CP2-STABLE CLASSIFICATION OF 4-MANIFOLDS WITH
FINITE FUNDAMENTAL GROUP

DANIEL KASPROWSKI AND PETER TEICHNER

ABSTRACT. We show that two closed, connected 4-manifolds with finite fun-
damental groups are CIP2-stably homeomorphic if and only if their quadratic
2-types are stably isomorphic and their Kirby-Siebenmann invariant agrees.

1. INTRODUCTION

Two 4-manifolds are (D]Pz—stably homeomorphic if they become homeomorphic
after taking connected sum with finitely many copies of CIP2. If the manifolds are
orientable, we allow connected sums with both orientations. We will show that the
CP2-stable classification for closed connected 4-manifolds with finite fundamental
group is determined by their (stable) quadratic 2-type.

The quadratic 2-type Qs consists of the Postnikov 2-type of the 4-manifold M,
determined by 7 M, ma M (as a 1 M-module) and the k-invariant in H3(my M; 7o M),
together with the orientation character wy M : myM — {£1} and the equivariant
intersection form Ay : moM X moM — Z[m M]:

Qur = (m M, wi M, oM, knr, A ).

We say that the quadratic 2-types of two manifolds are stably isomorphic if they
become isomorphic after finitely many stabilizations as follows:

Qum = Qugrop? = (MM, wi M, moM © Zri M], (kar,0), Ay L (1))
Theorem 1.1. Let My, My be closed, connected 4-manifolds with finite fundamen-
tal group 7, orientation character w : m — {£1} and equal Kirby-Sicbenmann
invariants. Then the following are equivalent:

(1) c[Mi] = cu[M3] € Hy(m; Z™)/ £+ Out(r);
(2) My and My are CIP?-stably homeomorphic;
(8) the quadratic 2-types Qpr, and Qur, are stably isomorphic.

If follows from Kreck’s modified surgery [Kre99] that (1) and (2) are equivalent
for arbitrary fundamental groups, see also [KPT, Thm 1.1]. Moreover, (2) implies
(3) by definition and hence the interesting implication for us is (3)=(1).

In [KPT, Thm A] we showed that already the quadruple (1, 72, k w; ) determines
the CIP2-stable classification, for groups that have one end or are torsion-free.

We also described two 4-manifolds of the form lens space times circle which both
have fundamental group Z/n x Z and w5 = 0 but are not CP?-stably homeomor-
phic [KPT, Ex. 1.4]. Hence for infinite groups (with two ends and torsion), the
implication (3)=-(1) is false in general.
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2 D. KASPROWSKI AND P. TEICHNER

The following question remains open, compare [KPT, Question 1.5], even though
we show there that the answer is “no” if Hy(m; Z") is annihilated by 4 or 6.

Question 1.2. Are there finite groups such that the equivariant intersection form
A is needed in Theorem 1.1 .

Note that Theorem 1.1 is true in the smooth category (where Kirby-Siebenmann
vanishes), compare [KPT, p.3]. In the topological case, one could also allow con-
nected sums with Freedman’s manifold *CIP?. Then the Kirby-Siebenmann invari-
ant can be changed and Theorem 1.1 has a version where one does not have to
control it.

Our proof is based on the following results. Let X be a finite connected Poincaré
4-complex with finite fundamental group =, orientation character w and chosen
fundamental class [X] € Hy(X;Z") = Z. If B is a 3-coconnected CW-complex
then X is B-polarized if it is equipped with a 3-equivalence f: X — B. The
set of 4-dimensional B-polarized Poincaré complexes with orientation character
w : m B — {£1}, up to homotopy equivalence over B, is denoted by SYP(B,w).

Theorem 1.3. Assume that S} P (B, w) is non-empty and that © := 71 B is finite.
Then there is an exact sequence

0 — Tors(Z¥ @z, T'(m2(B))) — SyP(B,w) — Z/|n| x Herm(mo(B)).

Hambleton-Kreck [HK88, Thm 1.1] prove this result in the oriented case w = 0
but we need the above generalization to the non-orientable case. The general case
as well as Theorem 1.4 below were obtained by the second author in his PhD-thesis
[Tei92] but have not yet been published, so we’ll review them in this paper.

For a hermitian form \ on moB, let SYP (B, w, \) be the subset of SYP (B, w) of
B-polarized Poincaré complexes (X, f) such that A is mapped to the intersection
form Ax via f*.

Theorem 1.4. Assume that SYP(B,w, \) is non-empty. Then there is a bijection
SPP(B,w, \) +— Tors(Z* @z I'(m2B)).

Corollary 1.5. If Tors(Z" @z, I'(meX)) = 0, the quadratic 2-type Qx of X de-
termines the homotopy type of X.

In the orientable case, the above torsion group vanishes if 7 has cyclic or quater-
nion 2-Sylow-subgroups [HK88, Bau88] whereas in the non-orientable case, the
following is a simple non-vanishing result:

Proposition 1.6. Let (X, w) be a Poincaré 4-complex with fundamental group .
If mo(X) splits off a free module and there exists an element g € T with g*> =1 and
w(g) = —1, then Tors(Z" ®gz. I'(m2 X)) # 0.

