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Recall :

Embeddings (X ,
Y) > Link maps (KY ) > Maps /× ,

"
pak

YI
r

isotopy ↑ Snook path link homotopy homotopy path

[0,1] [0,1] [0,1]

1M£ := { Sits > IR
"

} ⇐ ⑤ # (Topic la ,1b )likings Neil
upcominglowdopj

LM? := LM [5*5,1123] ± # via hiding number
.

What about LM[ Itis! Ñ ] ? (link howotopicdlg)
Definition : L is almost trivial if Lila isvtriviac-vk-h.in .

e.g.
"

Hopf
" !① or ①

"

Bor
"



Milnor 1195051 : { almost trivial lines } ≤ LM[Is!Ñ]
⇐ In

µ
= ⊕ plotii.io/n-4ir-1ih)

Bor = In-21 !
☒

☒ Su-2
(non - repeating ) Milnor invariants

e.g. w = 2
, µ

= pray = hiding number C- E

' w =3
, p

= µ ( 123)
= Milnor 's triple invariant c- € :

plij)=0 ⇔ I Seifert surfaces I. Fz ,Fz for L at .
←
v-i≠j tubes

Fi ≤ 1123 - ( ej # la ) .
then 1231=11^1-1^-5

w= 4
, µ = µ ( 12347 ⊕ µ(2134 ) c- É . . . . . ?

Goal of next few lectures : Geometric understanding
of this µ & repeating partners life µ / 1122 ) etc .



m =3 : For L = ( & . & ,
l
} ) ,
[L] c- LM [3] only depends on

-

ls :S
"

c > RT (G) c- IT, (112%(9%4))
112

µ, ( 131=0--11 (
23 ) ⇔

free group F :=F(me , ma )
ls C- f-

•
= Fz = commutator

subgroup f. forget
free abelian group

✗ Z±F¥
,surprise : [ L] actually

only depends on [ ls ] c- Fe/Eg
≤ ¥
,

= free nilpotent group
of class 3 .

I 112

Moreover
, µ,

/ 123 ) c- ☒ is another incarnation of
the triple invariant .

Reason : Self - intersections of f. and lz introduce

relations [[www.T.me ] ,
[ (mum] in] c- Fz .



Chima] = Mr lhzmini

= mitu;)
" [mi? mi ] . [ mi , me-1=-1

I
= msn.mil

all conjugates of mi
commute with me ,

1=1,2
.

< slips off after

"

:*
.mis

of & !



'

.

Def : The Milnor group of L is the quotient
iM(L ) : -_ Tn ( N ' L )/[in;.in?)--1V-gE1TiTEu.:iiMl4only depends on [L ] c- LM[ Is!Ñ]

④ M(4 is nilpotent of class u-11
,
i. e.MIL/u+i- {1}

Iii :/ [L] trivial ⇒ Ker (MIL ) > 1¥
.

Mcneal ) ± Éⁿ" !
-



where the generator of Zf in Z↑
" " "

= ⊕ Er
GES.nu

is sent to [mon , i [more, i [ ' - [m MY E MIL)mMai, ,
n

"

8127 . _ _ . Ru-Hu
±

oh,
,

! - -
-
- - ! !

•

"

right normed
"

commutator
.

Proof : i ) follows from our pictures , together with the fact
that any homotopy can be perturbed to become "

generic
"

,

i. e. a finite sequence of isotopes and finger moves .

We'll use that it,( 11234 is normally generated by onemeridian mi per component . The relations. i- pls Kef for u=1 ,
the
group MLL) is abelian

,
i.e

.

that commutators MHz = {1 } .

Jhd. on u-1 ↳ u : It suffices to slow that class goes up by
at most 1

.

h

Kerr (MIL ) > IT M(Lila ) ) lies in the center
"
of MLL)

,E- n
g

that
any element b. c- Ker commutes with all Mik .

Now mg
normally generates (kernel of MILI → MIL - eel ) ≥ Ker •


