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Introduction

A compact connected orientable smooth three-manifold M has a so called prime de-
composition. Namely, M is oriented diffeomorphic to a connected sum f ,M; of oriented
manifolds M; which are prime, i.e. if M; is diffeomorphic to M/gM/ then M or M/ is oriented
diffeomorphic to S3. The manifolds M; are unique up to order and oriented homeomorphism.

The corresponding result cannot hold for 4-manifolds. For example S? x S?$CP? is
diffeomorphic to CP24CP?CP2. Or, for a l-connected spin 4-manifold X with non-trivial
signature X — X is homeomorphic and often diffeomorphic to a connected sum of S? x S?’s.
The problem here is, that the value of the signature for different pieces is not determined by
the large manifold. A natural way to overcome these difficulties is to allow connected sum
with an arbitrary simply connected closed 4-manifold.

Up to connected sum with 1-connected manifolds, we prove the corresponding result in
dimension 4. A stable oriented diffeomorphism from a four-manifold M to N is an orienta-
tion preserving diffeomorphism from M#k(S? x S?) to Ntk(S? x S?) for some non-negative
integers k and k. If the manifolds are equipped with a Spin-structure, we can in addition
require that these structures are preserved.

We call a connected compact orientable smooth four-manifold M stably prime if M;
stably oriented diffeomorphic to MM implies M/ or M/ simply connected and closed.
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Theorem 0.1 (Stable Prime Decomposition) Let M be a connected compact oriented
smooth four-manifold. Then:

1. There are stably prime oriented four-manifolds My, Ms, ... , M, and a stable oriented
diffeomorphism
f . M — szllez

2. Let f' - M — tizilMZ’ be another stable oriented diffeomorphism for stably prime ori-
ented four-manifolds My, My, ..., M;,. Then n =n' and M;3S; and My, 4S; are sta-
bly oriented diffeomorphic fori € {1,2,... ,n}, appropriate connected closed oriented
four-manifolds S; and S! and permutation o.

Closely related to prime decompositions is Kneser’s conjecture. Let M be a compact
connected three-manifold with incompressible boundary whose fundamental group admits a
splitting « : w1 (M) — 'y x I'y. Kneser’s conjecture whose proof can be found in [6, chapter
7] says that there are manifolds M; and M, with T'; and 'y as fundamental groups and a
homeomorphism M — M;$M; inducing « on the fundamental groups. Kneser’s conjecture
fails even in the closed case in dimensions > 5 by results of Cappell [2],[3]. Counterexamples
of closed orientable four-manifolds and examples of closed orientable four-manifolds which
split topologically but not smoothly are constructed by the authors of this article in [9]. But
again it holds stably. We restrict ourselves to oriented manifolds. For simplicity we state
in the introduction only an easy to formulate special case of our more general results whose
precise statements are given in section 1. A group 7 is indecomposable if 7 is non-trivial and
m ~ Iy x 'y implies that I'y or I'y is trivial.

Theorem 0.2 (Stable Kneser Decomposition) If M is a closed connected smooth ori-
ented four-manifold with non-trivial fundamental group, then there are non-negative integers
m andn and oriented smooth four-manifolds My, My, . .. , M, with w (M;) is indecomposable
forie{1,2,... ,n}, such that M and §}'_ | M; are stably oriented diffeomorphic.

If we have two splittings ' M; and
W M! of M as above, then n =n' and M;#S; and M 8S; are oriented diffeomorphic
fori€{1,2,... ,n} and appropriate simply connected closed smooth manifolds S;, S! and

permutation o € X,.

If M is a Spin-manifold and we equip M; and M, with the Spin-structures induced
from a stable diffeomorphism as in Theorem 0.1, we can take S; and S, as Spin-manifolds
and the diffeomorphisms Spin-structure preserving.

Since the stable diffeomorphism type of a simply connected closed smooth 4-manifold
is determined by the type of the intersection form (I = odd = non-Spin or Il = even = Spin)
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and the signature, we can take for the manifolds S either r(CP?) £ p(5? x S?) in the case
Lor rK t p(S? x S?) in the case II, where CP? is the complex projective space of complex
dimension two and K is the Kummer surface (note that by Rohlin’s theorem the signature
is divisble by 16 = —sign(K)).

Both results have topological versions. All manifolds are topological and “diffeomor-
phic” must be substituted by “homeomorphic” and in the last paragraph r(CP?) £ p(S? x S?)
respectively rK £ p(S? x S?) must be substituted by r(CP?) £ s(Eg) £ p(S? x S?) respec-
tively 7(Eg) # p(S? x S?) where Eg is the simply connected closed topological 4-manifold
with Fjg as intersection form whose existence is proved by Freedman [5, Theorem 1.7].

We mention that this article is motivated by a paper of Hillman [7] which shows the
existence of a stable splitting for a closed connected four-manifold M with fundamental
group (M) =T * 'y. (Actually Hillman only proves that after adding CP? or CP? one
gets a splitting but his argument can be modified to give the original statement).