Remark 1.7. This applies to simply 4-manifolds such as X = RP*#kCP? and
X = (RP? x §?)#kCP? for k > 1. In these cases the quadratic 2-type still deter-
mines the homotopy type by [HKT94, Theorem 3] when we restrict to manifolds
instead of Poincaré complexes.

Considering X = RP*#CP? we have m(X) = Z[Z/2] and by the proof of
Proposition 1.6 we have Tors(Z" ®zz/9 I'(Z[Z/2])) = 7Z/2. We will show in
Proposition 3.13 that there is a Poincaré complex with the same quadratic 2-type
as X which is not homotopy equivalent to X. By the above this implies that it
cannot be homotopy equivalent to a manifold.



CP2-STABLE CLASSIFICATION OF 4-MANIFOLDS WITH FINITE 7, 3

Remark 1.8. For X = RIP? x S? we have that m(X) = Z ® Z" and thus
D(my(X)) X Z@ZBZ” and ZY @ T'(me(X)) = Z/2 ® Z/2 & Z. Hence up to
homotopy equivalence there are at most four Poincaré complexes with the same
quadratic 2-type as X. For manifolds this case was studied by Kim, Kojima and
Raymond [KKR92] and Hambleton and Kreck together with the second author
[HKT94]. Among the four homotopy types of Poincaré complexes there are three
that are realized by manifolds. These are distinguished by their intersection form
on Z/2-homology and either a Z/4-valued quadratic refinement of the equivariant
intersection form [KKR92] or a Z/8-valued Arf invariant [HKT94]. Hambleton and
Milgram [HM78, §3] showed that there is a Poincaré complex with this quadratic
2-type which is not homotopy equivalent to a manifold. Hence up to homotopy
equivalence there are precisely four Poincaré with the quadratic 2-type of RIP% x §2.

We will recall the necessary background on the equivariant intersection form and
its connection to Whitehead’s quadratic functor in Section 2. In Section 3, we will
then prove the statements from the introduction.

Acknowledgements: The authors thank Matthias Kreck for insightful conversa-
tions and Mark Powell for helpful comments on a previous version - this all hap-
pened at the Max Planck Institute for Mathematics in Bonn. The first author was
funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Founda-
tion) under Germany’s Excellence Strategy - GZ 2047/1, Projekt-ID 390685813.

2. BACKGROUND

Let X be a finite connected Poincaré 4-complex with finite fundamental group
7, orientation character w : mX — {£1} and chosen fundamental class [X] €
Hy(X;7Z") = Z. Here the coefficient group Z" is Z viewed as a Zm-module with
action gz = w(g)z

We have an involution on Zm given by g +— § := w(g)g~' and we use this
involution to consider a right Zm-module as a left Zm-module if necessary. We fix a

point z € X and a lift Zo € X. We abbreviate 7 (X, z0) by m2(X) and write H,(—)

for H,(—;Z). Using the isomorphism HZ,(X) —2 f,(X) & my(X) 2 mo(X),

we can view the equivariant intersection form as a pairing on w3 X, or, as we prefer

in this paper, as a pairing H2,(X) x H%(X) — Zm. It is given by
Ax(a,B) = Ax(B)(@) =Y (gaUB) N[X]))g™" = gan((BN[X])g™"
gem gem
The form Ay is hermitian with respect to our involution: For h; € m we have

Ax (hia, heB) = Z((tha UheB) N [X])g~"

gem

= Z((h;lghla UB) Nw(hy)[X])g™!

ge™

= Z((ga upg)n w(hz)[X])hlg_lhgl
ge™

= I Mo, B)w(ho)hy b = hiX(a, B)ha

and Ax(a, B) = m~
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The 2-type B of X is the 2nd stage of a Postnikov tower for X. This means that
there is a 3-equivalence f: X — B and B fibers over K (m, 1) with fiber K (m2(X), 2).
Such fibrations are classified by the unique obstruction kyx for finding a section.

kx € H?(K(m,1); mo(K (m2(X),2))) = H®(m;m2(X))
is by definition the k-invariant of X. The quadratic 2-type of X is
QX = (ﬂ-aw7ﬂ-2(X)ak/)Xa)\X)-

Definition 2.1. Let A be an abelian group. Then I'(A) is the abelian group with
generators v(a) for all a € A and the following relations:

{v(—-a) —v(a) |a € A} and
{v(a+b+c)—v(a+b) —v(b+c)—v(c+a)+v(a) +v(b) +v(c)|a,b,ce A}

Lemma 2.2 ([Whi50, page 62]). If A is free abelian with basis B, then T'(A) is
free abelian with basis {v(b),v(b+b') —v(b) —v(V') | b,b' € B}. Another important
case is T'(Z/2) =2 7Z/4.

Let Y be a simply-connected CW-complex and let n: S2 — S? be the Hopf map.
It induces a map 7: T'(m2(Y)) — 75(Y) given by v(a) — aon.

Theorem 2.3 ([Whi50, Sections 10 and 13]). For every simply-connected CW-
compler Y we have Whitehead’s exact sequence

(YY) = Hy(Y) 25 Do (V) D m3(Y) — Hy (Y3 Z) — 0.

