more general
description about this.

Remark 12. Recall that the Hodge hierarchy is a 7-symmetric integrable Hamilton-
ian perturbation of the RH hierarchy, depending on an infinite sequence of parame-
ters [34] (see also [I8, [19]). The Hodge universality conjecture proposed in [34] says
that the Hodge hierarchy is a universal object in 7-symmetric Hamiltonian integrable
hierarchies, meaning that any 7-symmetric Hamiltonian integrable hierarchy in the
sense of [34] is related to the Hodge hierarchy via a Miura-type transformation. The
WK mapping hierarchy is integrable, Hamiltonian (actually bihamiltonian) and pos-
sesses a T-structure. However, in general its hamiltonian densities cannot be chosen
to satisfy the 7-symmetry condition of [34, [45]. So our result is consistent with [34].

Using the explicit expressions f one can easily compute the central in-
variant of the pencil Py + AP/. Although this invariant can be deduced from the
result of [70] or Proposition , we give an explicit computation. The canonical coor-
dinate for the pencil Py (U¥)+ AP/ (U?) is ¢(U¥). Perform the following Miura-type

transformation to ((199):
(210) o= o(U?).

The Poisson operators P, P, in the @-coordinate read:

) 1 . 1 RN
(211) Pr(a) = 5@ (7 (@) 00 + 500 (g7 (@) + -+,
. L. A 1 X PN
(212) PP(a) = Sag' (¢ (@) 00 + 5000 (p7'(@) + -+,
where “ -7 denotes terms containing €2, €*, ---. In particular, the terms contain-

ing €? can be obtained from (202)(203)). Now using [36], formula (1.49)] we find that
the central invariant is the constant-valued function 1/24 for any ¢. So the WK
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mapping hierarchy leads to a construction of the representatives of Poisson pencils
for

(213) (9.0) = (e (@), 55) -

Based on Theorem [11] and Conjecture 1, we now propose the following WK map-
ping universality conjecture.

Conjecture 2. The abstract local WK mapping hierarchy is a universal object for bi-
hamiltonian perturbations of the abstract local RH hierarchy possessing a T-structure.

Conjecture [2| essentially follows from Theorem [L1f and Conjecture 1’, but let us
verify Conjecture |2 directly up to € (i.e., up to and including az), with ¢ and g3
given by ([172)). Performing the following Miura-type transformation

(214) U? = w = MU?) + ) &Y C(UP) UL + O(")

k=1 AEP2y

transforms the WK mapping hierarchy (180) to the standard form ((152)), (153]) up
to and including the € term. Here,

Ue
(215) M(U?) = V' (y) dy,

0
(216) ag(w) = M'(M~(w)),
and C, for |A| < 8 are explicit expressions, e.g.,

(217)  Cy(U?) = L (&(U?))*2,

8
— q / 1/2 n 90//(U§D>2 S0(3)<U(‘D>
21 »(U?) = —= 7 ’ -

107 ©12(U¥)

185794560 /o (U%)

We end this section with one more remark.

(219)  Cus(U?) = + more than two hundred terms.

Remark 13. Using the Miura-type transformation we can assume that 2, = U
in the setting for hamiltonian perturbations of the RH hierarchy possessing a
7-structure. When €, ; = U, we can define the normal Miura-type transformation,
which has the form

(220) U U=) UM = U+ E0°(AU ULV, .. ;€))

k>0
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for some A € Ay[[e]lop. So normal Miura-type transformations are a special class,
but whenever we use the word “normal” we mean that the transformation does not
just act on the hierarchy as usual, but also acts on the 7-structure by

(221) 951752 = QS1,5'2 + 62 DSlDSQ(A) .

Since the normal Miura-type transformation changes the resulting 7-function when
A # constant, it plays the role of choosing different 7-structures. However, in this
paper, we do not use this terminology.

10. A SPECIAL GROUP ELEMENT AND THE HODGE-WK CORRESPONDENCE

In this section, we will consider the particular example for the WK mapping hier-
archy given by

eZqV

2
(222) (pspecial(v> = 2—q =V + qv2 —+ §q2v3 4+ ... €qG

(as in ([6)) over the ground ring R = Q[g], where ¢ is a free parameter. The inverse
group element is fypecial(v) = log(1l + 2qv)/2q. We will establish a relationship be-
tween the WK mapping partition function associated to and a Hodge partition
function.

Before entering into the details, we recall some general terminology for the Hodge
side. Let E,,, be the rank g Hodge bundle on ﬂg,n. By Hodge integrals we mean
integrals of the form

(223) [T A
Mg,n

where \; :=¢;(E;,,), j =0,...,g, are Chern classes of E, ,,, and 0 < jy,...,jm < g.
The degree-dimension matching now reads

(224) Y da+ D> g =3g-3+n.
a=1 b=1

We also denote by ch;(E,,), j > 0, the components of the Chern character of E,,,.
Mumford’s relation tells that even components of the Chern character must vanish.
The Hodge partition function [34] 46], [49] is then defined by

@) (i — e ¥ [ o)t

n
g,n>0
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where t = (tg,t1,t2,...) as before, ¢ = (01,03, 05, ... ) is an infinite tuple of param-
eters, and

(226) Qun(o) = exp (Z 251 ch2j_1(Eg,n)> :

Jj=1

Obviously, Zaw(t;e) = ZV*(t;€). The logarithm log Zo)(t;€) =: Foo)(t;€) is
called the free energy of Hodge integrals, for short the Hodge free energy. By definition
the free energy Fo(o)(t; €) admits the genus expansion:

(227) fQ(o‘) (t’ E) =: Z 62972 .FQg(O') (t) .

920

We call Fo,()(t) (g > 0) the genus g Hodge free energy.
Faber and Pandharipande in [46] obtain the following explicit formula for the
Hodge partition function:

B
(228) Zoo)(t;€) = e>21 @hyo2e-1Dk (Z¥%(t;¢)),

where B,, denote the mth Bernoulli number, and Dy, k > 1, are operators given by

9 2k—2

9, 0 € m
(229) Dy, = e > g+ 5 ) (=1)

i>0 i+2k—1 0

E

82
atmatQkafm .