The paper is organized as follows :

Introduction

Kneser Splittings for Manifolds with Boundary
Stable Classification and Bordism Theory

Proof of the Existence of a Stable Kneser Splitting
Proof of the Uniqueness Result

References

=W = o

The precise statements of our results, also for compact connected four-manifolds with
boundary are given in section 1 and from this we deduce Theorems 0.1 and 0.2 using Kurosh’s
Subgroup Theorem. Section 2 summarizes the bordism approach to the stable classification
due to the first author in a setup which is adequate for the purposes of this article and
contains some preliminary results. One may skip section 2 and turn directly to the proofs
of the main theorems in the following sections and get back to section 2 when necessary.

1. Kneser Splittings for Manifolds with Boundary

All manifolds are assumed to be compact. We will formulate and prove our results
for smooth manifolds. With the same modifications as explained in the introduction the
analogous results hold for topological manifolds. The proofs are also identically the same
replacing everywhere the smooth objects by the corresponding topological ones.

We will use the following convention on fundamental groups. Let f: X — Y be a
map of path-connected spaces. If we write m1(X), we mean (X, z) after some choice
of base point € X. The homomorphism 7 (f) : m(X) — m(Y) is the composition of
m(f,z) : m(X,z) — m (Y, f(z)) and the isomorphism c(w) : (Y, f(z)) — m (Y, y) given



by conjugation with a path w joining f(x) and y. Notice that 7 (f) is only well-defined up
to inner automorphisms of 7;(Y’). Given a connected sum 7, M; we will use the following
composition of isomorphisms as identification

W (M) 2 w0y (M — int(D)) = (47, M)

where j and k are induced by the inclusions in the obvious way. Notice again that this
identification is only well-defined up to inner automorphisms.

We call a component C of OM 7 -nullif the inclusion induces the trivial map m;(C') — 7 (M).

Theorem 1.3 (Existence of Stable Splitting) Let M be an oriented connected four-mani-
fold with non-trivial fundamental group. Let

a:m (M) — T

be a group isomorphism such that each T; is non-trivial. Suppose for any component C of
OM that the image of the composition comi(j) : m(C) — I, I'; is subconjugated to one
of the I';-s for j : C'— M the inclusion.

Then there are oriented connected four-manifolds My, My, ... , M, with identifications
m(M;) — I'; and oriented simply connected four-manifolds Ny, Na,... ,N, and a stable

oriented diffeomorphism
foM — g, M; 3 85, N

such that the composition

m (M) 28

mi (e, M; 8 ﬁ§:1Nj> — # (M) — + T
agrees with o up to inner automorphisms, no boundary component of the M;-s is mi-null and
each N; has a connected non-empty boundary. [ ]

Theorem 1.4 (Uniqueness of Stable Splitting) Let My, Ms, ... , M, and M{, M}, ... M
be oriented connected four-manifolds with non-trivial fundamental groups I'; = m(M;) and

I = m (M]) such that no boundary component of them is m-null. Let Ny, Na,... ,N, and
Ni, Ny, ..., N, be oriented simply connected four-manifolds whose boundaries are connected
and non-empty. Let

St M g ﬂ?:le - ﬁ?:lMi/ i ﬁ?‘:le

be a stable diffeomorphism, which is either oriented or Spin-structure preserving, if the
underlying manifolds are Spin. Denote the homomorphism induced by f on the fundamental
groups by

for kT — T



Suppose fori € {1,2,...,n} that pr; o f. o j; is an isomorphism where pr; : x| I, — T, is
the canonical projection and j; : I'; — *I' |I'; s the canonical inclusion. Then:

Forie{1,2,... ,n} we have

f(OM;) = OM] and there are simply connected oriented closed four-manifolds S; and
S! and oriented diffeomorphisms

which extend flon, : OM; — OM] and induce up to inner automorphism pr; o f, o j; on the
fundamental groups. Moreover, we have p = q and there is an appropriate permutation o
such that f(ON;) = GN[’IU-) and there are oriented simply connected closed four-manifolds T}
and T} and oriented diffeomorphisms

9j + NiTy — Ny tT]

which extend flon, : ON;j — ONZ. If the manifolds are Spin we can choose the manifolds
Si, Si, Ty and T} as Spin-manifolds and f; and g; Spin-structure preserving. [ ]

We finish this section by deriving Theorems 0.2 and 0.1 from these results and the
following version of Kurosh’s Subgroup Theorem (see [4, Theorem 8 chapter 7 on page 175
and second paragraph on page 180].

Theorem 1.5 (Kurosh Subgroup Theorem) Let H be a subgroup of the free product
G = *x;c1G;. There is suitable chosen set of representatives g € g for the double cosets
g € H\G/G; for each i € I and a free subgroup F C G satisfying

H = F * % (*geH\G/Gi 9Gig7' N H) :

Let 7 be a non-trivial finitely generated group. A Kurosh splitting is an isomorphism
a:m— ¥ I

such that Iy is free and I'; is indecomposabel and not infinite cyclic for j = 1,2,... ,n. Re-
call that I'; is called indecomposable if I'; is non-trivial and I'; ~ I'} * I'/ implies that I", or I'/
is trivial. The existence and the following uniqueness statement for a second Kurosh split-
ting o : m — ¥ T follow from Kurosh Subgroup Theorem 1.5. If j; : I; — s T; and
pr; . [, — I are the inclusion and projection, then n = n’ and there is a permutation

o such that prj,, oa’o a~1o j; is an isomorphism for i € {0,1,... ,n}.