We will now explain how the equivariant intersection form A x for a finite Poincaré
4-complex with finite fundamental group can be viewed as an element of I'(m2(X)).
This is well-known, but for convenience and to fix notation we sketch the argument
here.

Let A free abelian. An element ¢ € Homg(Homg(A,Z),7Z),A) is symmet-
ric if for all f,¢g € Homy(A,Z) we have f(p(g9)) = g(¢(f)). And we denote
the subgroup of symmetric homomorphisms by Symy(Homgz(A4,7Z), A). Let Y
be a finite simply-connected CW-complex with H(Y) free abelian. We define
Symy, (H?(Y), Ho(Y)) as Symy(Homyz(Hz2(Y),Z), H2(Y)) using the canonical iso-
morphism H?(Y) — Homg(H2(Y), Z).

Theorem 2.4 ([Whi50, p. 96]). Let Y be a finite simply-connected CW-complex
with Hy(Y') free abelian. There is an isomorphism

¢t Symg(H?(Y), Ha(Y)) = D(ma(Y))
such that for every class z € Hy(Y) we have ((— N z) = by(z).

Let X be a finite Poincaré 4-complex with finite fundamental group = and ori-

entation character w. Note that by Poincaré duality Ho(X) = Homyg(H2(X),Z)

and thus Ha(X) is free abelian. Let Herm(H?(X)) denote the hermitian forms on

H?(X). We have a map
Herm(H?(X)) — Symy, (H?(X), Homg (H?(X), Z)
given by
A= (B (a—evg A, B))),
where evg: Zm — 7 takes the coefficient at the neutral element. This map is

injective with image the m-linear homomorphisms, where we view Homz (H?(X), Z)
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as a left Zm-module with the involution on Zz coming from w. Under identifying

Homgz (H?(X),Z) with Ho(X), the intersection form Ax € Herm(H?(X)) maps to

—N[X]. Therefore, we consider the intersection form as an element of I'(m3 (X)) as
follows.

Definition 2.5. Let X be a finite Poincaré 4-complex with finite fundamental
group 7 and orientation character w. Then we can consider the element

Ax o= ((=N[X]) = by ([X]) € T(ma(X)).

Corollary 2.6. Let X be a finite Poincaré 4-complex with finite fundamental group
and 2-type B. Let f: X — B be a 3-equivalence. Then there is an isomorphism
D(m2(X)) & Hy(B,Z) mapping Ax to f.[X].

Proof. Since B is the 2-type of X, we have m3(B) = m4(B) = 0. Consider the
diagram:

m4(X) —= Hy(X) —— T(m2(X, 20)) — m3(X) —=0

e

0 Hy(B) — T(ma(B, f(x0))) ——0

From the commutativity of the diagram and Definition 2.5 it follows that Ax is
mapped to f,[X] under the composition of the two isomorphisms. O

Corollary 2.7. Let X = K U, D* be a Poincaré complex with finite fundamen-
tal group, with orientation character w and with 3-skeleton K. Under the map
D(mX) = T'(mK) — w3(K) the element Ax is mapped to N¥« (up to a unit),
where NY =%~ __w(g)g € Zr.

gem
Proof. We can assume that w5 X is nontrivial since otherwise X is homotopy equiv-
alent to either a sphere S$* or a projective plane RP*. The Whitehead sequences
for X and K fit into the following commutative diagram:

Hy(X) — 2 o T X) — > my(X) ———— Hy(X) ——— 0

iy A ~

0= Hy(K) —=T(mK) —— m3(K) Hs(K)

(X, K) — Hy(X,K) = Zn

Nw

(X)) ———> Hy(X) 2 7

There is a choice of isomorphism Zz = m4(X, K) such that 1 is mapped to a under
74(X, K) — m3(K). Since Ax comes from Hy(X), the image f(Ax) € m3(K) lies in
the kernel of the maps to 73(X) and Hg(f( ). Therefore, by a quick diagram chase,
(Ax) is a multiple of N¥a and since (— N [X]) € Symy (H2(X), Hy(X,Z)) is an
isomorphism and hence primitive, it is mapped to N*« up to a unit. [
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In Section 3 we will need the following results about the transfer map.

Let U < 7 have finite index. Let X be a CW-complex with fundamental group
7 and let X denote the finite covering of X with fundamental group U. Then X
and X have the same universal covering and let C, denote its cellular Zm-chain
complex. We can consider it as a right Zm-module using the involution on Zx. If
M is a Zm-module we can restrict the action to U and consider the projection

C. @zu M = C @z M
inducing
pi: Ho(X; M) — Ho (X; M).
On the chain level we obtain a map in the other direction by
tr: Cy @z M — C Qzu M, c®@m— Z cg t ® gm.
UgeU\r
This map induces a map
tr,: H,(X; M) — H,(X; M)
and similarly one constructs a map
tr*: H*(X; M) — H*(X; M).
Lemma 2.8. These transfer maps have the following properties:
(1) p« otry and tr* op* are multiplication by the index [U : ).
(2) If U < w is normal, then w/U acts on X and also on H.(X; M) and
H*(X; M). In this case, tr.op, and p*otr* are multiplication by EQEW/U g.
(8) If m acts trivially on a commutative ring R, then tr* is an H*(X; R)-module
homomorphism, i.e.
tri(p*(z) Uy) =z Utrt(y)
for all z € H*(X:R) and y € H*(X; R).
(4) The transfer commutes with Kronecker-products and Steenrod-squares:
(tr*(y),b) = (y,tr.b) € R
and ‘ ‘
Sq'(tr*(y)) = tr*(Sq'(y)) € H*(X;Z/2).