3
I

This formula is interpreted by Givental [49] as a Givental group action, and is gen-
eralized from the viewpoint of Virasoro-like algebra in [72].

It was shown that the Hodge partition function gives rise to a T7-symmetric inte-
grable hierarchy of hamiltonian evolutionary PDEs, called the Hodge hierarchy, so
that the Hodge partition function is a 7-function for the Hodge hierarchy [I8] 19l
34, [45]. Roughly speaking, the Hodge hierarchy is an integrable perturbation of the
KdV hierarchy, with ¢’s being the deformation parameters.

The interest of this section will be focused on the following specialization of the
parameters in the Hodge partition function:

(230) oM = (¢ —=1)(2j -2)l¢¥ ", =1
Using relations between the Chern character and the Chern polynomial [34], we have
(231) Qyn(0PM) = Agin(20)* Agn(—q) =t Q7 (q)

where Ay, (2) = >27_; ;27 denotes the Chern polynomial of E,,. We call Hodge

integrals with QZ{’sCial(q) the special-Hodge integrals, whose significance is manifested
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by the Gopakumar—Marifio—Vafa conjecture regarding the Chern—Simons/string du-
ality [50l, 8], 67], and is discussed in [34, [35, [40, ©9] from the viewpoints of bihamil-
tonian structures and random matrices. We call Zgepeciai(g)(t; €) and Foepeciar(q)(t; €)
the special-Hodge partition function and the special-Hodge free energy, respectively.

The Hodge hierarchy [34] under the specialization (230)), called the special-Hodge
hierarchy, has the form

0 1
(232) 8_:: = ww + € (Ew”/—l— %w'w”)
' ¢ ¢ ¢ ¢ ) 6
nn / n 1/ n /' n ! 1/
E ' & € & 0
+e<240w —|—8Oww +16ww +18Oww +90ww >+ (€),
1 .
(233) gqf = ,—‘wlw' + O(), i>2.
i 7!

Here, w := €20}, (Fqsveca(g)(t; €)) is the normal coordinate, and, prime, ’, denotes the
derivative with respect to .

10.1. The Hodge-WK correspondence. The goal is to connect Zgspeciai(q)(t; €)
with Z%swecial(t;€). Let t and T be related by T = t.¢0gpecial as in (16]) with pgpecial
given by @ or (222). We have the following lemma.

Lemma 6. We have

(234) T, —0ia = Y All,m) ¢ " (b — Oma), 120,
m=0
where
1 o . (m
. . Nm—j (s ;
(235) Aliom) = gy Do ().
or equivalently via the following generating series
Zm

(236) T(z) = Y (tm— ) iz

m>0

02) (1= 3qz) (1= @m+ Dgz)

The inverse map is given by

(237) b = O = 3 POm ) " (Ti = 6i).
where )
(238) P(m,i) = (=1)™ Z(-z)m—j (Z) s(m, 7).

J=
Here, s(m, j) denotes the Stirling number of the first kind.
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Proof. Formula (234]) can be obtained via a direct verification. The rest of the proof
is an elementary exercise. U

It follows from the definition of Stirling numbers that the P(m,i) admit the gen-
erating function:

(239) Z P(m,i)z" = (z2=1)(2=3)(2=5) -+ (2 —(2m—1)) = 2™ (g—zmz_ 1)m,

and also that P(m,0) and P(m,1) have the more explicit expressions

3
L

—_

(240) P(m,0) = (=1)™(2m — 1!, P(m,1) = (=1)""'(2m — 1!l

<
é
[\
.
+
—

the first values of P(m,1) being 0, 1, —4, 23, —176, 1689.
The loop equation (102]) now reads explicitly as follows:

(241)
i (k) am—l ( m ) 8k—m+1 ( m ) aF}ngI?ecial
k20 met (1422 VA —v (1+22vVA —v Vi

ak 1 + 2q1} aF}ng)ecial
- (I1+2Xg)2(N—w) ) _ OV,

k>
62 m \ ]. + 2qU special
5 2 a( v )3( Vi-u ) U Vo Vi)
(1+2X)VA —v (1+2x)VA—-v/ )

+

k1,k2>0
Pspecia,
_ i Zak+2 1 th-g- 1 _ 1
16 (A —v)? oV, 16 (N —wv)?’

k>0

(Recall that “h.g.” stands for “higher genera” and refers to the sum over all contri-
butions from g > 0, while pgpecial is the function defined in (222)).)
We are ready to give a proof of the Hodge-WK correspondence.

Proof of Theorem[3. According to Definition [2]
ZPsoecial (T ) = ZV5(t,€) .

To show , it is equivalent to show

(242) Zgpecia(g) (T €) = Z#eeal (T ¢)

or equivalently to show for all g > 0, .ngpecial(q)(T) = Fy " (T). Let us first prove
their genus zero parts are equal, and by Theorem [f] this is equivalent to the following
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known fact for Hodge integrals:
(243) ‘FQf)pecial(q) (T) - .FO(T) .

Let us continue to show the higher genus parts of Fospeciai(g) (T €) and F#special (T €)
are equal. To this end, we first notice that both Fopeca, (T) and Fo e (T) for

g > 1 admit the jet representations. Indeed, for F, gOS"“”‘I( ) the jet representation is
given by Proposition ; for fﬂzpecial (q)(T), it is known from for example [34] [35] that

OE(T)
(244) .Fﬂslpecial(q) (T> = QipeCial(q) (E( )7 aTO ) ,
with
1
(245) ngpecial(q) (‘/07 ‘/1) = ﬂ log ‘/1 + 8 ‘/0 ,

and that for each g > 2 there exists

Fﬂzpccial(q) - szccial(q) (‘/i, ey %9—2) € Q[ ] |: ‘/vla ‘/'27 e 7‘/39_2] s

satisfying
39 2 specxal( )
(246) Z k Vk avk (2g - 2) Fﬂzpecial(q) y
aFpreual 3g 2 aFQspecial
g (9)
(247) g—2 @ Z a—vk = (39 — 3) Fypeciar(y) »
such that
OV(T)  9%-2V(T)
(248) Fﬂzpecial(q) (T) = szecial(q) ( 6T0 gee ey 8T5972

So, in order to show ngpecial(q)(T) = F,7*(T), g > 1, it suffices to show that
(249) Fogpecial ) = Fevecet

For g = 1, (249) is true due to (245), (78), ([222).

