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Abstract We give a very short proof of the Bloch-Okounkov theorem on the quasi-
modularity of certain functions defined by sums over partitions, and also show how to
make their map sly-equivariant.
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1 Introduction and main results

Let & denote the set of all partitions. If f : &2 — Q is an arbitrary function, we
define the “g-average” or “g-bracket” of f as the formal power series

2 f(A) g™
1), = Z2 L Lo < i, 1)
res

where |A| denotes the integer of which A is a partition. If f has at most polynomial
growth in |A|, which will be the case for all of the functions we consider, then the series
in the numerator and denominator converge for all ¢ € C of absolute value less than 1
and we can consider { f)4 as a holomorphic function in the complex upper half-plane $
by setting ¢ = e(t) := ¢>™'* for T € §. In the language of statistical physics, one can
think of ( f), as the expectation value of an observable f in a statistical system whose
states are labelled by partitions and where the state A has energy |A| and is weighted
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by ¢!*!; then 27 /i would correspond to the reciprocal of the temperature multiplied
by Boltzmann’s constant, and the denominator in (1) would be the partition function
of the ensemble.

A wonderful result of Bloch and Okounkov [3] states that for a large class of
functions f (“shifted symmetric polynomials”; see Sect. 3 for details) the function
(f)q 1s a quasimodular form on the full modular group. (See Sect. 2 for the definition
and main properties of quasimodular forms.) That there is a connection with modular
and quasimodular forms is not really surprising, since the denominator in (1) equals
q'?* /n(v), where (1) = ¢g'/* HZOZI (1—g") is the Dedekind eta-function, so that (1)
can be written in the equivalent form

1 1
——(f), = 2 fGygHa, @)

n(t) oy

and itis well known that the 24th power and the logarithmic derivative of n are modular
of weight 12 and quasimodular of weight 2, respectively. Formula (2), together with
the well-known fact that derivatives of quasimodular forms are quasimodular, already
proves that ( f), is quasimodular (of mixed weight) when f (1) is a polynomialin [A|. A
less trivial example was discovered by Dijkgraaf [4] in the context of “mirror symmetry
in dimension one,” i.e., the problem of counting (in a suitable sense) generically
ramified coverings of a 2-torus having a given degree n and genus g > 2. The solution
of this problem, which is a special case of the general Hurwitz counting problem, is
given in terms of the g-bracket (v%g _2)(1’ where vr is the function that associates to
a partition A of n the value (constant, by Schur’s lemma) of the action of the sum of
all transpositions in G,, on the irreducible representation of G,, corresponding to A.
An argument using the language and methods of mathematical physics (see [4] and
Rudd [9]) indicated that this g-bracket should be a quasimodular form of weight 6g —6,
and a proof of this fact in mathematical language was given by Kaneko and myself
in [7].

The theorem of Bloch and Okounkov is a vast generalization of this special result.
For each integer k > 0 one defines a certain function Qy : & — Q, the first four of
these being

Qo) =1,  0i10) =0,  02() = Al =5, 030) =vr(d) 3

with vy as above. (The definition will be recalled in Sect. 3. Our notations differ
from those of [3].) We use the same letter Qj to denote both this function and the
corresponding generator of the formal polynomial algebra

Z=QlQ1, Q2,...]

in infinitely many variables; then any element f = f(Qi, Q2,...) € Z can be
considered as a function on partitions by setting f(X) = f(Q1(}), Q2(1),...) and
we can speak of its g-bracket ( f),. The result of Bloch and Okounkov is that this g-
bracket is always a quasimodular form on the full modular group, of the same weight
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as f if f is homogeneous, where & is graded by assigning to Qy the weight k. The
special cases mentioned above correspond to taking f in the subring of &% generated
by 0> and Q3.

Bloch and Okounkov gave two proofs of their theorem, a computational one closely
following the proof in [7] for the special case f = Q3" and a more conceptual one
leading to an explicit formula for all g-brackets in terms of determinants of matrices
of derivatives of theta functions, but both were quite difficult. In this paper we will
give a very short proof and some extensions of the theorem. Our main result is the
following identity, which leads immediately to a recursive way of computing ( f)4 as
a quasimodular form for any shifted symmetric polynomial f.

Theorem 1 Forany f inthe subring Ay, = Q[Q2, Q3, ...]of Z we have the identity
(p@r), =0. “

Here { ), : Qlgl1” — Qliq1l is defined by linearity, 6(z) € QllgIlz]] is the
Jacobi theta series

0(z) = Z(_l)[v] eV? qu2/2 (F =7 + %)’ 5)
velF

and 0 : £ — X is the derivation defined on generators by 3(Qx) = Qr—1, with
Qo= 1

The proof, which will be given in Sect. 4 after two preliminary sections on quasimod-
ular forms and on invariants of partitions, is extremely easy, because it turns out that
when one uses the definitions (2) and (5) to write the left-hand side of (4) as a double
sum over the indexing set F x 2, then the terms simply cancel in pairs under a simple
(albeit not very obvious) involution on this set!

In Sect. 6 we will show how to deduce from Theorem 1 the explicit formula of
Bloch and Okounkov for g-brackets mentioned above. The next two sections contain
the proofs of the two following theorems giving properties of the g-bracket of an
arbitrary element f € % as a polynomial in the Eisenstein series E; with coefficients
in the ring of modular forms: the first describes the leading term of this polynomial,
and the second gives its derivative with respect to E».

Theorem 2 For any k > 0 and any [ € %> we have

@k -3)

< f )q = W u(f )Eé + (combination of lower powers of E»), (6)

where p : # — Q is the ring homomorphism defined by u(Q,) = (1 —n)/n! and
where (2k —3)!! denotes the “double factorial” 1 x 3 x - - - x 2k —3) (with (= D)!! =1
and (=3)!! = —1).

Theorem 3 Let 0 be the derivation on quasimodular forms sending modular forms
to zero and E; to 12. Then

2], =42 - 9) 5), g
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for all f € %, where d is as in Theorem 1 and 9 : # — X is the second order
differential operator of degree —2 defined by

k+¢ 92
9 = _ . 8
2 ( k )Qk“anHan ®)

k,£>0

We use this result to define an sl>-action on % in such a way as to make the g-bracket
map equivariant (Theorem 6). Finally, in Sect. 9 we will show that, rather surprisingly,
the space of functions on & whose g-brackets are quasimodular is much larger than
the ring & and contains many other interesting elements, and also (again somewhat
unexpectedly) that this larger space is not closed under multiplication.