Proof. (1) and (2) follow directly from the definitions. For (3) and (4) one uses
that for trivial modules ¢r, and tr* are induced by a stable map tr: X*°X — XX
of suspension spectra, see [Ada78, Chapter 4]. O

3. THE CPP2-STABLE CLASSIFICATION

In this section we will recall the proof of [HK88, Theorem 1.1] and then prove
Theorems 1.1, 1.3 and 1.4. At the end of the section we will prove Proposition 1.6
and Proposition 3.13 which was mentioned in the introduction.

Let X, Y be Poincaré 4-complexes with finite fundamental group 7. Assume that
X and Y have isomorphic quadratic 2-types:

QX = (7T,’LU,7T2(X>,]€,)\X) = QY-

In the following we will always assume that m2(X) # 0 since otherwise X is ho-
motopy equivalent to either a sphere S* or a projective plane RP*. Let B be the
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2-type of X and let f: X — B be a 3-equivalence. From the results of Section 2,
in particular Corollary 2.6, it follows that there is a 3-equivalence g: ¥ — B such

that g.[Y] = f.[X].
If in this situation there is a map h: X — Y making the diagram

X—" Ly

N

homotopy commutative, then h is an isomorphism on 7, 3. By Corollary 2.6 there
is an isomorphism T'(m2(Y)) = H4(B) mapping Ay to g. [Y] and by assumption,
G:[Y] = fu[X] = Guhs[X]. Since Hy(Y) = Z, Hy(B) is torsion-free and §,[Y] is
non-trivial, this implies h.[X] = [Y]. Thus by Poincaré duality / is an isomor-
phism on homology of universal coverings in all degrees and hence h is a homotopy
equivalence.

Lemma 3.1. A map h as above exists if and only if f.[X]| = g.[Y] € Hy(B; Z™).

Proof. This result is proved by Hambleton and Kreck [HK88, Lemma 1.3] in the
oriented case. Since the proof in the non-oriented case works the same we will not
give any details here. However, we want to point out the following two things.

Firstly, there is a minor mistake at the beginning of the proof of [HK88, Lemma
1.3], where the authors construct B by attaching cells of dimension 4 and higher
to Y, ie. g: Y — B is the inclusion. Then they say that they want to extend

x® I pe _ye cy

over the 4-cell of X.

In fact, using the vanishing of obstructions in cohomology they can only extend
the map X — Y, because they might have to change the given map on the 3-cells
in order to extend over the 4-cell. But also such an extension h suffices for the proof
because the given (trivial) homotopy between f and goh on X (2) x I extends to
X x I using 73(B) = m4(B) = 0.

Secondly, to get the non-oriented case, note that Hambleton and Kreck show for
w = 1 that the obstruction in
HY(X;m3Y) = HO(X;7T3Y§§ 7v) = 7T3Y§§ 7Z* =~ my(B,Y) Z@ 7Y = Hy(B,Y;Z")
is given by the image of f.[X] under Hy(B;Z") — Hy(B,Y;Z") and therefore
vanishes if f.[X] = g«[Y]. All these isomorphisms continue to hold for non-trivial
w. U

Let X be a Poincaré complex with orientation character w, finite fundamental
group m, intersection form Ax and with a fixed 3-equivalence f: X — B, where B
is 3-coconnected.

Let A be a hermitian form on 7(B). Recall that SYP(B,w, \) denotes the set
of 4-dimensional B-polarized Poincaré complexes (Y, g) with orientation character
w, such that A maps to Ay, up to homotopy equivalence over B. Assume (X, f) €
SPP(B,w, \). By Lemma 3.1, sending (Y, g) to g.[Y] — f.[X] defines an injection

SyP(B,w,\) — HY(B) := Hy(B; Z").
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We want to compute the image of this map. Under the isomorphism H4(B) ~
I'my(B), the element f*[ ] is determined by A = f*Ayx by Corollary 2.6. Fur-
thermore, recall that tr,[X] = [X]. Therefore |7|(g.[Y] — fu[X]) = pu tra(g.]Y] —
f«[X]) =0, i.e. the above image lies in the torsion subgroup of H}’(B).

