A STABILITY CONJECTURE FOR THE COLORED JONES
POLYNOMIAL

STAVROS GAROUFALIDIS AND THAO VUONG

ABSTRACT. We formulate a stability conjecture for the coefficients of the colored Jones
polynomial of a knot when the color lies in a fixed ray of a simple Lie algebra. Our conjecture
is motivated by a structure theorem for the degree and the coefficients of a g-holonomic
sequences given in [Garll] and by a stability theorem of the colored Jones polynomial of an
alternating knot given in [GL15]. We prove our conjecture for all torus knots and all simple
Lie algebras of rank 2. Finally, we illustrate our results with a few explicit g-series.
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1. INTRODUCTION

1.1. The degree and coefficients of a g-holonomic sequence. Our goal is to formulate
a stability conjecture for the coefficients of ¢-holonomic sequences that appear naturally in
Quantum Knot Theory [GLO05]. Our conjecture is motivated by

(a) a structure theorem for the degree and coefficients of a g-holonomic sequence of
polynomials given in [Garll],
(b) a stability theorem of the colored Jones polynomial of an alternating knot [GL15].
To discuss our first motivation, recall [Zei90] that a sequence (f,(q)) is g-holonomic if it

satisfies a linear recursion
d

> i@ @) fari(@) =0

=0
for all n where c;(u,v) € Z[u,v] and ¢4 # 0. Here, f,(q) is either in Z[g*!], the ring of
Laurent polynomials with integer coefficients, or more generally in Q(q), the field of rational
functions with rational coefficients or even Z((q)), the ring of Laurent power series in ¢
> ez 0i¢ (with a; integers, vanishing when j is small enough). Z((q)) has a subring Z[[¢]]
of formal power series in ¢, where a; = 0 for j < 0. The degree 6*(f(q)) of f(q) € Z((q)) is
the smallest integer m such that ¢" f(q) € Z[[q]].

Thus, we can expand every non-zero sequence (f,(¢)) in the form

1) Fala) = ao()g” ) + ax(m)g” ™ + ay(n)g” P+

where 0*(n) is the degree of f,(q) and ax(n) is the k-th coefficient of ¢~ (™ f, (q), reading
from the left. We will often call ax(n) the k-th stable coefficient of the sequence (f,(q)).
In [Garll] it was proven that if (f,(g)) is g-holonomic, then

e 0*(n) is a quadratic quasi-polynomial for all but finitely many values of n,
e for every k € N, ag(n) is recurrent for all but finitely many values of n.

Recall that a quasi-polynomial (of degree at most d) is a function of the form
d
p:N—7Z, an(n):ch(n)nj
=0

where ¢; : N — Q are periodic functions. Let P denote the ring of integer-valued quasi-
polynomials. A recurrent sequence is one that satisfies a linear recursion with constant
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coefficients. Recurrent sequences are well-known in number theory under the name of Gen-
eralized Exponential Sums [vdP89, EvdPSWO03]. The latter are expressions of the form

a(n) = Z A;(n)al

with roots a;, 1 < ¢ < m distinct algebraic numbers and polynomials A;. Integer-valued
generalized exponential sums form a ring £, which contains a subring P that consists of
integer-valued exponential sums whose roots are complex roots of unity.

1.2. Stability of the colored Jones polynomial of an alternating link. The second
motivation of our Conjecture 1.5 below comes from the stability theorem of [GL15] that
concerns the colored Jones polynomial of an alternating link. Let Z((¢q)) denote the ring of
formal Laurent power series in ¢ with integer coefficients. Every element of Z((q)) has the
form f(q) =>°7  a,q" for some ng € Z and a,, € Z. If f(q) # 0, the smallest n such that

n=ng

a, # 0 is denoted by 6*(f). Given f.(q), f(q) € Z((q)), we say that
Tim f,(q) = f(q)

if there exists C such that 0*(f,(¢)) > C for all n, and for every m € N there exists n,, € N
such that

fala) = f(a) € ¢"Z][g]]
for all n > n,,. The next definition of stability appears in [GLO05] and the notion of its tail
is inspired by Dasbach-Lin [DL06].

Definition 1.1. We say that a sequence f,(q) € Z|[q]] is stable if there exists a series
F(x,q) = > 0o Pu(q)2z” € Z((q))[[x]] such that for every k € N, we have

k
(2) lim g~ "+ (fn(Q) - ‘I’j(Q)qj(”“)> =0.
=0

n—oo

We will call F(z,q) the (z,¢)-tail (in short, the tail) of the sequence (f,,(q)).