For g > 2, let us compare the loop equations. We use F} Qspecml(q) to denote

Qspeclal (q)

> g 629‘2Fﬂzpecia1(q). The following loop equation for F’, can be obtained
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from [35]:

B R0 G )

k>0 r=1
(aF]f?spcclal q) aFQspcclal (q) 82 Qspcclal (q) )
g-

7.2 (37 () ;
k1 k2 >0 P Vi, aVkQ 8Vk18Vk2
Qipeclal
_ & prof 1 OF 4. @ ¢ 1 0
16455 P! P2 Vi 4p? T 16Pt T

where P = /— 46)\2‘1‘/ and 0 = ), V4110/0V). Recall that the loop equa-

2q

tion (250]) holds identically in A and so holds identically in P. Note that

(251) a(P) = (qP+ ﬁ) .

Introduce

- 2qV_1
252 P=ecr="°
(5) e 2q ?

and observe that

(253) d(P) = <qP - i) Vi,

which has the same form as (251)). Therefore,

o0 20 () 5 (07 () ()

T

premal ) Qspecial( ) Qspemal( )
_f Z ak1+1(1)ak+1(N)(thg anh-g- ' +62 q)
2 P P aVkl asz aVkl 8%2

k1,k2>0

Qspecial()
€2 gh+2 L+4_q 0F,, " ¢ 1
Pt p?

Vi AP? 16Dt
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holds identically in P. Dividing both sides of [254) by (1 + 2Xq)?, we obtain

k k m—1 eqv/(l + 2)\(]) kemtl qu/(l + 2)\q) 8F}§2;I')ecial(q)
Z Z g % 1/2 0
" - =5) v,

e2qV _ 1/2
K m=1 (A — 5 (A— <50
N o 024V o F}?:’“‘al(q)
k>0 (1+ 2)\(1)2(/\ - W;) Vi
N f Z ghi+1 ( e?” /(1 + 2)q) ) gka+1 ( eV /(1 +2)q) )
e2aV — 1/2 e2qV _ 1/2
2 0 (A —=5) (A —57)
. aF}?:.)emal(q) aF}?;I.)eClal(q) + aQF}?;;.)ecml(q)
OV, OV, OV, OV,

Qspecial( )
. Zam( (1+2Xg)? >th.g. v 1 q°

16 A— Sy Vi 16(\— £o1)? A1+ 20g)2
2q

2q

special
This implies that F}? ; @) satisfies equation (241)). Since the solution to (241)) is
Qspecial

unique with (246), we conclude that Fy > = F "

k>0

@ The theorem is proved. [

We mention that for @gpeciai we have the following explicit v <+ V map:

e —
255 My(Y;q) = ——
(255) o(Ys5q) T
1 e M 1 w(Y; X q)?
256 _ G+ \f(V-g) L — 3 A
o 24 +;e G =5

with w = w(Y; \;q) = A+ -+ being the unique element in A+ C[Y, g][[A\]]\ satisfying

k
—qR(Y;w) __ . . w
(257) we 1 =\, RY;w):= E Yy R
E>1

Although it is not completely obvious, Theorem (3| is equivalent to the following
theorem obtained by Alexandrov.

Theorem B (Alexandrov [5]). Define an invertible t — T map by

(258) T, = Si(ty), i>0,
where S denotes the following differential operator

0 0
(259) S:Ztm+1%+q2(2m+1)tm%,

m>0 m>0
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and define a sequence of elements ¢, € Q[q] by

(260) co=c =0, cpn=Pim1)¢g""
with P(m, 1) as in (240). Then we have
(261) Zﬂspecial (T7 E) - ZWK(t, E) |tm,_>tm_cm7m20 .

To see the equivalence between Theorem |3| and Theorem B, first of all, it is an
elementary exercise to verify that the linear t <» T map defined by coincides
with the one given in equation specialized t0 Pspecial(V) = (€27 — 1)/2q. The
equivalence is then proved by using the relation .

Since the WK partition function Z%¥(t;¢€) is a KAV 7-function, Theorem [3| imme-
diately implies the following corollary.

Corollary. The partition function Zgspeciai(g)(t.Pspecial; €) s a KdV 7-function.
From (51)) we know that the Corollary can be equivalently stated as the following

Proposition A (Alexandrov [4]). The partition function Zgspecial (g (t\gospecial; e) s a
KdV 7-function.

Remark 14. Proposition A was obtained by Alexandrov in [4]. Alexandrov’s proof
in [5] of Theorem B was based on Proposition A. In an early version of the current
paper, we also deduced Theorem B from Proposition A before [5] appeared on arXiv
with a complete proof (different from Alexandrov’s), and also sketched a second
proof, not based on Proposition A but using the Virasoro constraints (58] instead,
which reduces Theorem B to a few elementary identities including e.g.

(262)

" 241 g EY
;ﬂ 5— Ali,m) P(n,i) — ; 3 B Zm A(i,m) P(n,i+2j —1)
2m + 1 (—1)n—m—t (2n + 1!
’ 2 ZMH o —m)n—m+1) 2 (2m — 1) =

The proof of Theorem [3| given here provides a yet different proof of Theorem B, again
not using Proposition A (and thus self-contained), but using the loop equations
instead. In this proof, we used a technique found during the preparation of the
paper [99] by Q. Zhang and the first-named author of the present paper of identifying
solutions to the loop equations (although in the end that technique was not given
there), whereas our earlier and less self-contained proof preceded [99].