Write X as K U, D*, where K is a 3-complex. Since K is a 3-dimensional
complex, HY (K) is a subgroup of a free abelian group and thus torsion-free. Fur-
thermore, H(X) = H!(7) = Homgy (7, Z) = 0. Using this, from the exact sequence

0—— HY(X) — HY(X,K) — HY(K) — HY(X)

we obtain HY (K) = 0. Therefore, H}’(B) — H}’(B, K) is an isomorphism. Since
B is 3-coconnected, m4(B, K) — m3(K) is an isomorphism. Combining these, we
obtain the very useful isomorphism

(3.2)  HY(B) = HY(B,K) < my(B, K) @z 2 = m3(K) ©gx 7"
Consider the commutative diagram

HY (X) —— HY (X, K) <—— ma(X, K) Qg 7

o o

o o

HY(B) —— HY(B,K) <— m4(B,K) @z 7Y % 73(K) @z 2

and view the top cell of X as an element in 74(X, K). Then it has boundary a and
its image in H{'(X, K) is also the image of [X] € H{'(X). Hence the composition
of the horizontal isomorphisms (3.2) maps f.[X] to [o] ® 1.

Finally, we use Whitehead sequences for X and K:

(X)) —2> Hy(X) 2> D(mp(X)) — > m5(X) Hy(X) ———0

| |

— I(m(K)) 3(K) Hs(K) 0

=)

m4(X, K) i>H4()?,I?) /1

0

T (X) —— Hy(X)

The image of the compositon Hy(X) ba, [(my(X)) = T'(m2(K)) a m3(K) lies in

the kernel of the map to m3(X) and thus inside 7y (X, K) & Hy(X,K) = Zn. We
see that it fits into a short exact sequence

0— Hy(X) — Hy(X,K) — H3(K) — 0
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and we obtain the following commutative diagram of short exact sequences:

0— Hy(X) Zr H3(K) —=0

]

0—— F(WQ(K)) —— 7T3(K) —— Hg(K) —0

The fundamental class [X] maps downward to Ax € D(mX) = I(m2K) and, by
Corollary 2.7, to the right to £N* := _ w(g)g. Note that Hy(X) = Z". By

the upper short exact sequence above, H3(K) = Zx/N™. Tensoring the diagram
with Z" over Zm we obtain the following diagram of the long exact Tor-sequences:

7 Il

0 > Tor?™(Zr /N™, Z%) —> 7° @z Z° 2L T @i T° —> T /N @ B 0

[ } | I

0 = Tor?™(Zn NV, Z") - I'(ma(K)) @z Z¥ — 73(K) Qzr ¥ - Zr /N Qzx Z¥ -0

The top row shows that Tor’™(Zx /N¥,Z¥) = 0 and Z7w/N¥ Qg Z* = Z/|x|Z.
Using that m3K gz, Z* = H}’(B) and m2(B) = my(K), the bottom row can be
identified with the short exact sequence:

(3.3) 0 — D(m2(B)) @zx ¥ 5 HY(B) % Z/|x| — 0

with (A ® 1) = |7|f«[X] and q(f«[X]) = 1 + |7|Z, exactly as in the oriented
case [HK88, page 89]. From here Theorem 1.3 follows as in the proof of [HKS8S,
Theorem 1.1].

Now we are nearly ready to prove the following theorem which completes the
proof of Theorem 1.4. Recall that (Y,g) — g.[Y] — f«[X] defines an injection
SPP(B,w, f.Ax) — HY(B) with image inside the torsion subgroup.

Theorem 3.4. For all (Y,g) € S{P(B,w,\) we have q(g.[Y] — f.[X]) = 0 and
(Y, g) — i~ 1(g«[Y] — f«[X]) defines a bijection

SPP(B,w, \) & Tors(I'(myB) @z 7).

Before proving Theorem 3.4 we will first show how it implies Theorem 1.1.

Proof of Theorem 1.1. It remains to show that for a given closed, connected 4-
manifold M with fundamental group 7 and orientation character w the element
c«[M] € Hy(m; Z™) is determined by the stable quadratic 2-type of M. Let B denote

the Postnikov 2-type of M and consider the sequence M 1. B S Br. Considering
the following diagram and following the construction of (3.3), we see that the map
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i in (3.3) can be identified with the canonical map Hy(B) ®z. Z* — H}’(B).
0 0

0 — D(mo(K)) — > m3(K)

Hy(K) ——=0

1R

m4(B, K) —— Hy(B, K)

00— Hy(B)

0

Now given another closed, connected 4-manifold N with orientation character w and
a 3-equivalence g: N — B such that g*Ay = f*Aar, then f . [M]—g.[N] is contained
in Tors(I'(my(B)) ®zx Z*) = Tors(Hy(B) ®zx 7Z*) by Theorem 3.4. Since the
composition B — B < Br is trivial, we thus have ¢, f,[M] = ¢,g.[N] € H¥(Bn)
as claimed. 0O

For the proof of Theorem 3.4 we need the following lemma.

Lemma 3.5. If w = 1 or if the 2-Sylow subgroup of m has order bigger than 2,
there exists a homomorphism

k: D(maB) Qzr 2 — 7 with A® 1+ 1.

We will first prove Theorem 3.4 assuming Lemma 3.5, and then we will prove
Lemma 3.5.

Proof of Theorem 3.4. We will first show that ¢(g.[Y] — f«[X]) = 0.

In the case that w = 1 or the 2-Sylow subgroup of 7 has order more than 2,
we will show that i(Tors(Z" Qz, ['(maB))) = Tors(H4'(B)). This proves q(g.[Y] —
f+«[X]) = 0 in this case. The image of Tors(Z" @z, I'(m2B)) is obviously contained
in Tors(H4'(B)) and we have to show the other inclusion.