2 Quasimodular forms

We denote by M, = € My and M* =6 Mk the rings of modular and quasimodular
forms, respectively, on the full modular group I' = SL(2, Z) with rational Fourier
coefficients. We recall that an element of M} is a holomorphic function ¢ on the
complex upper half-plane $) satisfying ¢ |y = ¢ for all y € I and having a Fourier
expansion ¢ (t) = Z?zio anq™ with coefficients a,, € Q of polynomial growth, where

Plxy : H — Cfory = (Z 2) € I'is the function sending 7 € Hto (C'C-i—d)_k(b(%)

and where ¢ = e(t) := ¢2™'T, while a function ¢ € My is a holomorphic function
given by a Fourier expansion with the same growth condition but satisfying the weaker

transformation property that y — ¢|;y () is a polynomial in ﬁ for t € $ fixed

andy = (Ccl Z) € T variable. (This is not the definition given in [7], but an equivalent

one suggested by Werner Nahm. For more details, see Sect. 5.3 of [10].) The simplest
example is the Eisenstein series

n

By — n
Gi(t) = — _k + an_l 1 (k > 0 even, By = kth Bernoulli number),
2k — 1 —gq ©

which is a modular form of weight & if kK > 2 and a quasimodular form of weight 2
if k = 2. Both M,, and M, are rings and it is well-known that

M, =Q[Q,R], M,=M,[P]=Q[P, Q,R], (10)

where P, Q and R (Ramanujan’s notations for Ey, E4, Eg) are the normalized
Eisenstein series

P=-24Gy=1-24g—---, Q=240G4=1+240g +---,
R=—504G¢ =1—504q — -- - .
0? OR 44103 + 250R?

G]O = —— and G]2 =

F le, we have Gg = ——,
or example, we have Gg = oo 264 65520
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A basic fact is that the ring A7I* is closed under the differentiation operator

1 d d
D:_._:q_v
2mi dt dq

as can be seen either from the definition or from (10) together with Ramanujan’s
formulas

P2 — PQ—R PR - Q?
¢ p="27 b ="E2T an

D(P) = ) )
(P) 12 3

The operator D acts on ]l71* as a derivation of degree +2 (i.e., it raises the wgight
of a quasimodular form by 2). There are two further derivations W and 0 on M, of
degree 0 and —2, respectively, defined by W(¢) = k¢ for ¢ € My (weight operator
or Hamiltonian) and by 0(¢) = 12F'(P) if ¢ € M, has been written using (10) as
F(P) where F is a polynomial with coefficients in M, . These three operators satisfy
the commutation relations

[(W,D]=2D, [W,0]=-20, [0,D]=W, (12)
i.e., they span a 3-dimensional Lie algebra of derivations isomorphic to sl .

As well as the Eisenstein series, we will need another sequence of quasimodular
forms {H,},>0, where H, has weight n (and hence is zero if n is odd). They can be
defined inductively by

Hy =1, H =0, 4n(n+1)H,=8D(H,—3) + PH,—» if n>1 (13)

(orinclosed form H,, = ﬁ 2D+ }TP)’(I) ), the first few non-zero values being

P 5P2 -2 35P3 —42pP 16R
Hy=1 Hy=—, H4=—Q, He = Q-+ )
24 5760 2903040

A more natural definition of these forms is by the Taylor expansion

Q(Z) _ ~ n+1
70) —;Hn(m : (14)

where 6(z) = 6(z; t) is the Jacobi theta series defined by (5). To see the equivalence
of these two definitions, note that if we define H, by (14) then from (5) we get

@r + D10'(0) Hy = > (=)Mo g7/ = 2D)"0(0), (15)
velF

and (13) then follows from Jacobi’s formula 6’(0) = n3 (here n(t) is the Dedekind
eta-function as in §1, with n?* = (Q3 — R%)/1728) together with the differentiation
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formula D(n) = ﬁ Pn . Yet a third way to compute the functions H,, is by using the
formula

0/
z 2> Gk = (16)
0 (Z) k>0
(which follows from the Jacobi triple product) to get the identity nH, = =23 _ k<n

G H,—i/k! for all n, which together with the same initial conditions as in (13) deter-
mines all of the H,, recursively in terms of the Eisenstein series G. From formula (16)
and the modularity of G for k > 2 we see easily that > H,z" = ePe/24 > hyZ"
or Hy = > _ghn—2r (P/24)" /r! where the h, (hg = 1, ho = 0, hy = —Q/2880,
he = R/181440, ...) are now modular rather than quasimodular forms, given recur-
sively by ("3°) hugo = (D — &5 PY hy — 55 Qhys.

3 Partitions and shifted symmetric polynomials

As in the introduction, we denote by & the set of all partitions. Each partition is
represented as A = (Ay, Ap,...) with Ay > A > --- and A; = O for all but finitely
many j, or equivalently by a Young diagram Y, whose jth row consists of A ; boxes,
with total size |A| = D j=1 A j. Following Bloch and Okounkov (though with different

notations), for all A € £ we will now define invariants P, (1) € Z[%] and Q;r(A) € Q
(k = 0), related by

Pr_1(2) .
QoM =1, O = + B if k=1, (17)
(k — 1)
where Bp =1, 81 =0, fr = 2 .- are defined by the power series expansion
z/2 —
Al . 18
sinh(z/2) ;/3 " (18)

The numbers Py (A) are most conveniently defined in terms of the Frobenius coor-
dinates of A. These are the numbers (r; ay, ..., a,; by, ..., b;) where r is the length
of the longest principal diagonal contained in the Young diagram of X (or, in more
modern bibliometric terms, the i-index of a researcher whose jth most cited paper
has A citations) and the numbers a; > --- > a, > Oand by > --- > b, > 0 are the
arm- and leg-lengths (=number of cells to the right of, resp. below) of the cells on this
diagonal (see diagram). This gives us the “balanced fermionic set”

Partition A = (5,5,4,1)
Frobenius coordinates (3;4,3,1; 3,1,0)
— 7 3 1 3 7 9
Ov={-3-% 2232
(Po, P, Ps,...) = (0,15, 20, 13 410, 46355 )
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Coi={-bi—1 .. b —Lta+i . a+l} cF

where F = 7Z + % (“fermions”) as in (5). We then define the invariants Py (1) (k > 0)
by

r

P = D sgne) e =D [ (@ + HF = (=bi = D], (19)

ceC;, i=1

the first two cases being

Poh) = D sgn(e) =0,  PiG) = D el =D (ai+bi+1) = Al
ceCy, ceC;, i=1

(20)

To define the invariants Qy (1) we associate to 1 € & the set X;, = {A; — j + % |
Jj = 1} C F. Itis easily checked that the sets X, and C; are related by