Now, Theorem 0.2 follows from the above Theorems.



Before we prove Theorem 0.1, we characterize the property ”stably prime” in terms of
the fundamental group data.

Lemma 1.6 A connected compact orientable four-manifold M is stably prime if and only if
it satisfies the following conditions.

1. There is no isomorphism « : (M) — T'y x Ty for non-trivial groups T'y and T'y such
that for each component C of the boundary the composition of a and the map induced
by the inclusion m (C) — m (M) has an image which is subconjugated to T’y or T's.

2. FEither there is no m-null component of the boundary OM, or M is simply-connected
and OM is non-empty and connected.

Proof : If one of the conditions above is violated, Theorem 1.3 gives a splitting of M into
M8 M, such that neither M; nor M, is simply-connected and closed. Conversely, given such
a splitting, one sees immediately, that at least one of the conditions above is not fullfilled.
]

Now, we prove Theorem 0.1.

Proof : 1.) The existence of f follows from the following inductive process. If
M is stably prime, the process stops. If M is not stably prime, choose a stable oriented
diffeomorphism M — M;4M, such that neither M; nor M, is simply connected and closed.
Now apply this process to both M; and M,. It remains to show that this process stops after
a finite number of steps. This follows from Lemma 1.6, the Grushko-Neumann Theorem [10,
Theorem 1.8 and Corollary 1.9 on page 178] which implies that the rank of a group, i.e. the
minimal number of generators, is additive under free products and the simple fact that M
has only finitely many 7 -null boundary components.

2.) Consider a stable oriented diffeomorphism

Froo(BoiLy) 8 (M) § (B2 N;) — (8,1 § (87, M) ¢ (42, N))

such that each L;, L, M;, M/, N; and N/ is stably prime, each L; is closed and has infinite
cyclic fundamental group, none of the M;-s and M;-s is simply-connected or has both infinite
cyclic fundamental group and empty boundary, and each INV; and N} is simply connected and
has a non-empty boundary. Notice that each finite connected sum of stably prime connected
four-manifolds can be written in this way. We conclude from Lemma 1.6 that none of the
M;-s and M]/-s has a m-null boundary component and that the boundary of each N; and N}
is non-empty and connected.

We abbreviate in the sequel I'; = m(M;) and I'; = m(M/) and introduce the finitely
generated free groups Iy = *'_,m(L;) and Ty = %._ 71 (L;). The map induced on the funda-
mental groups by f is denoted by

— n 1
Jeixisoli — xoL0
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Fix an index 7 € {1,2,... ,n}. We apply Kurosh Subgroup Theorem 1.5 to f.(I';) C *j_oI"
and obtain

fTy) = F o %, <*gef*(ri)\*7'0F;/F; 9F}9—1”f*(ri)>-

Let C' be a boundary component of M;. There is an index j € {1,2,... ,n'} such that
f(C) € Mj. If j. : m(C) — Ty is the map induced by the inclusion, then f.(j.(m1(C))) is
subconjugated to I';. Hence there is gy € « I such that f,(j.(m(C))) C gol%g0 " N fu(Ty)
holds. We conclude from Kurosh Subgroup Theorem 1.5 that f.(j.(7(C))) is subconjugated
to gI;g~" N f.(I';) for appropriate g € f.(I';)\ *’J?IZO I, /T". Recall that M; is stably prime, has
no m;-null boundary component and it is not true that M; has both infinite cyclic fundamental
group and empty boundary. We derive from Lemma 1.6 applied to the isomorphism induced

by f.
m (M) =T; — f.(I;) = F % *?,:0 (*gef*(F,-)\*;ioF;/Fg g9~ N f*(FZ)) .
that there is an index o(7) € {1,2,... ,n} and g € f.(I';)\ *?/:0 I, /T satisfying

fo(ly) = gF;(i)g_l.

We obtain a map o : {1,2,... ,n} — {1,2,... ,n'}. Completely analogously one defines a
mapo’ :{1,2,... ,n'} — {1,2,... ,n}suchthat foreach j € {1,2,... ,n'} thereis g € *}_I';
satsifying

£HTY) = glogg
Let pr} : #7_oI"; — I'; be the canonical projection and j; : I'i — xi_,I"; be the canonical
inclusion. We conclude for each i € {1,2,... ,n} and 5 € {0,2,... ,n'} that the composition
pr; o f. o j; is an isomorphism if j = o(i) and trivial otherwise. Hence ¢’ o 0 = id and
following diagram commutes for appropriate f,

fx

n n /
kigls —— xol;

o | |,

Fo E— F6

f*

The same argument applied to f. ! shows that o o ¢’ = id and that f, has an inverse. Hence o

and o’ are inverse to one another, n = n’ and the composition pr/, (i) © J © Ji is an isomorphism
fori € {0,1,2,... ,n}.