Let 2 € Tors(HY (B)) be given. Because Hy(B) = I'(myB) is torsion free, we see
that |7|z = pstr.(z) = 0. From (3.3) and ¢(f.[X]) =1 € Z/|r| we see that there
exists k € N and y € I'(meB) Q7. Z" such that x + kf.[X] = i(y). It follows that

Imli(y) = |rle + k|| fu[X] = ki(A @ 1)

Thus, |rly = k(A ® 1) and by Lemma 3.5 we have |7|k(y) = k(A ® 1) = k.
Therefore, |7| divides k and

k
x=i(y — m()x ® 1)) € im(4).

We now consider the case 7 = Q ® Z/2 with |Q| odd and w = ps the projection
onto Z/2 = {£1}. Since f.[X] € H}’(B) maps to a generator of Z/|r| = Z/|Q| &
Z/2 under q there is z € Z/|Q| with ¢(f«[X]) = (x,14+2%Z) € Z/|Q|®Z/2. For any
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(Y,g) € STP(B,w, \) there is in the same way y € Z/Q with q(g.[Y]) = (y,1+2%)
and hence q(g,[V] - £.[X]) = (y — x,0).

Taking double coverings with respect to the subgroup Q < 7 we get a commu-
tative square

7

X—=B
|, )
f
X ——B
where p, f.[X] = 2f.[X]. So we may conclude from the following commutative
diagram that g(g.[Y]) = .
0 — (1o B) ®pg Z —— Hy(B) ——7./|Q)| 0

0 — I'(m3B) ®gx Z¥ ——> HY¥(B) —— Z/|n]| 0

Since X 1s an orientable Poincaré compleX we already know that Theorem 3.4
holds for X. Therefore, 0 = §(G.[Y] — f.[X]) = y — = € Z/|Q| and thus also

", B[y t]he ab[ow]e? the map SFP (B, w, \) — Tors(T(m2B) @z, Z™) is well defined and
we already now that it is injective. Showing surjectivity is easy since we can use
[HKS8S, page 89] to reattach the top cell of X as follows. Recall that X = K U, D*.
For a given element /5 € Tors(I'(me B) @z Z™) pick a preimage Be I(meB) C w3(K)
and attach a 4-cell to K along a representative of 5 + . The resultmg complex Xg
has the same intersection form as X and also H. 3(X 3) = 0 because B maps trivially
to Hs(K). As in [HK88], the map f|x extends to a 3-equivalence fs: Xg = B
such that fg.[Xg] = f.[X]+ 5. O

For the proof of Lemma 3.5 we need the following constructions of maps from
I'(m2(X)) = T'(m2(B)) to Z*. Consider the isomorphism
¢ T2 (X)) = Symg (H*(X), Ha (X))
from Theorem 2.4. Precomposing with the inverse of PD: H2(X) —nX, Hy(X),
we get a map
(3.6) k' T(m2(X)) — Homyg (Hy(X), Hy(X)).

The construction of " and the following two lemmas below are due to Stefan Bauer
[Bauss].

Lemma 3.7. If we let m act on Homy (Hy(X), H2(X)) by g = w(g)(gx 0 po g t),
then k' is equivariant. In particular,

traceox’: ['(ma (X)) — ZY
s equivariant.

Proof. If we let m act on Sym(H?> ()2), Hg()N()) by g = g.o1og*, then by naturality
(¢ is equivariant. We have

g.(9"an [X]) = an g.[X] = w(g)(an[X])
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and thus g* o PD™' = w(g)(PD ' og;'). This proves the lemma since x’(z) =
¢(z)oPD™L 0

Lemma 3.8. When we view Ax as an element of I'(m2(X)) as in Definition 2.5,
then
K/(Ax> = Ide()}) .
Proof. Recall that \x is the image of — N [)} ] under ¢. Thus, precomposing with
the inverse of PD = — N [X] gives the identity on Ho(X). O
A central involution in a group G is an element of order 2 in the center of G.

Lemma 3.9. Let G be a 2-group, w: G — 7Z/2. If w =1 or |G| > 2, there exists
a central involution T € G with w(r) =1 € {+1}.

Proof. Since G is a 2-group there exists a central involution. We are done if w(7) =
1. Otherwise the map w splits and since 7 is central, we have G = (1) x ker(w).
Since |G| > 2 there again exists a central involution 7/ € ker(w) and this is still
central in G = (1) x ker(w). O

Let 7: HOmZ(HQ(X),HQ(X)Z/—) Hom (Hy(X), H2(X)) be given by precom-
position with the action of 7 on X.
Lemma 3.10. The map
trace oty o k': ['(ma (X)) — Z"
is equivariant and the element Ax is mapped to —2.

Proof. Since ' and the trace are equivariant, we have to show that 7, is equivariant.
This is the case, because the group element 7 is central. Since x'(Ax) = Idy, )

by Lemma 3.8, we have 7, (k'(Ax)) = 7: H,(X) — Hy(X;7Z). Since w(r) = 1 and
7 acts fixed point free on X, the Lefschetz formula yields

0 = trace(ry, 5)) + trace(ty, ) + trace(ry, 5)) = 2 + trace(r, (k' (Ax)))
and therefore trace(r. (k' (Ax))) = —2. O

We want to show that the image of trace or, o’ is always even. For this we need
the following lemma.