FYOX=Cf = {ar+ 3. a1+ 3),
Fi\X)LZC)L_:{—bl—%,...,—br—%} (21)

and that the map A — X gives a bijection between &2 and %];), where ZF denotes
the set of all subsets X C IF that are bounded above and whose complements are
bounded below, and 3&”]19 C ZF the subset of those X for which the finite sets F™ N X
and F~ . X have the same cardinality. To any set X € 2F we associate the formal
generating series

wX(T)=ZTx e TY2ziT, T7']1. (22)

xeX

This series clearly converges for 7 > 1 and belongs to ;l—_/i + T'27[T~1, T1,s0that
it defines a meromorphic function Wy (z) and a sequence of coefficients { Ok (X)}k>0
by

Wx(z) := wx(e®) (z € C\2miZ),

Wx(@) = D 0x(X)Z" (0 < z] < 2m). (23)
k=0

Thus Qo(X) is always equal to 1 and Q1(X) = |[F™ N X| — |F~ . X] is an integer
that vanishes if and only if X € %”H?. For A € & we define Q; (L) = Qi (X;) and
W (2) = Wx, () =2 k=0 O (A)zk_l, and observe that the relation (21) immediately

implies the relation (17), since % = % for T = ¢*. In the example A =

(5,5,4,1,0,0, ...) illustrated above, we find:
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-2 7 3 5 _9 _ U
X)»—{2» 721 72> 2 7 27"'}7

—_ — —\—1
W, (2) =e9z/2 + 671/2 + 631/2 +e 5z/2 +oe 91/2(1 — e z) ,
— e e 102 B B SR

_ap 2, 2453 , 205 4 , 31055
—W+152+102 + T+ g e,

and we recover the values of P, (L) given before.
Toanyelement f € Z = Q[Q1, Qa, ... ] we associate functions (which we denote
by the same letter) f : 2% — Qand f : & — Q by

FX) = f(Q1(X), Q2(X),...),  fQ)=f(X5) = f(Q1("), Q2(4),...)

(these functions are called shifted symmetric polynomials) and hence also a g-bracket
(f)q asin (1). We have a similarly defined map f : 27 — Q, where 27 is defined
exactly like 2 but with F = Z + % replaced by Z (so elements of 27 are subsets
of Z that are bounded above and cobounded below). The following simple result will
be the key to our proof of the Bloch—-Okounkov theorem.

Proposition 1 The map (v, 1) — X = X, + v defines a bijection F x &P ~ %27,

with the invariants of X and A related by Q1(X) = v, Q2(X) = [A] — ﬁ + ”72 and
more generally

fX)=(E?f)n)  forallf € R, (24)

where 8 : £ — X is the derivation of degree —1 defined in Theorem 1.

Proof Translating an element X € 2 U 27 by v € F clearly multiplies wx () by
TV, so the invariants of X and X + v are related by

00 oo k j
Z Or(X +v) = U)X+v(ez) =e wy (ez) = Z(Z Qi (X) v_') 2!
k=0 k=0 *j=0 J:

or Qx(X +v) = (¢"? Q) (X). In particular Q1(X + v) = Q1(X) + v, so the map
(v, X) — X +v gives abijection IF x &V]FO ~ Z7 (and hence also F x & ~ Z7), with
inverse X — (Q1(X), X — Q1(X)). This proves the first statement of the proposition
and also the second for f = Qy, and this is enough since f > " f and f > f(X)
are ring homomorphisms and the Qy generate the ring % . O

4 A recursive formula for the Bloch—Okounkov bracket

In this section we prove Theorem 1 and show how it implies the Bloch-Okounkov
theorem.
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Proof of Theorem 1 From equations (2) and (5) and Proposition 1 we have

@), _ ST DM )y gHTRH2 = S IQ £ (x) 200
n(t) )\veg XG%Z

for any f € Z, and this vanishes if f € A, because the involution 27 — 27
defined by

XHx*:[X\{O} if0€ X, 03)
XU{0) if0¢ X,

changes wy (T) by 1 and hence changes Q1(X) by &1 and leaves Q4 (X) unchanged
for all k£ > 2, so that the terms in the final sum cancel in pairs. O

Corollary (Bloch-Okounkov theorem) The g-bracket {f), belongs to My for any
fe Py .

Proof The assertion is obvious for k = 0 (because Zy = Q - 1 and (1), = 1) and
for f € Q1% (because Q1(1) = 0 for every partition), and one shows easily using a
lexicographic ordering of the monomial basis that % for k > 0 is the sum of 3 (Ag41)
and Q1% —1. Hence we can assume that f = 9(f}) for some f| € Agyi. Then
applying (4) to f1 and using (14) gives the identity

5P2-2Q

_S "), = 1), + o (8
0= Z H,(7) <a (f)>q - (f)q + 24 (a (f))q * 5760

n=0

(*n), + -
(26)

This proves the statement by induction on k since 8" (f) has weight k — n < k for
n > 0. O

5 Examples and discussion

Before continuing, we digress to make a few remarks concerning various aspects of
Theorem 1 and its proof.

The first comment is that the involution (25) used in the proof of the theorem
corresponds under the bijection 27 ~ F x & to the bijection on F x & sending
(v, A) to (v*, A*), where

vi=v+1, AM=01+1,.. ., -1+ 1, A1, Akga, - L) if —veX,,
Vi=v—1, A= — Lot — Lk+v =3, A dksr, .0 B —v g X,

with k > 1 defined by A —k + % = —vinthe first case and by A1 — (k — 1) + % >
—v > A —k+ % (or simply —v > A — % if K = 1) in the second. We originally
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found the above proof in terms of the complicated map (v, 1) — (v*, A*), which was
discovered experimentally, but verifying that it is an involution and that it leaves the
quantities |A| — 2 /2 and more generally (e"3 Or)(X) (k = 2) invariant requires some
work, and the version given here using the bijection of Proposition 1 is much simpler
and more natural.

Secondly, we want to emphasize that the method of proof given here is com-
pletely algorithmic: any shifted symmetric polynomial of positive weight can be
written explicitly, though non-uniquely, as the sum of a multiple of Q;, whose g-
bracket is 0, and an element f € d(A,), for which one can compute the g-bracket as
— > =0 Hn(3" f)4 by Theorem 1. This is very effective and easy to program. As an
illustration, we have included a small table of g-brackets in an appendix at the end of
the paper.

As an example of how such calculations work, we say a few words about the case of
the g-brackets of powers of Q3 = vr, i.e., the original Dijkgraaf example. Here Theo-
rem 2 says that the expansion of the quasimodular form A, := (Q%”)q € Mg, begins

_y (6n —=3)!!