From Theorem 1.4 we conclude that

M;4S; and M, ;#S;] are stably oriented diffeomorphic for each i € {1,2,... ,n}, appro-
priate simply connected closed oriented 4-manifolds S; and S/ and that p = p’ and N;#T;
and N;(i)jjTZ-' are stably oriented diffeomorphic for each i € {1,2,... | p}, appropriate simply
connected closed oriented 4-manifolds 7; and 77 and permutation 7. Since I'g and I'j, are
isomorphic, we get [ = I'. Each L; and L/ is stably isomorphic to S* x S? after adding simply
connected closed oriented four-manifolds for ¢ € {1,2,... ,p} by Theorem 2.1 and Lemma
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2.3 since L; and L} are closed and have infinite cyclic fundamental groups. This finishes the
proof of Theorem

0.1.

2. Stable Classification and Bordism Theory

In this section we explain the necessary details of the bordism approach to the stable
classification of manifolds due to first author and prove some preliminary lemmas. Recall
that all manifolds are assumed to be compact and we restrict ourselves to smooth manifolds.

We begin with organizing the bookkeeping of the fundamental group data. Consider
pairs (7, w,) consisting of a finitely presented group 7 and an element wy € H?(7;Z/2) [1{c0}.
We call two such pairs (7, ws) and (7', w}) equivalent if there is an isomorphism f : 7 — 7’
with the properties that either wy = 0o and wh = co or wy € H*(m;Z/2), wh € H*(n';Z/2)
and f*(wh) = wy holds. A type T is an equivalence class [r, ws] of such pairs.

An oriented manifold determines a type T(M), called the algebraic normal 1-type,
for which a representative is given as follows. Put 7 = m(M). Let g: M — K(m,1) be
a classifying map of the universal covering and denote by wy(M) € H (M ;Z/2) the k-th
Stiefel-Whitney class of M. If wy(M) # 0 holds for the universal covering M, then put
wy = 00. Otherwise let wy be the unique element satisfying ¢*(wy) = wy(M). The unique
existence follows from the exact sequence coming from the Serre spectral sequence of the
fibration M — M — K(m,1)

0 — H*(K(m,1);2/2) = H*(M; Z/2) — H*(M;Z/2).
Two homotopy equivalent manifolds have the same type.

Before we introduce the relevant bordism groups, we recall how to convert a continous
map u : X — K into a fibration v’ : P(u) — K. Define

P(u) = {(z,w) | w(0) = u(z)} C X x map(I, K)

and u/(z,w) = w(1). Define the map u”: P(u) — X by sending (z,w) to x and define
the homotopy 9 : uo u” ~ v by sending ((x,w),t) to w(t). The triple (P(u),u” 1) has the
universal property that for any space Z together with maps f': Z — K and f": 72 — X
and homotopy ¢ : wo f” ~ f’ there is precisely one map g : Z — P(u) such that

f"=u"o0g, ff=uog and ¢ =10 (gxid).

Namely, define g(z) = (f"(z),%,) for 1, the path sending ¢ to i(z,t). There is a map
i : X — P(u) sending = to (z,cyy)) where cy(y) is the constant path in K at u(z). It is a
homotopy inverse of v” and its composition with v is w.
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A type T determines a fibration B(7) over BSO or over Bspin, if wy = 0, as follows.
Let [m, ws] be a representative of T'. If wy = oo define it as the trivial fibration

B(T)=BSO x K(m,00) — BSO
over BSO. If ws = 0 we define it as the trivial fibration

B(T)=BJ] )\ xK(m,00) = BJ )\

v Vv

over BSpin. If we # 0, oo represent wy by a map u : K(w,1) — K(Z/2,2) with correspond-
ing fibration P(u) over K(Z/2,2). Represent the universal Stiefel Whitney class by a map
q:BSO — K(Z/2,2). Then define our fibration by

B(T) = II*(P(N)) — BSO.

These fibrations are up to fibre homotopy equivalence uniquely determined by 7. In all three
cases there are projection maps to K(, 1) denoted by pg(x 1).-

Suppose that M has algebraic normal 1-type T'(M) and let g : M — K(m, 1) be a map
satisfying g*wy = wy(v(M)) if wa(M) = we(v(M)) # oc.

Then the normal Gauss map v : M — BSO or v : M — BSpin, if M is Spin, admits
a lift p over B(7) as follows. If wy = oo it is given by the normal Gauss map together with
g. If wy # oo it is given by the normal Gauss map together with ¢ and with a homotopy
between the composition of the two maps to K(Z/2,2). We call such a lift p a normal
structure of M in B(7(M)) compatible with ¢g and the orientation resp. Spin-structure.
If a normal structure p is a 2-equivalence, it is called a normal 1-smoothing. Notice that a
normal structure p is a normal 1-smoothing if and only if the underlying map ¢ induces an
isomorphism on 7.

Given a fibration B — BSO or B — BJ we denote the bordism group of n-
v

dimensional closed oriented or Spin-manifolds together with a lift of the normal Gauss map
over B by
Q,(B).

If pis a normal 1-smoothing of M in B(7 (M)), (M, p) determines an element in 4 (B(7 (M)).

Now we can formulate the main result of the bordism approach to the stable classifi-
cation of connected four-manifolds due to the first author [8].