Examples of stable sequences are the shifted colored Jones polynomials of an alternating
link. Let Jg,(q) € Z[g™/?] denote the colored Jones polynomial of a link K colored by the
(n + 1)-dimensional irreducible representation of sly (see [Tur88, Tur94]). Let 3 (n) and
arxp(n) denote the degree and the 0-th stable coefficient of Jx ,,(¢). It is well-known that
arxpo(n) = (—1)°" where c_ is the number of negative crossings of K [Lic97].

Theorem 1.2. [GL15] If K is an alternating link, then the sequence aKjo(—n)q"g}?(”) Jrn(q) €
Z|q] is stable.

1.3. c-stability. We are now ready to introduce the notion of c-stability.

Definition 1.3. We say that a sequence f,,(q) € Z((q)) with g-degree §*(n) is c-stable (i.e.,
cyclotomically stable) if there exists a series F'(n,z,q) = Y o Px(n,q¢)z* € P((q))[[z]] such
that for every k € N, we have

k

n—oo -
Jj=0
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We will call F(n,z,q) the (n,z, g)-tail (in short, tail) of the sequence (f,.(q)).

Remark 1.4. The stable coefficients of a c-stable sequence (f,(¢q)) are quasi-polynomials.
Le., with the notation of Equation (1), we have that a; € P for all k. In fact, if (f.(q)) is
c-stable and [ € N, the stable coefficients of the sequence

-1
g 't (fn@ > <I>j(Q)qj("“))
§=0
are quasi-polynomials.

1.4. Our results. For a knot K in S3, colored by an irreducible representation V) of a
simple Lie algebra g with highest weight A\, one can define the colored Jones polynomial
Jiv, (@) € Z[g™"] [Tur88, Tur94]. This requires a rescaled definition of ¢, which depends
only on the Lie algebra and not on the knot, and is discussed carefully in [Le00]. In [GLO5]
it was shown that for every knot K and every simple Lie algebra g, the function A — J I'}M (q)
(and consequently the sequence (J% ,,(q))) is g-holonomic.

Conjecture 1.5. Fix a knot K, a simple Lie algebra g and a dominant weight A of g. Then
the sequence (Ji ,,(¢)) of colored Jones polynomials is c-stable.

Theorem 1.6. Conjecture 1.5 holds for all torus knots and all rank 2 simple Lie algebras.

For a precise formula for the tail, see Theorem 7.2.
An earlier publication [GMV13] gives an alternative proof of Theorem 1.6 for the trefoil
and the case of the As simple Lie algebra.

Remark 1.7. Theorem 1.2 implies that if K is an alternating knot with c¢_ crossings and
k € N, the k-th stable coefficient ax ,(n) of the sequence (Jx,(q)) is given by

agk(n) = (—1)07%09&(@&0((1),(]1{:)
and satisfies the first order linear recurrence relation

agp(n+1) —(—1)“axxr(n) =0.

Here coeff(f(q),q") denotes the coefficient of ¢* in f(q) € Z((q)). The stable coefficients
ck k. of an alternating knot K are studied in [GV15, GNV15]. In all examples of the colored
Jones polynomial of a knot that have been analyzed (this includes alternating knots, torus
knots and the 2-fusion knots), the k-stable coefficient is a quasi-polynomial of degree 0, i.e.,
it is constant on suitable arithmetic progressions. One might think that this holds for all
simple Lie algebras. Example 1.10 below shows that this is not the case, hence the notion
of c-stability is necessary.

1.5. A sample of ¢-series. In this section we give a concrete sample of tails and g¢-series
that appear in our study.

Example 1.8. Consider the theta series given by [BvdGHZ08]

(4) Obelq) = D (—1)%q e,

SEL
In Section 10 we will prove the following.
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Theorem 1.9. The tail of the c-stable sequence (J:?(Qz ) n/\l(q)) for b > 2 odd is given by

Op,5 1 (@) (L +2%) + ¢°0, 5 (q)2
(1 =) = qz)(1 - ¢°x)
In particular, when b =3 (i.e., the case of the trefoil), the tail equals to
1 —qx + ¢32?

D - - )

Here, (2;q)os = [[;20(1 — ¢"z) and (¢)ec = (4: @) ox-

2

Example 1.10. The tail of the c-stable sequence (Jj‘f‘( 15)mp(@)) is given by
1
(1 —2q)*(1 - 2%¢?)

where Ay(q), Ai1(q) € Z[[q]] are given explicitly in Proposition 10.3. The first few terms of
those g-series are given by

Ao(q) =1 — 2 + 2> — ¢* + ¢*® — 2¢%° — 2457 + 24 + 2¢% + 2¢%° + 2¢™ — ¢ — 24" — 2¢°!
—2¢%2 — ** —2¢% + 245 + . ..