Lemma 3.11. Let 7 € w have order 2. Then the symmetric bilinear form
H*(X;7)2) @ HX(X;7.)2) = 7./2, z®@y~ (rzUy,[X])
is even, i.e. (tx,z) =0 for all x € H*(X;7/2).

Proof. Let ¢: X — X := X /7 be the double covering. Then ¢* o tr*(z) = z + T
and

(g" o tr(z) Uz, [X]) = (tr"(q" o tr* () U ), [X])
tr*(z) U tr* (), [X])

(
(
=(S
=
=

¢*(tr* (), [X])
Sq* (), tr.[X])
Uz, [X]).

T
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Here we used the identities from Lemma 2.8 (with p = ¢). It follows that
(zU7z,[X]) = (x U (¢" o tr*(z) + 2), [X]) = 2(x Uz, [X]) =0

for all z € H2(X;7Z/2). 0

Lemma 3.12. The image of traceor, o k' is contained in 27" .

Proof. The trace fits into the following commutative diagram:

Homy (H,(X), Hy(X)) frace 7

H*(X) @ Hy(X)

where ¢ is the slant map and s the evaluation, i.e. p1(a® z) := (y — (e Ny)x)
and po(a@®x) :=aN.

Let {3;} be a Z-basis of Hy(X). Every element in H2(X)® H(X) can be written
as ;5 AijBi ® (BN [X]) for some Ai,j € Z. The map

U= 1) NijBi @ (B N[X]) o PD: H*(X) — Hy(X)
.
is given by ¥(a) =32, ; Aij((@UB;) N [X])(8; N [X]). Recall that it is symmetric
if & NT(a) = anNT(a)). Let {5} be the basis dual to {3;} in the sense that
(BF U B;) N[X] = 0;;. We see that if ¥ is symmetric, then

//_ZA,J (87 U B:) NIX])((8} U B;) N [X])
— B N W)
= B N(B})
= > X (85 UB) N IXD((B) L B;) N IX])

,J
= Aj/ﬂ',
One easily computes
T 801 ZAZ j/BZ 801 ZA jTﬁ’L [ ]))

and using that 7 has order two and w(r) = 1, we get

(78: U B;) N [X] = (728 UTB)) Nw(7)[X] = (B; UTH;) N [X].
Let ¥ be symmetric. By Lemma 3.11 we then get

@2(2/\1,3‘7'51'@(5]‘0[5(] ZZAijTﬂz‘Uﬁj) N [X]
,J

—ZTﬂzUBz +22)\2]T61U/6]) [ ]

i<J

_2Zﬁ,u@ X]+2) Nij(m6iU B;) N [X]

1<j
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This implies the lemma since by definition of £’ every element in its image is coming

from Symy,(H?(X), Hy(X)). O

Proof of Lemma 3.5. Since Z" Qur L" = Z, fy: w2(X) — ma(B) is an isomorphism
and f*\ = Ay, it suffices to show that there exists a Zm-homomorphism

k: T(me (X)) = 2%

with Ii(Ax) =1.

We have rank(Hz (X)) = x(X)—2 = |7|x(X)—2, where y denotes the Euler char-
acteristic. Thus it suffices to show that there exist homomorphisms «;: I'(m2 (X)) —
Z" such that:

(1) r1(Ax) = Iz, N

(2) Kk2(Ax) =rank(H2(X)) and

(3) k3(Ax) is odd,
because if k3(Ax) = 2n + 1, then for kK = k3 + nka — nx(X)k1 we have k(Ax) =
1. (1): For a Zm-module M let M™ denote the submodule consisting of those
objects m with gm = w(g)m for all g € m. We have Ax € T'(m(X))™. Any
Z-homomorphism I'(me(X))™ — Z" is already a Zm-homomorphism, since 7 acts
on both sides via w. Since X is a finite 4-dimensional Poincaré complex with finite
fundamental group, m2(X) is free abelian. By Lemma 2.2, I'(m2(X)) is therefore
free abelian. Capping with [X] gives an isomorphism H2(X) — Hy(X) and hence
Ax € I'(m2(X))™ is primitive. Therefore, there exists a Z- and thus Zm-linear map

d: T(me(X))™ — ZY
with d(Ax) = 1. We define k1 as the composition

k1: D(ma(X)) 2 (D(ma(X))2)™ % 7.