Theorem 2.1 (Stable Classification of Four-Manifolds by Bordism Theory) Let
My and My be connected four-manifolds with orientation respectively Spin-structure and
af : OMy — M, be a diffeomorphism which preserves the induced orientation respectively
Spin-structure. Suppose that the normal 1-type of My and Ms s equal to T and denote by
B(T) any representation of the associated fibration. Let g; : M; — K(m, 1) be classifying
maps of the universal covering respecting wo such that gs|onr, © Of = g1lom, -
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1. There ezists a stable oriented (Spin-structure preserving, if M; are Spin) diffeomor-
phism
My — M,

extending Of such that the maps g o f and g1 to K(m,1) are homotopic if and only if
there are normal 1-smoothings p; of M; compatible with g; and the orientations resp.
Spin-structures, such that ps|an, © Of and pylon, agree and

(M Uas Ma, py Ugy pa] =0 € Qu(B(T))

2. Given a manifold with boundary together with a lift of the normal Gauss-map to B(T),
then it is bordant rel. boundary to a normal 1-smoothing.

Now, the strategy for proving the main Theorems is to analyse how the bordism group
decomposes if the fundamental group splits into pieces. For this the following categorial
considerations are useful.

Denote K = K(Z/2,2) or K = x. Define a category C as follows. An object
(X,u) is a map u: X — K and a morphism (f, ) : (X,u) — (Y,v) consists of a map
f: X — Y together with a homotopy ¢ : vo f ~ u. The composition (g,%) o (f, ) is de-
fined by (go f, (v o (f xid)) * ¢) where x denotes the composition of homotopies. If the
homotopy % is the constant homotopy, we abbreviate (f, ) by f. Two morphisms (fy, 1)
and (f1,11) from (X, u) to (Y,v) are called homotopic if they can be connected by a con-
tinuous one parameter family of morphisms (f;, ¢;). The following elementary facts will
frequently be used in the sequel.

Lemma 2.2 Let (f,¢): (X,u) — (Y,v) be a morphism. If g: X — Y is a map ho-
motopic to f, then there is a homotopy v : v o g~ u such that the morphisms (f,¢) and
(g,%) are homotopic. If f: X — Y is a homotopy equivalence, then there is a morphism
(g,%) : (Y,v) — (X, u) such that both compositions of (f,¢) and (g,v) are homotopic to
the identity morphism. [ ]

Let g : B — K be a fixed map. Given an object (X, u), we have the pull back

q
B(M) —  P(u)
u | 1
q
B — K

For a manifold M and appropriate choices of ¢ and wu, the fibration B(M) over B
corresponds to a normal 1-type as described above. More precisely, if wy, = 00, let B = BSO,
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K =xand X = K(m(M),1). For wy = 0 choose B = Bspin instead of BSO. For wsy # 0,
oo choose B = BSO, K = K(Z/2,2), X = K(m (M), 1) and ¢ and « maps representing the
second Stiefel Whitney classes. Then in all three cases B(7 (M)) = B(M).

For the special purpose of this paper the formulation of B(M) has the advantage that it
separates the categorial input, namely the fundamental group data encoded in K (m,1) from
the other data like orientation and Spin-structure.

Define
Q,(X,u) = Q,(B(M))

A morphism (f, ¢) : (X,u) — (Y, v) defines by the universal property of the construc-
tion P(—) a fiber map P(f, ) : P(u) — P(v) where fiber map means P(f, ¢)ov =u'. If
we apply €2, to it, we obtain a homomorphism denoted by

U (f.,6) = Qu(X, 1) — Qu(Y,0).

Clearly this is a functor on C. Moreover, it is a generalized homology theory in the sense
that it has the following properties. It is homotopy invariant, i.e., homotopic morphisms
induce the same homomorphism. There is a Mayer-Vietoris sequence in the following sense.
Consider the following push out

4l
Xo — Xy
i2 l ljl
J2
X2 — X

with ¢; a cofibration. Put jy = jo 0 is = j; 0 4;. Let (X, u) be an object. We obtain objects
(Xg,ur) by ur = wo ji and morphisms ji : (Xg,up) — (X, u) for £ =0,1,2. Recall that
we omit constant homotopies in our notation for morphisms. Now there is a long exact
Mayer-Vietoris sequence

o Q. (j1) — Q(J2)
— (X0, u0) 2 (X1, u1) ® Qp (X, uq)

J

Qn (X, u) —— Q1 (Xo, ug) ——

Namely, we obtain a push out with a cofibration as horizontal upper arrow
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Notice that the bordism group €2,(B) can be identified with the bordism group of
the stable vector bundle over B which is the pull back of the universal bundle over BSO
respectively B.Spin and thus the existence of the Mayer-Vietoris sequence follows by standard
arguments, namely the Pontrjagin-Thom construction and the fact that stable homotopy is
a generalized homology theory [1, Kapitel II].

Let (X, u) be an object with path-connected X. Denote by * the space consisting of
one point. Consider an object (*,v) and a morphism (7, i) : (*,v) — (X, u). Define

Qu(X,u) = cok (2,(7, 1) : Qp(x,v) — Qu(X, u))

We want to show that the definition of Q,(X,u) is independent of the choice of v and
(7, ) and that a morphism (f,¢) : (X,u) — (Y, v) induces a homomorphism making the
following diagram commute for pr the canonical projection.