An=(—1)n1W Sn SRR

which was Theorem 2 of [7], but in fact we can use Theorem 1 to get a complete
description of the functions A, via a recursive set of differential equations. To do this,
we use that the subring Q[Q», Q3] of Z is closed under the derivation d and that
multiplying an element of % by Q> corresponds to applying D + G to its g-bracket
(eq. (37) below), getting after a short calculation

D Luw(An/Cm)) =0 (n>0),

m=0
where L, : 1\~4* — M*+6r+2 is the differential operator

. _2’2*:1 (6r — 25 + 3)!
T & e — s+ D!

Her 2542 (D + G2)*.

Finally, we make a few remarks about the formalism for partitions explained in
Sect. 3. The set 2 of subsets X of [F that are bounded above and whose complements
are bounded below is reminiscent of Dirac’s famous “sea” of negative energy particles,
in which the vacuum corresponds to all negative energy states being occupied and
all positive energy ones empty, and electrons and positrons correspond respectively
to filled positive energy states and to “holes” in the sea of negative energy states.
This model works because the electrons are fermionic and obey the Pauli exclusion
principle, so the mathematical version of it is a vector space generated under creation
and annihilation operators from a vacuum state --- A e_s5/2 A e_3/2 A e_12 and in
which each element X € 2ZF corresponds to the infinite wedge A , .y ex. In fact, this
corresponds to the point of view taken by Bloch and Okounkov, whose paper contains
the words “infinite wedge representation” in its title and uses several notions coming
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from conformal field theory and other parts of mathematical physics. The definitions
and arguments given in Sects. 3 and 4 here are elementary and do not need any of
these concepts, but they seemed worth mentioning. In the same vein, the interaction
between subsets of I and 7Z that played a key role in the proof above may perhaps be
viewed as a kind of very naive form of supersymmetry.

6 Comparison with the Bloch—-Okounkov formula for ¢g-brackets

Since the Qy generate the ring %, knowing (f), for all f € Z is equivalent to
knowing the generating function

Fa(zt,ozn) = (W) W), = > (o Qg !
27

(a Laurent series in n variables) for all n > 0. Here “W(z;)” is the function A
W, (z;) from partitions to Laurent series in z;, where W, (z) = Z,fio Qk()»)zk*] as
in Sect. 3. Bloch and Okounkov give the value of the generating function (27) as the
full symmetrization > e, Vn(Zz(1), -+ Zz(n)) of asimpler function Vy, (z1, . . ., 2x)
that is defined as the quotient of a certain determinant of derivatives of 6(z), evaluated
at subsums z = zj + - - + 2z, (0 < m < n), by the product [, _; 0(z1 + -+ + zZm).
Essentially by applying Cramer’s rule, they rewrite this formula for V,, as the recursion

n

(_l)nim (n—m)
S0 G e+ 2) Vi zn) = 0 foralln > 1 (28)

— (n —m)!

(p- 30 of [3], with a sign corrected) with the initial condition V() = 1, the first three
cases being

6'(0) 0'(z1) Vi(z1) 0'(0)  0'(z1)
Vie) = ——, Valz1,22) = = . (29
0(z) 0(z1 + 22) 0(z1 +z22) 9(z1)
0'(z1 + 22)Va(z1, 22) — 30" (2)Vi(z1) + £6”(0)
Vi(z1,22,23) =
0(z1 + 22+ 23)
_ 0'(0) (9’(11) 0'(z1+2z) 1071 2)
O(z1 +z22+23) \O0(z1) O(zi+z2) 2 60(z1) 247
(30)
Symmetrizing the recursion (28) with respect to the n variables zy, . . ., z,, and observ-
ing that there are (n —|7|)! numberings of the elements of the complement of a subset /
of {1, ..., n}, we obtain the following equivalent formulation of Bloch and Okounkov’s

formula for the generating function F,,.
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Theorem 4 The functions F,,(z1, . . . , Zn) are determined recursively by the equations
> e (3 n) Fnlfad) =0 =D, G
I1<{1,...,n}

together with the initial condition Fy() = 1.

We will show in a moment that the recursion (31) is equivalent to Theorem 1
(which was in fact discovered in this way, with the easy direct proof noticed only
afterwards). But we show first that we can also rewrite this recursion in the form of the
following simple recursive axiomatic definition of the Laurent series F},, where in the
final axiom we have used the notation [G]™ to denote the strictly-positive-exponent
part of a Laurent series G in several variables.

Theorem 5 The functions F,(z1,...,z,) (n > 0) are the unique Laurent series
satisfying:
1) Fo() = 1.
() Fu(z1,...,zn) is symmetric in all n arguments.
(i) Fy(z1,...,20) = Z_ n—1(21, -5 20—1) + O(zp) as z, — 0.

n
(iv) [9(11 + -+ z0) Fu(zy, ...,zn)]+ = Oforalln > 0.

Proof That the F,, satisfy (i) and (ii) is clear from the definitions, and so is (iii)
if we remember that Q; = 0 on 2. Property (iv) is immediate from (27) since
none of the terms with / C {1,...,n} contain all n variables. For the uniqueness,
we proceed by induction. Suppose that F,; is another solution and that F), = Fy
forn’ < n.Then F,f = F,+ G, where G,,(z1, ..., 2,) is O(zy - - - z,) by (ii) and (iii),
00=1[0(z1+ -+ 2:)Guz1,....2)]1 =01+ -+ 2,)Gu(z1, ..., Z0)- O

Equivalence of Theorem 4 and Theorem 1 The truth of equation (4) for all f €
Ay = Q[02, O3, ...]is equivalent to its truth for the generating function

n

f= Z Ok, -+ Ok, Z]fl_l"'zfz”_l = H(W(Zi) - Ql)

kiyeoskn >0 i=1
k1 krﬁé]
for all n > 0, where z1, ..., z, are formal variables. For this f we have

A, = e wen =), = >, o e An{aen),

i=1 1<{1,....n}

where z; denotes »_;; z;. This in turn implies that

(h@r), = >, MR E Ry ({zidier)

I1C{1,...,n}

for any power series A (z). Taking i = 6, we obtain the equivalence of (4) and (31). O

@ Springer



Partitions, quasimodular forms, and the Bloch—-Okounkov theorem

7 The leading coefficient of the g-bracket

In this section and the next one we will prove Theorems 2 and 3 as stated in the
Introduction. The second of these implies the first, but we nevertheless prefer to prove
each theorem separately. We make the preliminary remark that the extension of the

“double factorial” n!! ;= n x (n —2) x ---3 x 1 (n > 1o0dd) to (—1)!! = 1 and
(=3)!! = —1 as given in Theorem 2 is the natural definition, forced by the functional
equationn!! = n (n—2)!!. These values only play arole in Theorem 2 in the casesk = 0

and k = 1, where we know the theorem anyway, since (1); = 1 and (Q2)y = ﬁP,
but the consistency of the definition of the double factorial is important for the proof,
which uses an induction over the weight. _

We first restate Theorem 2 in a more convenient form. Let 7 : M, — Q (“top
term”) be the map defined by ¢ = T(¢) (—E2/ 12)]‘ + (lower-degree terms in E»)
if ¢ is a quasimodular form of weight 2k. Equivalently, 7' can be defined as the ring
homomorphism from Q[P, Q, R] to Q sending P = E> to —12 and Q and R to 0.
Then Theorem 2 can be rewritten as the identity

T((f),) =—@k=3Nuf) k=0, feRu). (32)

To prove it we will need two lemmas, which we now state. The first is a simple identity.