10.2. Two applications. In this subsection we will give two applications of the
Hodge-WK correspondence.
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Application I. The WK-GUFE correspondence. Recall that the Hodge-GUE corre-
spondence was recently obtained in [35], 40] (see also [34]), which establishes a rela-
tionship between the special-Hodge partition function with ¢ = —1/2 and the even
Gaussian Unitary Ensemble (GUE) partition function (see |2, [11], 41, 54], 97, 98]). So

(263) Pspecial(V ) |g=—1/2 = 1 — eV
is now under consideration.
Let
(264) Z;GUEl(s; e) — 2721(76)7122/ e—%trMﬂ- ZjZISjtrMZde
H(n)

be the normalized even GUE partition function of size n [I1], 64, O7]. Here s =
(s1,82,-++) is an infinite tuple of indeterminates, € is an indeterminate, and ‘“nor-
malized” means that Z:“V"'(0;¢) = 1 for all n and e. According to [111 [54], 55, 56],
the logarithm log Z:"™ (s; €) =: F:°"!(s; €) has the expansion:

(265)  F:5UF(s;€) Z Z Z o(271, - 25k) 8j, - .. 85, n2 29 kHIl lil=k

>0 k>1 j1,....5k>1

where |j] := 71 + -+ + Ji, and

| . 21+ 2]
(266) ag(2j1,- .-, 2jk) = Z |A1ut(G)r ‘

GERibbg (2j1,--2j%)

Here Ribby(271, ..., 2j)) denotes the set of connected ribbon graphs of genus ¢ with
k vertices of valencies 27, ..., 2jx. Note that a,(2j1,...,2j;) vanishes unless 2 —
2g — k + [j| > 0. Therefore, logZCGUEl( €) € nQln, €|[[s ]]

Let x = ne denote the t'Hooft coupling constant [55], [56], and introduce

22 3 log z B,
267 —Z (1 _ _) _ o |
(267) v(2) = 5 (log 2 = 3 =+ ; 3g(2g — 2] 73

which satisfies the second-order difference equation

(268) Y(z+1) —29(2) + (2 —1) = logz

and for z large and integral gives the asymptotic expansion of log(1!2!--- (z —1)!) up
to an additive affine-linear function ¢’(—1) + log(27)z/2 [06]. Following [2], 40, 4T],
define the corrected even GUE free energy (for short the even GUE free energy),
denoted F¢VF(z,s;¢€), as follows:

(269) .FeGUE(x,S;G) — C( ) _'_ feGUEl( )
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where
@) Clae) =5 + 2 L
z,€) =v(= ——loge — — loge
) Y c 92 g 12 J
x? 3 log = €972p,
271 - (1 _ _> _ g
271) 22 U877 3 2 " ; 29 (29 — 2) 2262
We also define the even GUE partition function Z°U®(z,s;€) as e*" @9 From

the definition we know that F<V®(xz,s;¢€) € e 2Q[[z — 1, €*]][[s]] and Z°SVE(z,s;¢) €
Q((e))[[x — 1]][[s]]. For more details about the even GUE partition function see
(111, B2, 35, 140, 41, 54, 97, ©O8]. For k > 1, and j1,...,jr > 1, introduce the notation:

O T (s )
(272) (myj, ...my,)(x,€) = sy O L
Explicitly,
(273) (mj, ..omy)(we) = kU Y a2y, .., 2) 2?2 E 02
0<g<§l-5+3

The modified even GUE partition function Z™C""(xz,s;€) is introduced in [34] (see
also [40]) as the unique element in Q((¢?))[[z — 1]][[s]] such that

(274) Z°9VE(x,85€) = ZmeeUE (m - %, S; e) AR (m + %, S; e) .

This partition function also relates to the Laguerre Unitary Ensemble (LUE) or say
to Grothendieck’s dessins d’enfant [52, 101}, [102]. The logarithm log Z™“(z,s;€) =:
FmeSUB (g s €) is called the modified even GUE free energy, which has the form

1
(275)  F™S(x,si¢) = Blw,€) + Y il > b G €) 85 sy,

k>1 J1yeenJie 21

where

(276) B(z,¢) = 7(% ) +(e-7) + 5 log(2¢) 5 log(2e)

1 3z 5 53 2 599 ¢
277 :(—1 ——)———1 -
(277) 1987 T3) @ T 18 % T 381042 T 6451240
1

(278) <¢j1"'¢jk>(x>€) = 002/2 | o—edw/2 <mj1"'mjk>(x7€>v kyji,. gk = 1.
Recall that the Hodge-GUE correspondence says that the following identity holds
true in C((e?))([z — 1]]([s]}:

A(z,s)

(279) ZQspecial(_l/Q) (THOdge—GUE(I7 S), \/56) (& 2¢2 = ZmeGUE(:L,’ S, 6) 3
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where A(z,s) is the explicit quadratic series given by (9) and THd=~SUE(z ) is
27 ,
( ‘7) sj, 1©=>0.

Jj=1

defined by
EHodgefGUE(x’S) _ _1 + 51111 + I(Si’() + Z ji—‘rl

(280)

We are ready to prove Theorem [4
Proof of Theorem [ By using (279)) and .

Let us denote
2m — ! 2 nn
Flz) = ( QO M, mQj; ) (m > 2).

(281)
We will also use Witten’s notation (7., ... T, )
P gpm

(Tony -+ Tmn)g = |
Mg,n
on the logarithms of both

(282)
Performing the Taylor expansion with respect to sq, so, - -
sides of (|8]) and using the dilaton equation , we arrive at the following proposition

Proposition 6. We have

-z 1 33—z
283 4 — 1
(283) o T yle
£
292 (x — 1) (T0Tat1)g ( 2 )29—2+€(/\)+p
i Z ‘ p! Z mult(A\)! \3 — Hf1+,\s(x)
g,p>0 )\67339734”7 s=1
€
= B(:L', —) ,
V2
where B(x,¢€) is defined in (276), and for k,j1, ...,k > 1,
0 27 ’ 5 - 9, 0
(284) %( ;1) (x_ ) > D2 _die ( ;1) ( ?2)
€\ n+1 € J1tJ2\Nn J2
k
- Z Uml 7777 mp <$7 6) H €my, j;
mi,...,mp >0 i=1
€
<¢]1 Qb]k) (.T, E) )
where
o (2m 425 — D!
S T

(285)
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and for my,...,my >0,

(286) Uy (1,6) 1= > €72 (30;_!1)’)

920 p=0
£(X)

<Tg7'>\+17'm1 .. .ka>g ( 2 >29—2+€(>\)+k+p
" Z mult(\)! 3_ H fiea ().