O (X, u) i Qn (X, )
Qu(f.0) | | (£ 9)
pr

2,Y,v) — Qn(Y, v)

This follows from the following fact and Lemma 2.2. If (j/, ') : (%,v") — (Y, v) is a mor-
phism and (7, 1) and (f, ¢) are as above, then there is a morphism (id, ) : (x,v) — (x, ')
such that (f,¢) o (j, ) and (j', p') o (id, ) are homotopic morphisms.

The reduced group Qn(X ,u) is relevant for our Uniqueness Theorem 1.4 since there we
classify stably up to connected sum with a simply connected oriented resp. Spin-manifold
and by Theorem 2.1 this is decided in the reduced bordism group.

Next we make some computations for this generalized homology theory. Recall that

sign denotes the signature. The group 2,(x,v) is either equal to Q3¢ if B = BSO, or to
Qin if B = BSpin.

Lemma 2.3 1. The following table gives explicite i.somorphisms for the various bordism
groups and generators
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QS0 = 0

Q37" =0

sign : Q90 =, 7 CP?
sign: Q3P =,16-Z | K

2. Qu(K(F, 1),u)) =0 for F' a finitely generated free group and both cases B = BSO or
B = BSpin.

Proof : 1.) is standard. 2.) follows from the Mayer-Vietoris sequence applied to a wedge
of S'-s and to the push out which decribes S* as the identification of the two end points of
[0, 1] to one point. n

3. Proof of the Existence of a Stable Kneser Splitting

In this section we prove Theorem 1.3. We recall that the normal 1-type of a manifold
M determines a fibration B(7 (M)). With the notation of the last section, if M has wy = oo,
let B=BSO, K =% and X = K(m(M),1). For wy = 0 choose B = Bspin instead of BSO.
For wy # 0, oo choose B = BSO, K = K(Z/2,2), X = K(m(M),1) and ¢ and u maps
representing the second Stiefel Whitney classes. Then in all three cases B(7 (M)) = B(M).

Firstly we show that we can assume without loss of generality that no boundary com-
ponent C of M is my-null, i.e., the inclusion induces the trivial map 7 (C) — m (M). Let Cy
,Ca, ..., Cy, be the m-null boundary components of M. Since {23(%,v) is trivial by Lemma
2.3, there is a nullbordism N; for each C; with respect to (*,v). By 0- and 1-dimensional
surgery on the interior of N; we can achieve that N; is simply connected. Define

M =M Ug, Ni Ug, ... Ug,, N

By Theorem 2.1 there is a stable oriented diffeomorphism f: M — M FN ... 8 N
which induces on the fundamental groups the isomorphism induced by the inclusion of M
in M. No boundary component of M is mr-null. Obviously it suffices to prove the claim for
M.

If C is a component of M, there is by assumption an index i € {1,2,... ,n} such
that the image of avom(j) for j : C' — M the inclusion is subconjugated to I';. Since we
also assume that this image is non-trivial, this index is unique. For i € {1,2,... ,n} let O; M

be the union of those components C' of OM for which this index is 7. Since the inclusion
OM — M is a cofibration, we can construct maps g : M — VI, K(I';, 1) and

0,9 : O oM — K(T[';,1) fori € {1,2,... ,n} such that the restriction of g to 0;M is the
composition of g; with the canonical inclusion j; : K(I';,1) — VI K(I';,1) and ¢ induces
a on the fundamental groups. Choose pointed maps u; : K(I';; 1) — K such that the com-
position u = (VI u;) o g : M — KCAT corresponds to the Stiefel-Whitney classes of M in
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the case where K is not a point, but K(Z/2,2). Let p be normal 1-smoothings of M in B(M)
compatible with g and the orientation resp. Spin-structure. Call the restriction of p to 0; M
by 0;p. By construction the homomorphism

@?:193(ji) : @?:193(K(Fi’ 1)7 Ul) - 93(\/?:1K(Fi7 1)’ v?:lui)

sends ([0;M,0;p] | i=1,2,...,n) to the element [OM, p|gp] which is zero since (M, p) is
a nullbordism for its representative. This homomorphism is injective by a Mayer-Vietoris
argument and Lemma 2.3. Hence we can find nullbordisms (V;, o;) for (0; M, 0;p) with respect
to (K(I';,1),u;) for i € {1,2,... ;n}. By the same argument as above the homomorphism

i (i) + B (K (D 1), w3) — Qu(ViL, K (T, 1), Vi)

is surjective. Let ((W;, 1] | i =1,2,... ,n) be a preimage of — [M~ Ugps [T, Vi, p~ U T, 04
and we get

Mﬁ U(‘?M H(‘/l HWZ), pi U H(O'z HTZ) = 0 c Q4<\/?:1K<FZ', 1), V?:lui).