Lemma 1 For any integers k and r with 0 < r < k we have

)12k = 2r = 3)N 2kt 12r+2 gy
(=D ( r—3) ) (33)

_ Res;— i ———
27 Qrrnl o= 1((1 2k

Proof This formula, which can be written as a binomial coefficient identity by setting
t = —1 + € and expanding the expressions (1 — )¥+2 and (1 — 6/2)_k_1 by the
binomial theorem, can be proved in several ways. We indicate two of these briefly,
leaving the easy details to the reader. The most direct way is to use gamma function
identities, Euler’s beta integral and Cauchy’s residue theorem to write

Qk—2r =31t @r +1)! _ Tk—r— T +3)
25 r! k1 2r Tk + 1)

1 00 u2r+2 du u2r+2 du
= —_— —_— .ReS =\
21 Jooo (1 + u2)k+1 ! "—’((1 + u2)k+1)

as desired (set u = —it). However, this works only if 0 < r < k — 1, since the
integral diverges when r = k. The second approach is to note that, if we denote the
residue occurring in (33) by R(r, k), then we have the two Pascal-triangle-like identities
R(r,k)—R(r+1,k) = R(r, k—1) (obvious)and 2r+1)R(r—1, k—1)+2kR(r, k) =
0 (integration by parts), and using these one can reduce the general case to the case
(k, ) = (0, 0) by induction over r and k. m]

Lemma 2 For any fi € Aax+1 the polynomial u(e’afl) € QIlt] is divisible by
(r + DFHL
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Proof From the generating function

Z“(etaQ”) Zn—l — M(etaW(Z)) — ,u(etzW(z)) — 2 Z
n=0 n=0

_ =z e

Z

we get the closed formula

4+ 1" — n(t+ 1)
- n!

,u(etaQn) (n>0).

This is divisible by ( 4+ 1)"~! for all n > 1 and hence by (r + 1)/ for all n > 2.
Since both ¢’? and 1 are ring homomorphisms, it follows that (e’ d ) is divisible by
(1 +1)"2 forall f € Aj. The lemma is just the case h = 2k + 1 of this assertion. O

Proof of Theorem 2 As in our derivation of the Bloch—Okounkov theorem from The-
orem 1, we use the fact that the ring % is the sum (not direct) of the three subspaces
Q- 1, 01 %, and 3(A,), so that it suffices to prove equation (32) for f belonging
to any one of these three spaces. For the first two, it is obvious: if f = 1 we use
(1) = 1, u(1) = 1 and (=3)!! = —1, and if f is divisible by O then the expres-
sion on the left is zero because f vanishes on all partitions and the expression on
the right because u(Q1) = 0 and p is a ring homomorphism. If f = d(f]) with
f1 € Agiy1, then we have equation (26). Applying the ring homomorphism 7 to it,
and using that T (Hy,) = (—1/2)" /r! (which follows easily by recursion from (13),
and even more easily from the remark at the end of §2, which shows directly that
T(Z H,,z") = 8_22/2), we find

ad y & (=1) 2k —2r — 3!
0=1(X e (n),) L3 ECEEI e ),

!
r=0 r=0 2'r!
(34)

where in the second line we have optimistically used (32) to rewrite each term T'({ - ),)
in terms of . But now we see that it suffices to prove the vanishing of the expression

9
w_t 9

on the right, since the equality indicated by “=" is true by induction on the weight
for all terms with » > 0 and the r = 0 term is precisely the identity we are trying to
prove. And indeed, from Lemmas 1 and 2 we obtain

) . tu(e f1)dt
Right-hand side of (34) = — 2K+ 1kt Res -y (% =0.
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8 Relation of the g-bracket to the sl-action on quasimodular forms

We now turn to Theorem 3, which we restate as
o(f), =(Df), forall f e (35)

with D = 1(2 — 8%), where 8 = 300 ( O 3/3Qm+1 as in Theorem 1 and 2
is the second order differential operator defined in (8). For the proof we need some
properties of these operators.

Lemma 3 The differential operators %, 9, D = %(9 — 3% and E =
> m Qud/3Qy (Euler operator on %, acting on %y as multiplication by k)
satisfy the relations

(@ D(Q1Z) € QW Z.

(b) D and 0 commute.

(©) Z(Ay) © A

(d Im(D + %E(E —3)) c Ker(n) (u:Z — Q asin Theorem2).
@ [D, Q] =E — Q13 — 5.

Proof (a) From the definition of D we have

2D = _ B
k,;o(< k ) Qi QkQZ) 00k+10Q0¢41 Z O d0k12

k=0
(36)

But the first sum can be replaced by one over k, £ > 1, since the terms with k¢ = 0
vanish. The resulting expression for D contains no derivatives with respect to QO
and hence is Q[ Q1]-linear.

(b) It suffices to prove that Z and d commute. We have

[ }

=0mkit—1 Okt1 = —Omkt1 Okt —————
i 801900 T T 90428004

82

— Omoq1 Okt ———————
e 00k+100¢42

and hence, summing over all k, £, m > 0,

[37@]21(%0((%@) - (k+]l;—1) - (k+ﬁ—1)) .

82

X———— =0.
00k+100041
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(c) This is obvious from the definition (8), since the terms with k = 0 or £ = 0 vanish
when applied to an element of A, and the factor Q¢ belongs to A, if k and £
are both strictly positive.