A(g) =1— 20+ 2% — ¢* — ¢ +2¢° + 241 — 212 — 4q™® — ¢'8 + 241 + 2¢** + 3¢®2 — 247
— 2070 — 23 4 4g%0 — ¢4 — 2™ 4 ¢ — 242 1 245 4 207 + 47 — 2¢%° + 2% — 4¢™
— 245 — 2459 — 2™ — 70 4 4¢™ + 263 + 2452 + ¢ +2¢° — 25 + ...

(Ao(q) +nAi(q))

It follows that for every fixed k, the k-th stable coefficient ay(n) of (J;}é 5)mp(4)) satisfies the
linear recursion relation

ag(n +2) —2ax(n+1) +ax(n) =0

for all n.
Using the methods of [BvdGHZ08]|, one can show that

A1(q) _ Z q20(m§+3m1m2+3m§)+2m1+3m2(1 _ q4m1+1)(1 _ q4m1+12m2+1>(1 _ q8m1+12m2+2>

mi,mo€Z

— (@ | 1 =Y (1yrgt

neZ ned+7
= (@)oo ((¢76")o0 (0 4") o0 (0" ¢")oe — a(1 = ¢*)(0"%; ¢™) ("3 4" 0 (¢" 75 ¢"°) ) -
2. LIE ALGEBRA NOTATION

We recall some standard Lie algebra notation that we will use throughout the paper
[Bou68, Hum78|.

g denotes a simple Lie algebra over the complex numbers. W is the Weyl group of g, A
and A, are the weight and root lattices of g. AT denotes the set of dominant weights, with
respect to a choice of Weyl chamber.
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p : A, — N denotes the Kostant partition function which is the number of ways to express
an element of the root lattice as a linear combination (of nonnnegative integer coefficients)
of positive roots of g.

Let p denote half of the sum of positive roots.

If A € At is a dominant weight, V) denote the irreducible representation of highest weight
A, and II, denote the set of weights of V.

If r is the rank of g, we we denote by «; for ¢ = 1,...,r the simple roots of g, and by \;
for e = 1,...,r the fundamental weights of g.

3. THE COLORED JONES POLYNOMIAL OF A TORUS KNOT

3.1. The Jones-Rosso formula. To verify Conjecture 1.5 for all torus knots T'(a, b) (where
0 < a < band a and b are coprime integers), we will use the formula of Jones-Rosso [RJ93].
It states that

(5) T2 an), 8oy o

HGSX a

where

e d, is the quantum dimension of V) and 0, is the eigenvalue of the twist operator on
the representation V) given by:

= M — (20 ol =4 —q
(6) dy OEIO (o) 0\ =q , [n] —q =

o= I3
Dl o3

° m’;’a € Z is the multiplicity of V,, in the a-plethysm of V) where 1, denote the
a-Adams operation. l.e., we have:

(7) Ya(chy) = Z mh ,chy,
HESNa

where ch, is the formal character of V.

To describe the plethysm multiplicity m’;,a and the summation set S} ,, recall the Kostant
multiplicity formula [Kos59] which expresses the multiplicities m) of the p-weight space of
V) in terms of the Kostant partition function p:

(8) mh = (=1)7ple(\ +p) —p—p).
oeW
As usual, W is the Weyl group of the simple Lie algebra g and p is half the sum of its positive
roots.
Lemma 3.1. (a) We have:

ptp—o(p)
(9) mh, = (=1)7m, °

ceEW
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where the summation is over the elements ¢ € W such that Hp%‘f(p)

(but not necessarily a dominant weight).
(b) It follows that

is in the weight lattice

(10) Sva=| | (@lp) —p+ally) | NAF
cEW

where II, is the set of all weights of V, and A" is the set of dominant weights of g.

Remark 3.2. The Jones-Rosso formula (5) combined with Equations (8) and (9) imply that
that we can write

(11> J%(a,b),A(Q) = Z J%(a,b),A,a,a/ (q>
oo’ eW
for some rational functions Jp, , 5 /(). It is easy to see that the sequences (J3, ) 13 5.0 (2))

are g-holonomic (with respect to n) and c-stable. If cancellation of the leading and trailing
terms did not occur in Equation (11), it would imply a short proof of Theorem 1.6 for all
torus knots and all simple Lie algebras. Unfortunately, after we perform the sum in Equation
(11) cancellation occurs and the degree of the summand is much lower than the degree of
the sum. This already happens for A, and the trefoil, an alternating knot. This cancellation
is responsible for the minimizer py, to be of order O(\) rather than O(1) in case A,, part
(b) of Theorem 3.4.