=1 =1

By Theorem 2.1 (V; [T W;), (0; 1 7:) is bordant rel. boundary to a normal 1-smoothing M;, p;.
We have

[M Uanr 87 My, pU 821 (Ji 0 pi)] = 0 € Mu(ViL, K(I', 1), ViLyw).
By Theorem 2.1 there is a stable oriented diffeomorphism
fiM — g, M,

such that the composition £ ,(j; 0 ¢;) o f is homotopic to g : M — Vi K(I[';,1). This
finishes the proof of Theorem 1.3. |

4. Proof of the Uniqueness Result

This section is devoted to the proof of Theorem 1.4. We firstly show that we can
assume without loss of generality that none of the manifolds Nj respectively N} are present.
By counting the 7-null components we conclude p = ¢. After possibly renumbering the
Ni-s, we can assume that f maps ON; to N for all j € {1,2,... ,¢q}. Since each N; and N;
is simply connected, the desired oriented diffeomorphism g; : N; § T; — Nj § T} exists by
Theorem 2.1. Again by Theorem 2.1 there is a stable orientation respectively Spin-structure
preserving diffeomorphism

i My — 8 M, f ﬁ?:le Uan; Nj_
inducing on the fundamental group the obvious isomorphism and the claim follows.
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Suppose for a moment that 7 ,M; and 47 M/ are Spin. We want to show that M;
and M/ are diffeomorphic modulo connected sum with appropriate simply connected four-
manifolds with Spin-structure. Notice that for all M; and M/ the algebraic normal 1-type
has we = 0. Thus we have to show that M; and M, have same normal 1-type and admit
normal 1-smoothings in By which induce the right map on 7 as stated in Theorem 1.4 and
are compatible with f|gas, such that M; and M/ are bordant rel. boundary (identified via
flaas,) in the reduced bordism group corresponding to the algebraic normal 1-type, which
here is Q7" (K (T, 1)). If # M; and 7 ,M! are just oriented manifolds we are allowed to
modify M; and M/ by connected sum with any oriented simply connected four-manifold and
after adding a projective plane we can assume that the algebraic normal 1-type for all M; and
M has wy = 0o. Then we have to show that M; and M/ have same normal 1-type and admit
normal 1-smoothings in By which induce the right map on 7, as stated in Theorem 1.4 and are
compatible with f|gas, such that M; and M/ are bordant rel. boundary (identified via f|aas,)
in the reduced bordism group corresponding to the algebraic normal 1-type, which here is
the Qu(K(I",1)) = QSO(K(I,1)). In the following proof the argument is identically the
same in the Spin-case and in the oriented case and thus we restrict ourselves for simplicity
to the oriented case.

We first show f(0M;) = f(OM]).

Let C' be a component of OM; for i € {0,1,... ,n}. Since pr;o f, o j; is an isomor-
phism and C' is not m-null in M;, the image of the composition of pr; and the homomor-
phism 7 (f(C)) — m (87, M) = *_,I"; induced by the inclusion is non-trivial. This implies
f(C) c M.

Let W’ be obtained from []}' , M/ x [0, 1] by attaching 1-handles to [T}, M] x {1} such
that

n

oW’ = g)(Mi/)_ Y, om: iy M
where we identify M/ with M/ UL, anzx oy io OM] x [0,1]. Define analogously W for the
M;-s. Let V=W~ U; W’ be obtained by glueing W and W' together along f. Choose a map
R, : M! — K(I';, 1) inducing the identity on the fundamental groups and mapping the em-
bedded disk where the 1-handles are attached to the base point. Let h: W — v | K(I'}, 1)
be the map which is on M; x [0, 1] the composition of the projection M; x [0,1] — M;, h;
and the canonical inclusion of K (I}, 1) into VI, K(I';,1) and on the one-handles the con-
stant map. Since the inclusion of W into V is 3-connected we can extend this map to a
map h:V — VI K(I';,1). Notice for the sequel that the restriction of this map to M/
composed with the projection prj : VI K(I';,1) — K (T'k, 1) is the constant map for k # 1.
Restricting h to M; Uy),,, M| yields a normal structure p; for M; Uy, M, with respect to
iz (5, 1). In the sequel we abbreviate M;~ Uy, M by M; U M]. We conclude

Lemma 4.1 We have
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ST IM; UM p] = 0 € (VI K (I, 1)). -

1=0

The projection pr; : Vi, K(I'},1) — K(I'j, 1) induces a homomorphisms
Qu(pr;) : (VI K (T, 1)) — Qu(K(I, 1).

Notice that

By (i) - DI (K (T 1) — Qu(Vis, K (T}, 1)

and
@?:194(pri) : 94(V?:1K(F27 1)) - @?:194(K(F;7 1))

are to one another inverse isomorphisms by a Mayer-Vietoris argument and Lemma 2.3.

Lemma 4.2 Fori k€ {1,2,... ,n} withi # k we get

Qa(pry) [M; UM, p;] =0 e QK (T4, 1)). n

Notice that Theorem 1.4 follows from Lemma 4.1 and Lemma 4.2 because they imply together
with the pair of inverse isomorphisms above

[M; U M],prop] =0 € Qu(K (T}, 1)).

for i € {1,2,... ,n} and then one can apply Theorem 2.1. So it remains to prove Lemma
4.2.

Let Cy, Cs, ..., Cy, be the components of dM;. Let k; : m(C;) — I'; be the homo-
morphism induced by the inclusion. Similiarly define &} : m,(f(C;)) — T7. If g: G — H

is a group homomorphism, denote by H /g the push out of groups of *x «— G 2, H. This
is the same as the quotient of H by the normal subgroup generated by the image of g.