(d) We have

k+4-—2
2D + E(E —-3) = Z [( :_1 )Qk+£—2 — Qk-1Q¢-1 + kéQsz]
k> 1

82

EM%8Q(+—§Z[¢% >+ k(k — :DQ@

k>1

00k

The images under u of the two expressions in square brackets are given respec-
tively by:

B-k—0—-Q2-kQ2—-0+(1—k(—20

k—DIE—1) =0
~k=DB-hH+ k=31 -k _
(k — 1) o

and since p is a homomorphism, this shows that /L((D + %E(E — 3))f) = 0 for
all f € Z.
(e) Multiplying out (36) we find

2 2
0 Iy 0
oY e) e o0
003 900>
where “- - - ” denotes terms that contain no Q»-derivatives and hence commute with

multiplication by Q». The assertion follows from this and the relations [E, Q»>] =

2Qzand[d, O2] = Q1.
o

Proof of Theorem 3 We use for the third time the same principle as in the proofs of
Theorem 2 and of the Bloch—Okounkov theorem, namely, that it is enough to prove (35)
for the three cases f = 1, f € Q1%, and f € d(A,). The first case is trivial, and
the second follows from part (a) of Lemma 3, which implies that both sides of the
equation vanish in this case, so we can assume that f = d(f;) with f; € A,. Then
as before equation (26) holds, and if we apply 0 to both sides of this equation, using
that 0 is a derivation and that it sends H,, to %Hn_z for all n > 0 (which is an easy
consequence of the inductive definition (13) or of the final remark in §2), we find

— D(Z H2r 321‘ ) ZHZV ( aZr ))q + % (82r+2f>q)

and, just as in the proof of Theorem 2, that by induction on the weight it suffices to
prove the vanishing of the expression on the right in this formula. But by part (b) of
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Lemma 3 we have 2D(3% f) + 82 f = 23! f1) = 3* (2 1), and since
2 f1 belongs to A, by part (c) of the lemma, the required vanishing is an immediate
consequence of Theorem 1. O

Note that in this proof we used only parts (a), (b) and (c) of Lemma 3. We use
property (d) to prove the already-mentioned fact that Theorem 3 implies Theorem 2.
Indeed, from the definition of T'(¢) (=coefficient of (— 15 E>)¥ in ¢ if ¢ € May) it
is clear that T (0¢p) = —kT (¢) for ¢ € ]l7[2k, so from Theorem 3 and part (d) of the
lemma we get

~kT((f)g) =T@(f)q) = T((Df)g) = —Ck =N u(Df) = k (2k — ) n(f)

for f € %oy if Theorem 2 is true for D f, showing that Theorem 2 then also holds for f
and hence is true by induction on the weight. Finally, property (e) is needed for the
compatibility of Theorem 3 with the sl>-action on M « introduced in §2. Recall that this
action was defined by the three derivations D (differentiation with respect to 2wit),
W (multiplication by the weight) and 0 (differentiation with respect to é P = ﬁ E»),
with the commutation relations (12). The action of these derivations on g-brackets of
elements from & is given by

Dif), =(021), + 5glfly WUl = (ED),.  3lr), = (D), 67

where E = > (m Q,,; 3/ Q,y, is the Euler operator on % as before. The first of
these formulas (also, of course, pointed out and used in [3]) follows directly from
the definition (2) of the g-bracket and the fact that D(n) = Pn/24, the second is the
homogeneity statement in the Bloch—Okounkov theorem, and the third is equation (35).
From these formulas and part (e) of Lemma 3 we get

(00 — o0 + W), = D((P(),) - 2({eaf), + 5:(7),) + (E),

P P

={02D(N), + 3, (D), = (D(Q21), = 3P,
+(E = D),

={213(/)), =0

for any f € %, verifying the consistency of (37) with the sl,-commutation rela-
tions (12).

We would like to extend this idea further by defining an action of sl, on shifted
symmetric polynomials themselves, not just on their g-brackets. The first problem is
that, as the above computation shows, the commutation relation would no longer hold
with the obvious definitions, because the expression Q19 ( f) vanishes only at the level
of g-brackets, not in % itself. This can be fixed by noticing that (37) remains true if
we replace the expressions (Q> f), and (D(f))4 in the first and third formulas by

((Q2 — %Q%)f)q and (D(f) 4+ Q10(3 f)/3Q2),, respectively, since the g-bracket
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of any element of Q; - Z is zero. Making this replacement and repeating the above
computation, we indeed find that the unwanted term Q1 acf)  goesaway. This suggests
mimicking the operators D, W and 0 by operators D, W and D that are defined initially
for f € Z by

~ 1 P .
D(f) = (02— 50+ 37) £ W) = Eh.

Af) =Df) + Qi j(é)f) (38)

and then extended to M, ®g Z = Q[P, O, R, 01, 02, ...]by

X@H=X@) f + ¢X(f) VXesh ¢pecwM., feX (39)

where for simplicity we write simply ¢ f rather than ¢ ® f for the tensor product of
¢ € M, and f € Z. This indeed works, in the sense that these new operators satisfy
the commutation relations (12) (with each X replaced by X ), so that they define an
sly-action on the tensor product M, ® Z, but it is still not quite satisfactory because
the subspace Z of this tensor product is not preserved by the action, because of the
term involving P in (38). This term, of course, comes from the corresponding term
in (38), i.e., the problem is due to the fact that the image of Z is not closed under
the action of sl on quasimodular forms. But if we remember that the term 21—4 P{f)q
in (38) comes from differentiating the factor n (t)~!in (2), then the solution becomes
clear: we must not work with the g-bracket defined in (1) (sum of f over partitions
normalized by the sum of 1 over partitions), but rather with the “naive g-bracket”

— Z f()\)CIQZ(A) — % c lM* (40)
o n(t) 1

(sum over partitions without any normalization). Then the t-derivative of the g-bracket
is again a g-bracket. The price we have to pay is that this “naive g-bracket” no longer
takes values in the ring M,, but in its isomorphic image 7n ~1M,, which is no longer
aring (but this is not very serious, since the g-bracket was not a ring homomorphism
anyway), and also that we have to shift the grading in % from k to k — % in order for
the new bracket map to be compatible with the grading. In other words, we can remove
the term P f/24 from the first equation in (38) at the expense of adding a term —% f
to the second equation, and this gives sly-actions on both &% and its tensor product
with M, making the new g-bracket sl-equivariant. We summarize this discussion as:

Theorem 6 The operators W, D andd defined on % by

_ 1 . ~
D=Q2—§Q%, W=E — a=D+Q1a 0d, 41)

1
>
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and extended to M, ®q Z by (39), define actions of the Lie algebra s\ on these two
spaces, and the modified q-bracket maps from % and M, ® Z to n_lM defined by
f (f) and ¢ f +— ¢<f> are both sly-equivariant.