AEPsg_34ptk—|m| s=1

For instance, using the coefficient of €72 of the left-hand side of (283]) begins

U o (R (SN
r— 1) 1507 5 I
! 5!1) {(3337) (%x_%>+g(3ix) (%“%) ] o

which is consistent with the expansion of % logz — %xQ as z — 1. (With the above
given terms one can check the agreement up to and including O((z —1)°).) Similarly,
using (1om2)1 = (1573)1 = 1/24 and (7275)1 = 1/6, the coefficient of € of the left-hand
side of begins

3—x

0 —gibas® ¢ 60 (=)

N (x—1)%[1 ( 2 >3<5!! 7!!) N 1 1< 2 >4<3 5!!)2 N
or |24\3_2) \8" %) Tea\z—z) 4t 4 !
which is consistent with the expansion of % logz as * — 1. The coefficient of €* of
the left-hand side of (283)) begins

0 (052 (o) + (52 (- ) (e )

TR S P

which is consistent with the expansion of —% 3525; as x — 1 by substituting (74)y =

1/1152, (1373)2 = 29/5760 and (73)s = 7/240 [97]. Let us present one more verifi-
cation. Recall that (my)(x,e) = x?/€%, giving (¢;)(x,€) = % — £. Using the

coefficient of €2 of the left-hand side of ([284)) for £ = 1 and j; = 1 begins

0 f ] S e D) - )
n 61,1{(96;!1)3[(3320)1 4 } +oeee 4 2<x_%),
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which is consistent with the expansion of 22 as x — 1.

Application I1. The WK-BGW correspondence. The Hodge-BGW correspondence
was recently found in [99], which gives a relationship between the special-Hodge
partition function again with ¢ = —1/2 and the generalized Brézin—Gross—Witten
(BGW) model (see [3, 13|, 53] 82]). Let Z<*“V(x,r;¢) denote the generalized BGW
partition function in the sense of [99] (it is denoted by Z(x,T;h) in [99]), which is
an element in C((e?))[[z + 2]][[r]]. Here z is the Alezandrov coupling constant, € is
an indeterminate, and r = (rg,r1,72,...) is an infinite tuple of indeterminates. In
particular, we recall that

9 292
12 = 29 (29 —2) 2%

2 log(—% 29-2(_9\g—1
(291) log Z°¥(z,0;€) = x_€<1og(_£)_g> | Jog(=3) €92(=2)7"" By,

For more details about the generalized BGW partition function see e.g. |44} Q9] 100]
and the references therein.
The Hodge-BGW correspondence says that

A
(292) Zo(—1y2) (T PV (2, 1)/ —de) e & = ZW(z,15€)
where A gew(z, 1) is the quadratic series given by , and

(293) iz‘;;HodgefBGW (.T, r)

i—1 . i
:—(—%) +5l,1+1‘5l70—22%(—2j;—1) ’I"j, ZZO
320

Both the WK partition function ZV¥(t;€) and the generalized BGW partition
function Z®%W(x,r;€) are particular 7-functions for the KdV hierarchy [44]. How-
ever, we would like to remark that the Hodge-WK correspondence is different
from the Hodge-BGW correspondence . This can be seen from the simple fact
that the change of the independent variables in the Hodge-BGW correspon-
dence is NOT invertible, while that in the Hodge-WK correspondence is part of a
group action and hence certainly invertible. As far as we know the WK partition
function ZV¥(t; €) cannot be obtained from the generalized BGW partition function
ZPSW(x,r; €) by just shifting the independent variables (vice versa). However, these
two different correspondences enable us to establish a relationship between 7V (t;¢)
and Z°®“V(z,r;€) (see Theorem [5| below). Of course, some important connections
between ZVX(t;e) and Z®W(x,r;€) were already known: the genus zero parts of
the WK partition function ZV¥(t;€) and the generalized BGW partition function
ZBSW(x,r;€) are different, but they are equal for genus bigger than or equal to 1 in
a non-obvious way. Indeed, for g > 1, the jet representations of the genus ¢ WK free
energy and the genus g generalized BGW free energy are the same, which is actually
the content of the Okuyama—Sakai conjecture [92] proved in [99, 100].
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We are ready to prove Theorem

Proof of Theorem[J. By using (292) and with ¢ = —1/2. O
Denote
2m — 1)
(204) gule) = P 2,

and denote by (wj, ...w;j,)(z,€) the generalized BGW correlators, i.e.,

OF log ZESY (z, 15 €)
2 LW =
( 95) <w]1 w]k>(:c, 6) 87“]'1 arjk

s=0
Similarly to Proposition [6] we have the following proposition.

Proposition 7. There holds that

(296) 5; 3 1 1og(—f)

24 2
£(N)
P 2g—2+£L(N\)+p
€)20-2 (z+2)? (ToTa+1)g (_2) 9
* Z ol Z mult(A\)! \ = HgH’\S (%)
g,p=>0 )\6733g73+p s=1

= log Z"V(x,0;¢€),

where the expression of log Z<*V(x,0;¢€) is given in (291), and for k > 1 and
j17"‘7j/€207

5 1 1 ) 1
(297) ’“21—(33 )+
e j\2p+1 i+l € ]1']2'(]1 +Jj2+1)
+ Z ml 7777 x € H Mg, ]z
0<m1<j1 ..., 0<mp<jpi
= (Wjr - wy ) (@, €),
where
_1)ym
(298) E,; = -2 <—)‘,
(J —m)!
and for 0 <mq < j1, ..., 0 < my < J%,
1 o9 (x4 2)?
(209) Vi (2,6) = Y (—4)7 12 o
9>0 p>0 ’
y Z (T TA+1Tmy - - - Tmg) g ( 2)29 2+6(N)+k+p ﬁ
mult(\)! x G (v

AEP3g_34ptk—|m|
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For instance, using the coefficient of €2 of the left-hand side of (296)) begins

I e L R o (GONE D]
[ ST )

which agrees with the expansion of jz*log(—%) — 222 as # — —2. Similarly, the

coefficient of € of the left-hand side of (296]) begins
1 T 1 2\2/3
o () e[ (G
(301) pplosl—g) + @+ )[24 2] \4"
N (x4+2)2]1 (_2)3<5!! >+1 1 <_2>4<3 )2 N
2 |24\ 2/ \8") T2\ z) 4" !

which agrees with the expansion of 1 log(—%) as ¢ — —2. The coefficient of € of
the left-hand side of (| - 296]) begins

)
sG] e+

Wthh agrees with the expansion of — 80 1 as ¥ — —2. Using (§6)) the coefficient of
2 of the left-hand side of - for k =1 and j; = 1 begins

e @;—w-zw )
Seaf Y] - God)

which is consistent with the expansion of /96 as r — —2.