Lemma 4.3 Suppose that OM; is non-empty. Then there is an isomorphism

for ' a finitely generated free group of rank m — 1 and a map

ﬁ : Fl//*;nzl kj E— (F;//*;nzl I{Z;) k *lglgn,l;ﬁi F;
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such that the composition of 3 with the projection
E : (F;//*;nzl k;) * *1§l§n,l;ﬁi Fg — F;//*;nzl ]{;

is an isomorphism and the following diagram commutes up to inner automorphisms of I'}, for
J D *iy by — Ty /¥, kj * F the canonical inclusion and g; induced by prj, o g;

o]
5 | |
pr},
(F;//*;nzl k’;) * *1§l§n’l¢if‘g e F;ﬂ

Before we prove Lemma 4.3, we explain how Lemma 4.2 and hence Theorem 1.4 follow
from it. We only treat the more difficult case where dM; is non-empty, the other case is
similiar and does not use Lemma 4.3.

The underlying map of the normal structure p; is

g Ugl: M;UM! — Vv K(I,1). The composition pr}, o g} is the constant map on to
the base point. Therefore we get a factorization of prj o (¢g; Ugi) : M; UM] — K(I',1) as
the composition of the projection ¢ : M; U M! — M;/OM; and the map

i M;/OM; — K(I'},1) induced by prj og;. The element Qu(pr},) [M; U M!, p;] in
Qu(K (T, 1)) lies in the image of the composition €4(g;) o Q4(¢). The map g; induces a map
K(gi,1) : K(m(M;/0M;),1) — K(I'},1) which induces a homomorphism

Qu(K (g5, 1)) = Qu(K (m (M;/OM;), 1)) — Qu(K (T, 1))

As g; factorizes over K (g;, 1), it suffices to show that Q,(K (g, 1)) is trivial. If j : G — G % F
is the inclusion for F' a finitely generated free group, then the homomorphism

Qu(K(5,1)) : U(K (G, 1)) — QU(K (G * F,1))

is an isomorphism by a Mayer-Vietoris argument and Lemma 2.3. Hence it suffices to show
because of Lemma 4.3 that the homomorphism

Qu(K (pry 0 8,1)) : QI (Tiff ¥y iy, 1)) — Qu(K (T, 1)

is trivial. From Kurosh Subgroup Theorem 1.5 there are subgroups A, and a free subgroup
F' of (F;//*;"Zl k:;) * *1<i<niil] such that each A, is subconjugated to I'; /*71, k’ or some
of the I[';-s and the image of [ is given by

im(3) = F' * xI_, A,



Since the composition of 3 with

prl (F;//*;”zl k;) % HF1<ianizi 1) — T/ ¥7L, k) is injective by Lemma 4.3 each A, is
subconjugated to I} /+7L, k7. The inclusion ¢ : x,_; A, — im(3) induces by the argument
above an isomorphism

Qu(K(1,1)) : Qu(Vi_1 K (4, 1) — Qu(im(0))

Since Q4(K (pr}, o 8,1)) factorizes through Q4 (im(f3)) and the composition of ¢ with the pro-
jection prj : (F;//*g’;l 3) % Fi<jengpes Iy — T is trivial, Qu(K (pro 3,1)) is trivial. This
finishes the proof that Lemma 4.3 implies Lemma 4.2 and hence Theorem 1.4.

It remains to prove Lemma 4.3. The map o : (Fi//*;”:l k:j> « F'— m (M;/OM;) is
given on T/ #1L, k; by the map which is induced by the projection M; — M;/OM;. The
free group F' has m — 1 generators and « sends the i-th generator to the class in m (M;/0M;)
represented by some path in M; joining C; and Cji;. Notice that M;/0OM; is up to ho-
motopy the same as attaching to each boundary component C; the cone over C; and then
attaching m — 1 one-cells such that the j-th one-cell joins the top of the cone of C; and
Cjt1 for 1 < j <m — 1. One easily checks using Seifert-van Kampen Theorem that « is an
isomorphism.

For appropriate choices of elements w; in *_ I the following diagram commutes

*;ﬁ:lﬂ-l(f|cj)

wiLm () ——————  #Lm(f(C)))

M kj *;-nle(wj) o k;

Je0Ji

n /
Fz’ _— *izlfi

where ¢(w;) denotes conjugation with w;. The map [ is the homomorphism making the
following diagram commute

fe0Ji
I'; _— w1 I
.l Lo
5}

Fz//*anzl k’j e (F;//*;nzl k’;) * *1§l§n,l7ﬁi F;

Since #7171 (f|c;) is an isomorphism and pr; o f, o j; is an isomorphism by assumption, the
map pr; o f, o j; induces an isomorphism 3; making the following diagram commute
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pr;of*oji

I; _ I
pr pr
b1
Liff 72y k; — i) 5y e(pri(wy)) o k;

The identity on I'; induces an isomorphism

B F;//*Tzl C(Pr;(wj)) © k; - F;//*;nzl k;

The composition of 3 with the projection pr/ : (F;// 1 k;) * H1<ianizi L) — T +0L, K is
the composition of the isomorphisms (3; and 35 and hence bijective. The diagram commutes
up to inner automorphisms of I}, by construction. This finishes the proof of Lemma 4.3 and
hence of Theorem 1.4. [ ]
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