9 Functions having quasimodular or nearly quasimodular g-brackets

The statement of the Bloch—-Okounkov theorem, that the g-bracket of any shifted
symmetric polynomial is quasimodular, seems like such a definitive statement that
one feels this should be the end of the story. In this final section of my essay on
their theorem, I would like to make clear that this is far from the case: not only is
there a considerably larger class of functions having g-brackets that are only “nearly”
quasimodular (explicitly, they are polynomials with quasimodular coefficients in the
function log(q).o, Which has a quasimodular derivative but is not quasimodular itself),
but, what is perhaps even more surprising, there are very many more functions on
partitions that have quasimodular g-brackets than just the elements of the ring A, or Z.
The simplest example of such a function is given by the moment function

i
St =D M7 (k> 0even, h=(h,.... 1)) € P) (42)
i=1

((k—1)st moment of the parts of A). Indeed, writing A as 1”122 - . . where r;,, = r;, (1)
denotes the number of parts of A equal to m, we have Sy_1(A) = >, | I'm (Amk=1,
SO Zlkl=n Sk—1(A) = 251 m*=IN,, (n), where N,,(n) = Zm:n 7 (1) denotes the
total number of parts of size m in all partitions of n. But the generating function of
Ny, (n) for fixed m > 1 is clearly given by

m

00
1
N, no_ 1424 mrpy A — q . , 43
gj n(n) q > rwg T=a 7 I @

e i#m

a formula that can be written more succinctly in terms of g-brackets as (ry), =
q™ /(1 — g™). (This easy calculation can be found in many places in the literature.)

Multiplying by m*~! and summing overallm > 1, we immediately obtain the formula
00 00 m
(Se-1), = D> m* ), = Domh T — i GY (k=2even), (44)
m=1 m=1

where Gg = Gy + Bi/2k, the kth Eisenstein series without its constant term. This
equals (1 — P)/24 for k = 2 and is the sum of a modular form of weight k and a
constant if £ > 2. Thus the g-bracket of S;_ is a non-homogeneous quasimodular
form for every positive even integer k. But the functions S;_; themselves are not
in general in the Bloch—-Okounkov ring A, (or £, which is the same as a space of
functions on &?). For instance, one sees from the table given at the end of this paper
that the unique element of A4 having G4 (= Q/240) as its g-bracket is Q% +204.
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The g-bracket of the function A — S3(1) + 2}*0 is also equal to G4, but these two

functions differ already on 42, : the function Q2 + 2 Q4 takes on the same value 1224%1

on both partitions (1, 1) and (2) of 2, while the values of 53 + 240 are ﬁ(l) and 1294201,
1201

which have the same sum 55 (= the coefficient of q° =31 in G4/n) but are not the
same.

We now describe a general construction producing a large collection of functions
on partitions whose g-brackets are quasi-modular, but which in general are not in the
ring Z. For each n, there are well-known identifications of the set &7, of partitions
of n with both the set of conjugacy classes in the symmetric group &, and the set
of irreducible representations of &,. For A and p in &7, we denote by x,(C,,) the
value of the character of the irreducible representation of &, associated to A at any
element in the conjugacy class C,, associated to . We then define for any function

f: & — Qanew function Z f : & — Qby

1
M) == D ICul 0 (Cal Fw) (€ P, (45)

" uePy

where |C,,| denotes the cardinality of the conjugacy class C,,. We call .Z f the Moller
transform of f.

Theorem 7 The map # : Q7 - Q7 preserves q-brackets.

Proof The second orthogonality relation for characters says that nl—, Z,\e,% X.(C)
x.(C") = 8¢.c'|C|~! for any two conjugacy classes C, C” in &,,. Applying this to
C = C' = C,,, multiplying by |C,| f (t), and summing, we obtain erﬁn M (A =
Zuee@n f(n) forevery f € Q7, so (M f)g = (f)q- Note that we can also apply
the first orthogonality relation % ZMEQ’” [Cul X3, (C) x5, (Cp) = 8xya, With A =
A2 = A to obtain that .#Z f = f whenever f(A) is a polynomial in |A|, i.e., for
all f€QlQ1, 0] CZ. m

Theorem 7 implies that (M f )g = (f)q forall j > 0. For j < O the expres-
sion .#/ f does not make sense, since the map .# is not invertible. (The matrix

(‘C‘L‘ X (M)z) e, representing its action on Q/ " is singular already for n = 2,

where it equals 5 (i 1) .) We can nevertheless define .# ~" % for r > 0 as the space of

functions f : & — Q for which .#Z" f € Z%. Then Theorem 7 immediately gives:

Corollary Set.¥ = @jez MI(R) € Q7. Thenthe q-bracket ('), is quasimodular
forevery f € 7.

We explain briefly the genesis of the transform .# and the reason for the name
we have given it. The function .#Z f was discovered in the special case f = Sx_; by
Martin Mdller in the course of his joint study with Dawei Chen of the Siegel-Veech
constants for moduli spaces of flat surfaces. Moller and I then studied the function
Tk—1 = A Si—1 numerically and found explicit formulas for it that prove in particular
that T;_; belongs to the Bloch—Okounkov ring for every positive even integer k.
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This gives a different proof of the quasimodularity of the g-bracket of T;_; than the
one coming from eq. (44) and Theorem 7. The functions 7;_; have many further very
interesting combinatorial and algebraic properties, with quite non-trivial proofs, which
will be published separately in a paper by Chen, Moéller and myself that is currently
in preparation.

Actually, the function originally needed in the work of Chen and Moéller was .Z'S_ 1.
Here the formula that we found turned out to be related to an identity of Nekrasov
and Okounkov (see [8] and [5]). In our language, this identity says that for any integer
m > 1 the g-bracket of the function assigning to any partition the mth elementary
symmetric function of the reciprocal squares of the hook-lengths of the cells in its
Young diagram is equal to L™ /m!, where L = —10g(g) o is the nearly quasimodular
form mentioned at the beginning of this section. More recently, I learned from Fernando
Rodriguez Villegas of a (then still conjectural) formula he had discovered generalizing
the Nekrasov—Okounkov formula, giving yet further examples of quasimodularity
statements not included in the Bloch—-Okounkov theorem. In the course of further
discussions with him I tried many possible common generalizations of all of these
results, but found only one that worked experimentally (i.e., led to quasimodular
forms). The resulting statement turned out, following a suggestion of Méller, to be
easily deducible from a theorem that was already in the literature. To end this section,
and the paper, I will now state and prove this simple result, including for the reader’s
convenience also a self-contained proof of the earlier theorem.