(2): Define kg := traceox’. By Lemma 3.8,

ke(Ax) = trace(Ide(};)) = rank(Hy(X)).
(3): Let G < 7 be a 2-Sylow subgroup and p: X’ — X the corresponding covering.
Then the map

trly: D(maX) @pn L% — T(10X) @z 7P
has the property that

trgAx@1)= ) (gx)®g-1)=[r:GlAx @ 1).
geG\m
Since [7 : G] is odd and Ax = Ax/, we can therefore assume that 7 is a 2-group
by composing 3 for G with ¢r%. Note that p*: HY(X;Z/2) — HY(X';%Z/2) is
injective and thus p*w is non trivial if and only if w is non trivial.
Let £’ be the homomorphism from (3.6). By Lemma 3.12, the image of trace oty 0

K’ is always even and we can define r3 := —3(traceor, o x’). By Lemma 3.10,
Kg(Ax> =1. O

Proof of Proposition 1.6. By [HK88, Theorem 2.1] we have

INZr)=2 F® @ Zr|Zw(1 — g),
gem\{1},92=1
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for some free module F'. It is an easy calculation that this implies
Tors(Z” @z, I'(Zm)) = (Z/2)",
where r is the number of g € 7\ {1} with ¢> =1 and w(g) = —1. Since
[(mX) = T(Zr) & T(M) & Zr @7 M,
Tors(Z" ®z. I'(Zm)) is a summand of Tors(ZY ®z, I'(m2X)). O

Proposition 3.13. There is a Poincaré complex with the same quadratic 2-type as
RP*4CP? which is not homotopy equivalent to RP*#CP2.

Proof. Let B be the Postnikov 2-type of RP*#CP?. By Lemma 3.1, B-polarized
Poincaré complexes up to homotopy equivalence over B are classified by the image
of their fundamental class in Hy(B; Z"). Hence to understand them up to homotopy
equivalence, we have to study the action of all self-homotopy equivalences of B on
Hy(B;Z"Y). As my(B) is free, the k-invariant of B is trivial and the map B —
B7/2 admits a splitting s. Using the Serre spectral sequence and the proof of
Proposition 1.6, one computes

Hy(B;Z2") 2 11" ®y(z/2) Hy(B;Z) ® Hy(BZ/2; ")
=7 Rzz VZZ)2) OL/2=LDL/2DL)2.

By obstruction theory, for every self-homotopy equivalence ¢ of B we have pos ~
s. Hence ¢ acts diagonally on Hy(B;Z") with the identity on Hy(BZ/2;7Z") and
on Z" ®@zz/2) H,(B;7) by the map on my(B) induced by ¢. The automorphisms
of mo(B) = Z[Z/2] are given by multiplicaton with {£1,+g} where g € Z/2 is
the generator. It follows that the action of ¢ on H4(B;Z") is given by +1 and
thus is the identity on the torsion subgroup. In particular, it is the identity on the
torsion subgroup Z/2 of Z @z /9 U'(Z[Z/2])). Tt thus follows from Theorem 1.4
that there is precisely one Poincaré complex which has the same quadratic 2-type
as RP*#CP? but is not homotopy equivalent to it. O

REFERENCES

[Ada78] John Frank Adams, Infinite loop spaces, Annals of Mathematics Studies, vol. 90,
Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1978.
MR 505692

[Bau88] Stefan Bauer, The homotopy type of a 4-manifold with finite fundamental group, Alge-
braic topology and transformation groups (Gottingen, 1987), Lecture Notes in Math.,
vol. 1361, Springer, Berlin, 1988, pp. 1-6. MR 979503

[HK88] Ian Hambleton and Matthias Kreck, On the classification of topological 4-manifolds
with finite fundamental group, Math. Ann. 280 (1988), no. 1, 85-104. MR 928299

[HKT94] Ian Hambleton, Matthias Kreck, and Peter Teichner, Nonorientable 4-manifolds with
fundamental group of order 2, Trans. Amer. Math. Soc. 344 (1994), no. 2, 649-665.
MR 1234481

[HM78] 1. Hambleton and R. J. Milgram, Poincaré transversality for double covers., Can. J.
Math. 30 (1978), 1319-1330 (English).

[KKR92] Myung Ho Kim, Sadayoshi Kojima, and Frank Raymond, Homotopy invariants
of monorientable 4-manifolds, Trans. Amer. Math. Soc. 333 (1992), no. 1, 71-81.
MR 1028758

[KPT]  Daniel Kasprowski, Mark Powell, and Peter Teichner, Four-manifolds up to connected
sum with complex projective planes, arXiv:1802.09811.

[Kre99] Matthias Kreck, Surgery and duality, Ann. of Math. (2) 149 (1999), no. 3, 707-754.
MR 1709301



16 D. KASPROWSKI AND P. TEICHNER

[Tei92]  Peter Teichner, Topological 4-manifolds with finite fundamental group, Ph.D. thesis,
University of Mainz, Germany, 1992, Shaker Verlag, ISBN 3-86111-182-9.

[Whi50] J. H. C. Whitehead, A certain ezact sequence, Ann. of Math. (2) 52 (1950), 51-110.
MR 0035997

RHEINISCHE FRIEDRICH-WILHELMS-UNIVERSITAT BONN, MATHEMATISCHES INSTITUT,
ENDENICHER ALLEE 60, 53115 BONN, GERMANY
Email address: kasprowski@uni-bonn.de

Max PLANCK INSTITUT FUR MATHEMATIK, VIVATSGASSE 7, 53111 BONN, GERMANY
Email address: teichner@mpim-bonn.mpg.de



	1. Introduction
	2. Background
	3. The CP2-stable classification
	References