11. THE HODGE MAPPING PARTITION FUNCTION

In the previous sections, we have introduced a G-action on infinite tuples, have
defined for any ¢ € G the WK mapping partition function associated to ¢, and have
associated to it the WK mapping hierarchy. In this section, just like the previous
constructions, for any ¢ € G we define the Hodge mapping partition function Zg(o_)
associated to ¢ by

(304) Zg(a)(T;e) = Z9(o) (T.go_l;e),
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which as we will see also has several nice properties. Here Zg(4)(t;€) is the Hodge
partition function defined in (225). Obviously, Z&O) (T;e) = Z#(Tje).
Recall that the Hodge partition function satisfies the dilaton equation:

0Z oy c,) (t;¢€) (9ZQ(0)(1:;6) 1 . 0Zg)(tse)
(305) > ot +e— 2 + 57 Zo)(tie) = —

>0
It follows the dilaton equation for the Hodge mapping partition function:

T;e€) 02§ (T; e) 0285 (T€)

. 02, Z
(306) ; + € o ﬂ o (Ti6) = oT,

The Virasoro constraints for the Hodge partition function can be found in [72]. So
it is possible to translate them to the Hodge mapping partition function, which we
will do elsewhere.

As before, the logarithm log Z5, _(T;e€) = fQ( )(T; €), called the Hodge mapping

(o)

free energy, has a genus expansion:

(307) Foo(Tie) = > 97°FE (T).
920

We call Fé’g(a)(T), g > 0, the genus g Hodge mapping free energy. By Theorem
and the well-known fact Fo () (t) = F3"(t) we immediately obtain the following

Proposition 8. For any ¢ € G, we have ]:gfo(c,) = Fy'¥.

For genus bigger than or equal to 1, it is known from e.g. [34, [43] that the genus
g (g > 1) Hodge free energy Fq, (o (t) has the (3g — 2)-jet representation, i.e., there

exists Fo, (o) (o, V1, .., V39—2;0), such that

OE(t) OPI2E(t)
308 F a't = F o Eta Yty _ ) ) 217
808 Fagolt) = Fo (B0, 50 o)

where E(t) is defined by (22)). We then have the following

Proposition 9. For g =1 we have the identity:

OE(T)
(309) FooT) = Foo (Em’ X ;”)’
with
(310) FY (V. Viso) = gV + log @ (V) + Za(V)
Qi)Yo VD T 24 g V1 16 & 24()0 .
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For each g > 2, there exists Fgg(a)(VO, ..., Vag_9; o) that is a polynomial of o1, ..., 0241,

Va, ..., Va9 and a rational function of Vi, such that
O*92E(T)
(311) .7:5 o) (T) = Fgg(a) (E(T)’“'7W;0>
Let
PFE . (Tse)
LY 2 Qo)\

(312) Ug(a)(T,E) = € T,
where X = Ty. This gives a quasi-Miura transformation
(313) Vs Uy =V + Y PR ),

g>1

which transforms the abstract local RH hierarchy Dg(v) = S(v)v; to

S’ "gr "
(314) Ds(U) = SUl + 62( U3 ((P + —+ 01905') Ul U2

8o 6 12
SO”QS/ (p///S/ + SO”S” S/// 0.1 N 3
_ — 0" | U .
+< o2 T 1oy tor Tog#S) U)o
where U = UQ(a' , and we omitted the arguments UQ(U) from ¢, ", -+ and from
S,8",8", -+, We call (314)) the abstract local Hodge mapping hierarchy associated

to . When v = 1id, we call (314]) the abstract local Hodge hierarchy.
Define Q"% o, (> S1(w), S2(w) € Oc(w), as the substitution of the inverse of the
quasi-Miura type transformation v w =+ €% 0*(Fo, (o)) in [¥ 515 +

2 go1 €905, Ds, (Fo, (o)) Similarly, define QF 775, 1), S1(U), S2(U) € O.(U), as the

substitution of the inverse of (313)) in f S15; + ZgZI € Dgl(U)DSQ(U)(Fng(a)).
The following theorem, which is a refinement of Theorem [2] gives a generalization
of Theorem (10| and some results in [18] [19] 34].

Theorem 12. The abstract local Hodge mapping hierarchy (180) have polynomiality:
for any S the right-hand side of (180)) belongs to AU& )[[62“1. Moreover, the elements

QL 2 S1(U), S2(U) € OL(U), belong to Az, [[]o.

Let us first prove Theorem for the case when ¢ = id. Indeed, similarly to
the proof of Proposition [5, by using the properties of the 7-symmetric hamiltonian
densities of the Hodge hierarchy [34] and the results in [14] [I8] [19], we arrive at the
following proposition.

Proposition 10. Theorem holds when ¢ = id. Moreover, the elements QH"dge) Sa(w)’

S1(w), Sa(w) € O (w), belong to Ayl[€*]]o-
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Proof of Theorem[13 First,

Ot
(315) 0=> %

m>0

Dumpmi = D /o= -

Here Dyym /m1, m > 0, are derivations of the abstract Hodge hierarchy. By Proposi-
tion (10| the element D = (w_l(w))(w) has polynomiality. Note that

ot;, Ot;
@, Hodge o 11 J1 Hodge
(316) QUi/i!,Uj/j! — 6Tz aTj wiljill,wjl/jﬂ )

i1,5120

4,j=0.