We denote by a(s) and b(s) (a and b for “Arm” and “Bein”) the arm- and leg-lengths
of a cell s in the Young diagram of a partition A, as defined in §3. It is actually more
convenient to work with the modified quantities a(s) = a(s) + % and b(s) = b(s)+ %
(These are also more natural. For instance, the set C; introduced in §3 is the union of
the numbers a(s) and —b(s) for the diagonal cells, and the hook-length of any cell s is
simply the sum of a(s) and b(s).) For any even polynomial P (x, y) in two variables
(i.e., one satisfying P(—x, —y) = P(x, y)), we define an invariant Ap on partitions
by

Ap() = D" P(a(s), b(s)) (46)

seY;

(sum over the cells of the Young diagram of ). Then we will prove:
Theorem 8 The g-bracket of Ap is quasimodular for every even polynomial P.

As already stated, this result will be easy to prove using an earlier known result,
discussed in detail in a 2008 article by G.-H. Han [5] and called there the Stanley-Elder-
Bessenrodt-Bacher-Manivel or SEBBM theorem because of its somewhat complicated
history as described in a paragraph of “Historical Remarks.” (In a few words: the
special case b = 0 was discovered by Stanley in 1972, was rediscovered by Kirdar
and Skyrme in 1982, by Elder in 1984, and by Hoare in 1986, and is known in the
literature as Elder’s theorem, while the general case was found by Bessenrodt [2] in
1998 and by Bacher and Manivel [1] in 2002 and rediscovered by Han in the paper in
question.) Because both the formulation of the theorem and its proof are so spread out
over the literature, we give a complete statement and self-contained proof here. For
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integers a, b, n > 0 denote by N, 5(n) the total number of cells with arm-length a
and leg-length b in all Young diagrams of size n. Then the SEBBM result says:

Theorem (SEBBM) The number N, (n) depends only on a + b and equals
Ngypr1(n).

Example The diagram below illustrates the equality Ny 1(6) = N3(6), with the Young
diagrams on the left being those of size 6 with a marked (black) cell having (gray)

arms and legs of length 1, and those on the right corresponding to the partitions 3 + 3,
343,342+ 1,3+ 1+ 141 of 6 having an (underlined, gray) part equal to 3.

e o

Proof We already gave the generating function of N,, in (43), so we only have to
show that we get the same answer if we replace N,, by N, for any a, b > 0 with
a+b=m—1.Write Ny »(n) = >, Na,»(A) with an obvious notation. Clearly each
Ny p(1) equals Zi,jzl Nap,i,j(A), where Ny p; j(A) is defined as 1 if the cell (7, j)
belongs to the Young diagram Y) and has arm- and leg-lengths a and b, and as O
otherwise. From the diagram below,

i { A | B L'J—'—‘ A(q) = qV
n [« B(q) = ¢*
¢ | F Clg) =q*
’ D() = 1/(@);-1
i E(q) = 1/(g)i
F(q) = (@)a+v/(2)a(a)s
(¢)n = ¢-Pochhammer symbol = (1 —¢)--- (1 — ¢")

in which any Young diagram Y, having a cell with the parameters stated is parti-
tioned canonically into three rectangular and three triangular regions A, ..., F, so
that the total number |A| of cells in Y), is decomposed correspondingly into six pieces,
we see that

D" Napij(0) g™ = A(q)B(@)C(@)D@)E(@)F(q),
reP

with the values of the power series A(g), ..., F(g) (in which the indices a, b, i, j
have been omitted from the notation) being as given in the diagram: the formulas for
the first three (partitions into exactly j or b parts of size i or a) are obvious, those for
the next two (partitions into < j parts and partitions into parts of size < i) almost
equally so, and the one for F' (partitions into < b parts of size < a) is also well-known
and easy to derive. Now summing over i and j gives
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o
D Nap)g" =D Nap() g™
n=0

reP

_ (@a+b q
@@ 2=, @7 1@

ij+aj+ib

_ (@a+b (@ita—1 ib+i+a
(@@ ; (@)a(@)i-1

qa+b+1 1

= l_qzt+b+l (Q)oo

as desired, where for the equalities in the second line we have used the g-binomial
theorem

i @Dntk 0 _ 1
= (@n @k (1 —x)(1 —gx)--- (I —gkx)
(in Q[lg, x]] orfor |g|, |x| < 1)

twice, first with (n, k, x) = (j—1, 00, ¢' %) and then with (n, k, x) = (i—1, a, g**1).
O

Proof of Theorem 8 We first observe that if P is an even polynomial, then the function
P*m)y= > P+ b+% (meN)
a,b>0

a+b=m—1

is an odd polynomial of m. (This follows, for instance, from the fact that the power
series

Z (e(aJr%)er(bJr%)y + e*(a+%)x7(b+%)y) _ sinhmx — sinhmy

a+b=m—1 sinh %(x =)

is an odd function of m.) The SEBBM theorem and equation (43) then imply that

(Ap), = @ X, Pla+i b+ 5 > Napmg" = P*m) —2
m=1

1= gm
a,b>0 n=0 q

which is a linear combination of functions Gg with k > 0 even and in particular is
quasimodular. O

Theorem 8 gives us a large new collection of functions of partitions having quasi-
modular g-brackets. Numerical calculations show that these functions are in general
neither in the Bloch—Okounkov ring nor in either its image or its inverse image under
the Moller transform. Moreover, products of two or more of the functions Ap prac-
tically never have quasimodular g-brackets. These remarks together with Theorem 7
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and its corollary give substance to the statement made at the end of the introduction
that the space of functions on partitions whose g-brackets are quasimodular is much
larger than the ring %, and that it does not itself form a ring.

Appendix: Table of g-brackets up to weight 8

We give alist of ( f), for all elements f of A, of even weight < 8, using Ramanujan’s
notations P = E7, Q = E4, R = FEg.

—15P% + 1800 P2 — 320RP + 15602

g =1 4 _
e (024 331776
—P P 75P% — 144Q P2 — 128RP + 2040
) (0304} = 3317760
(02) _-P?+20 (0,02}, — 25P* —570P2 +2RP + 3002
274 576 22304 622080
(04) 5P% +20 (0206) —175P* — 168Q P2 + 160RP + 2760
4lg=— 206)q =
5760 69672960
3 4 2 2
(03)g = THIOPZIOR g0y, = RIS 2CT T 20RP 1300
(0204)0 = 15P% —6QP — 16R (02), = —2625P* — 1260Q P? + 1600R P + 2628 0°
2t = 138240 4l = 232243200
(Q2> _ 5p3 —30QP —2R (Og)o = 175P% +420QP2 +320RP+228Q2
397 705000 8/q = 1393459200
—35P3 —420QP — 16R
(Q6)g =
2903040
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