By an iteration, the 0,-flow for w with 0 = Ox as the spatial derivative is an evo-
lutionary PDE in Dubrovin-Zhang’s normal form. Since quifiz!’wh i € A€o
and by substituting the 0,-flow, we find that Q?U‘jszlhwjl Jju1 are power series of €
with coefficients being polynomials of Ox(w), 9% (w), ..., so are Q3 . This
implies in particular that U = U, = Q"™ = ¢~ '(w) + ... gives a Miura-type

transformation. So Qf,}/lf,dfﬂ it € Av[[€!]]o, and thus Qg;?&‘;%xm € Ay[[€*]]o. Finally,

Dsu)(U) = Ds) (271°") = (] 57) € Avlle]lr- N

We also verified Theorem [12] directly up to and including terms of €.
By using again the definition (i.e., using the quasi-Miura map), we find that the
abstract local Hodge mapping hierarchy (180) has the more precise form:

(317)
£(AN)+g—1

Ds(U) = a(/US + YN N VL), sm(U), .. ) SU(U) UA>,

g>1 AEPyy  j=1

where U = US(U), ij(ﬁl, ...} p1,. .. ) are weighted homogeneous polynomials of de-
gree {(A\) + g — 1 — j in variables ¢; and p; of weight i (i > 1), [;(U) are defined

in (117)), and m;(U) = o9;_1¢'(U)".
The abstract local Hodge mapping hierarchy (314)) can also be written in the form

0 [ his
(318) DS’(U) = pr(U) 51]7 ) S e OC?
where U = Ug(a), PP (U) is the operator given by

oU 1 1 1 1 oU
319) PA(U) = 1) =—=0do | = d+ =0 9o —
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and the hamiltonian density hf ¢ is understood as the substitution of the inverse of
the quasi-Miura transformation (313)) into (200). As before, P#(U) has the form:

® _ 2g p¥sldl @0 _ 1 1
(320) P1 (U) - Z gPl Qo) Pl;Q(cr) - 2()0/((]) 0d + do 290/((]) )
9>0
39+1

(321) leQ[ga) Z AQQ] Qo) i ’ Aggj () © O:(U) [Ul’ - Usgir, Ufl} o]

045,
(322) Z m Un, gj —22e) = (29+1- j)Agg,J‘;Q(U) :

m>1
We have the following conjecture.

Conjecture 3. For g > 0 and 0 < 5 < 39+ 1, the elements AQQ (o all belong to

A[Ung . Moreover, for i > 0, the variational derivatives of the ham@ltomans f hl;S

with respect to U belong to Ayl|[e]].

Motivated by the Hodge universality conjecture proposed in [34] (see Remark
and the classification work mentioned in Section [, we propose the following Hodge
mapping universality conjecture.

Conjecture 4. The abstract local Hodge mapping hierarchy is a universal object for
hamiltonian perturbations of the abstract local RH hierarchy possessing a T-structure.

Conjecture 4] generalizes Conjecture [2| as well as the Hodge universality conjecture
from [34]. Let us verify Conjecture 4| directly up to and including terms of order 8
in €. Indeed, the following Miura-type transformation

(323) w=MU) + > > C\(U)Ux + O(e")

k=1 AEPoy

transforms the abstract local Hodge mapping hierarchy (314)) to the standard form ((152))
up to €8, with U = U

(324) M(U) = / N

(325) ao(w) = M'(M~}(w)),
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and

Copy(U) = — 2L ()32

2U) = 21 e (U)"=,
01 " 90”<U)2 30(3)<U)
Cay(U) = ——/¢'(U U —
2 " 2 (3)
0 " O1  1(77\5/2 ¢"(U) e (U)
CylU) = —/¢' (U U — (U —
107 (U

Casy(U) = ~ 135791560 L go’éUi + more than two hundred terms.
Here the beginning relationships between the classification invariants ¢, ¢, - - - and
the Chern-Hodge-Mumford parameters oy, 03, - -+ are given by

o 20} — o3 160} — 200703+ 05

B6) 0 =gpm @ gugm o BT guypmen

We note that the relations in ([326]) coincide with the ones given in [34] (see also [17]).
Note that in [34], [I7] only the case with ag(w) = 1 (i.e., the case with ¢(V) = V') was
considered. But the results in this paper show that the above beginning relations
do not depend on ¢. In general, this independence of ¢ is expected. Note that

equations (326)) specialize to (172)) when the ¢’s are specialized by ([230)).

Remark 15. For each CohFT, A. Buryak [15] defined the double ramification (DR)
hierarchy, which is a 7-symmetric hamiltonian system [16] [I7]. For the trivial case
(the case when the CohFT is given by ©(0) = 1), the DR hierarchy coincides with
the KdV hierarchy. For the Hodge CohFT Q(o) (see (226)), it is conjectured in [15]
and refined in [I6, B34] that the DR hierarchy associated to §2(e) is normal Miura-
type equivalent [34, [45] to the Hodge hierarchy. Later it is shown by Buryak,
Dubrovin, Guéré and Rossi [17] that the DR hierarchy is the standard deforma-
tion with ag(w) = 1, and moreover, by an explicit computation in the DR side they
obtained the following conjectural relations between ¢’s and o’s when ay(w) = 1:

>‘g exp <Z 0251 Chgj_l(Egp)) , g Z 2.

Jj=1

(327) Go1 = (3g—2) /M

9,0

By the discussion given right above this remark, we conjecture this holds for all ¢
which makes the discussion more explicit. Using formula (327)) and the algorithm
in [34] for computing Hodge integrals (or the Hodge-GUE correspondence [34], [35]
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40]), we can compute more explicit values for ¢; in the following table:

) 1 2 3 4 5 6 7
, q q3 0 —1347 —59 ¢° 19 g1 1493 ¢13
4i | 3537151 | 373451 210345271111 | 2537527211131 | 211345172111131 | 29375372131171
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12. THE GENERALIZED HODGE-WK CORRESPONDENCE

In this section, by using the G-action and the Hodge-WK correspondence we obtain
explicit relationships between the WK mapping partition functions and the special-
Hodge mapping partition functions, and we investigate bihamiltonian structures for
the Hodge mapping hierarchy.

Theorem 13. The special-Hodge mapping partitions and the WK mapping partition
functions are related by

i — gy
(328) ZQspecial(q) - Z

where the two power series ¥ and ¢ are related by .
Proof. Recall from Section |10 that the Hodge-WK correspondence says
ZQspccial(q)(T; 6) — ZWK (T('D_l ) 5

special ) €

where we recall that @gpecia 1s defined as in (222)). Therefore,
ZQspccial(q) (T¢_1, 6) — ZWK (T¢_1 9} Sps_plemal? 6) - ZWK (T'((pspecial o w)_lﬂ 6) .
The theorem is proved. U

We call (328) the generalized Hodge-WK correspondence. From the definition, an
alternative form of (328) is

(329) Liypecin gy (bp3€) = ZV(t€)
where ¢ and ¢ are related by .

Let us consider the Poisson geometry behind this theorem. Indeed, via a bihamil-
tonian test, we find that up to order €%, the Hodge mapping hierarchy associated to an
arbitrarily given group element ¢) € G is bihamiltonian if and only if its parameters
have the specific values

(330) o3 = 30¢°, o5 = 1512¢°, o7 = 1836004¢".

This specialization is remarkable because it does not depend on 1. For the case when
(V) =V, we already know that the answer is the special-Hodge specialization (230)),
conjecturedﬂ in [34]. So we expect that the Hodge mapping hierarchy associated to

Y

01 = 3Q7

5About this known conjecture, the sufficiency part is proved by the Hodge-GUE correspon-
dence [35] but the necessity part is still open.
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¢ € G is bihamiltonian if and only if gy, | = ;]Pecl‘al = W — 1) (2; N g1,

j > 1, of which the first four values are the ones given in equation (330 . We call the
Hodge mapping hierarchy associated to i) with this specialization the special-Hodge
mapping hierarchy associated to 1. The following corollary gives the sufficiency part.

Corollary 1. The special-Hodge mappmg hierarchy associated to Y has a bihamilto-
nian structure with the Poisson pencil Q2 (Ugspeml(q ) + A Qw( Qepecial )) given by

an . 8U¢ y
1 i = -1 o epecil(q) ok ¥,[0] ¢ O qepecial(q)
(33 ) Q ( Qspeclal )) k;g ( ) a‘/,k (] 8 o Q (V) O a aw ,
1 e—299(V) 1 e—2qv(V)

332 QVOWV) = - 09+ 90—,
. N AT 20 (V)

oU? aUT/)

Qspcclal ) k w’[o] ¢ Qspcclal(q)
= 1) ——= _ )

(333) QZ ( Qspecnal )) k;() ( ) 8Vk 3 O Q2 (V) (@) a a‘/g ,
334 ,[0] % 11— e 299(V) 5 1 P 1 — e 299(V)
R T G AT (o
Proof. By Theorem [11] and Theorem [13] O

Note that, by definition, the Schouten bracket of Q2 ( Cepecial q)) A Qw( Gyepeci ))
and itself vanishes identically in A, so the non-trivial part of the above corollary
is about the polynomial dependence of the coefficients of both Qw( ) and
Qw( (yspecial q)) We also verified the polynomiality directly up to and including the

terms of order 8 in e. It also follows from Theorem [II Theorem [I3] and the com-
putation for ) that for any 1 € G, the central invariant of the Poisson pencil

Q% (Ul q)) + AQw( pecial (g ) is 1/24 identically in .
There can be choices for Qw(

Qspecnal q

Qspecial (g )), a = 1,2, for a pencil. Our choice satisfies

(335) Q3 (Upppecingy) + Qw( pvecin(q) = P (Ugppecia(g)) +

where P¥ (Uw

Qspecial () ) is defined in . Note that we did not choose either the
), but
we choose them to match with the Poisson pencil for the bihamiltonian Structure
for the WK mapping hierarchy, along the generalized Hodge-WK correspondence.

For the particular case when (V) = V' a similar but different choice was made

Qspecnl

Poisson operator Q¢( ggpeml(q ) or QQ ( Qspecial (g )) to simply be P¥ (U v
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in [34], where Q;Z’(Ugspecial (q)) was chosen to be —Pw(U;fspecial(q)) and Q%(U;ﬁ’special(q))
was chosen the same as above, giving rise also to the central invariant 1/24.

Before ending the paper, we would like to mention a generalization of part of our
constructions to semisimple Frobenius manifolds. This will be studied in a subse-
quent publication.

Let M be an n-dimensional calibrated semisimple Frobenius manifold. Denote
by Zy(t) and Za o) (t) the topological partition function of M and the Hodge
partition function of M, respectively. Here t = (t**),—1 . 1>0 is an infinite tuple of
indeterminates. Recall that the integrable hierarchies corresponding to the partition
functions ZM and Z M, (o) are the Dubrovin—Zhang hierarchy of M (aka the integrable
hierarchy of topological type of M) and the Hodge hierarchy of M, respectively. The
logarithm log Zy; =: F) is called the topological free energy of M, and log Zys o(0) =:
Fu, o) the Hodge free energy of M. Both Fy and Fj () have genus expansions:

(336)  Ful(t;e) = 2629_2]:]\/[&(1:), Far o) (ti€) = 2629_2.;:]\/[7(](0-)79(13).
9=0 g>0

In this more general context, the group G is replaced by a more general group of
affine-linear transformations whose linear part is close to the identity and such that
Far0(t) = Fur,0(e),0(t) is invariant under the transformation. For any such trans-
formation ¢ we define the mapping partition function of M associated to o as before
by Z2(T;¢€) := Zy(T.o s €) and the Hodge mapping partition function of M asso-
ciated to @ by Zy; oy (Ts€) = Zn, o) (Tt €). Since Z3r o) (T5€) = Z(Tse),
it is enough to study the Hodge mapping partition function of M. Let X = 7% and
let

) 82FA?Q(U)(T; €)

@ ) — _
(337) Us ar o) (Ti€) =€ axara0 0 ¥ 1,...,mn.

By the arguments similar to the proof of Theorem (12} we know that U7 M,Q(U)(T; €),
a = 1,...,n, satisfy an integrable hierarchy of evolutionary PDEs, which we call

the Hodge mapping hierarchy of M associated to ¢. We expect that this hierarchy
is hamiltonian. In particular, when o = 0 we call it the Dubrovin-Zhang mapping
hierarchy of M associated to ¢, which is bihamiltonian for reasons similar to the
proof of Theorem (cf. [45] 69, [70]). We also call Z;\Z’ Qspecial(q)(T; €) the special-
Hodge mapping partition function of M associated to ¢, and the integrable hierarchy
satisfied by Ui M, Qspecial(q)(T; €) is called the special-Hodge mapping hierarchy of M
associated to .
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