3.2. The degree of the colored Jones polynomial. The Jones-Rosso formula can be
written in the form

— 2 (A N)—(—1+ab)(\,p)

q Iy )
(12) Jj%(a,b),)\(Q) = T o) Z g2a )+ +2)(1p) H(l _ glte )) .

a0 HESK o a>0

Here the products are taken over the set of positive roots {a} of g. When the dominant
weight A and the torus knot T'(a, b) is fixed, the minimum and the maximum degree of the
summand are positive-definite quadratic forms f*(u) and f(u) given by

130) )= )+ (—1+ 9) (1.0) ~ D) ~ (-1 + ab)(r.p)
W) 10 = g+ (142 Ge) = FON = G ),

In Section 8 we will prove the following.

Theorem 3.3. Fiz a simple Lie algebra g and a torus knot T(a,b). The quadratic form
f(u) achieves mazimum uniquely at My, = a\ € S, . Moreover, mﬁﬁ =1,

The next theorem states that f*(x) has a unique minimizer which we denote by py,
and describes py , explicitly for all simple Lie algebras of rank 2. Below, {A;, A2} are the
dominant weights of a simple Lie algebra of rank 2. Its proof is given in Section 9 using a
case-by-case analysis.
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Theorem 3.4. When g is a simple Lie algebra of rank 2, then
(a)The quadratic form f*(u) achieves minimum uniquely at jiy, € Sax and mj , # 0.
(b) For a dominant weight A = mjA; + maAs, we have

For A,:
) (my—mg)Ay i my > my _0
Hrz = (m2 — ml))\l if mi S mo Hrs =
and
0 if mq; = my mod 3
pra =4 (a—3)A\ ifmy=my+1mod3 fora>4.
(@ —3)Ag if m;y =my+2mod 3
For Bs:
0 if = 0 mod 2
A1 ifmqy =0,my =1 mod 2 1 e o
Hr2 = 0 therwi a3 = < 2)9 if mi =1 mod 2,my =0 mod 2
otherwise
A+ Ay i me =1mod?2
0 if my = 0 mod 2
=0 o= f >5.
Fa e {(a — 4Ny if my =1mod 2 ora=

For Gy:
Hre =0 for a > 2.

Theorem 3.4 part (b) implies the following.

Corollary 3.5. p,, . is a piecewise quasi-linear (i.e., quasi-polynomial of degree 1) function
of n for n > 0.

Let 65 () and 0x(A) denote the minimum and the mazimum degree of the colored Jones
polynomial J y, (q) with respect to g.

Corollary 3.6. We have:

(14a) 07(ap)(A) = [ (Bra)
(14b) Orap)(A) = f(aN).

4. SOME LEMMAS ABOUT STABILITY

In this section we collect some lemmas about stable sequences.

Lemma 4.1. Fix natural numbers ¢ and d and consider g,(q) = 1,szc(7ql)+d- Then (f,(q)) is

stable if and only if (g,(q)) is stable. In that case, their corresponding tails F(x,q) and
G(x,q) satisfy

F(z,q)

(15) G(x,q) = T qiae
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Proof. Let
F(z,q) =Y o(@)z",  Glz.q) =) tulg)r*.
k=0 k=0

If F' and G satisfy Equation (15), collecting powers of 2* on both sides implies that

(16) (@) = D dila)d?.

i+jc=k

Assume that f,(q) is stable, and define 1;(q) by Equation (16). We will prove by induction
on k that g,(q) is k-stable with corresponding limit v, (q). Let

a0, (q) =fn(q)
(@) =0 " (-1, — Pr-1(q))

=q " (fn(q) - i ¢I(Q)ql"> k=1

and

Bon(q) =gn(q)
6kn(Q> :qin(ﬁk—l,n - ?/fk—l(Q))

=¢ " <9n(Q) - sz(q)ql”> k=1,

For k = 0, the limit of g,(q) is lim, . g,(q) = lim,, lfgled = ¢o(q) = Vo(q).
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Assuming by induction that gn(q) is (k — 1)-stable, we have

Br.n(q) :qikn (1 g Z Z dilq Jd (1+Jc n>

=0 i+jc=I

( i qg (en+d) _ Z b; (q>qinqj(cn+d)>

7=0 0<i+,

Lkl

5> 51

5> 51

i> 52
LE]
_ Z qjdak—jc,n(Q) +q—kn Z qj(cn+d fn kznij(cn-i-d
j=0 |t <<k P>t
= Z qjdai,n(Q) + Z qn(jc_k)+jdfn(Q) .
i+je=k >k
Therefore,
lim fia(e) = Y ¢6i(a) = vula)-

i+jc=k
Conversely, if (g,(q)) is stable, so is (f,.(q)).

k—1—jc
—kn Z q j(en+d) <fn )_ ¢Z(q>qzn> _i_qfkn Z qj(cn+d)fn(q)

- k—1—jc
= ﬂ”(fn< - @(q)q@'“) Fe Y P

O

Lemma 4.2. Fix a rational polytope P C [0, 00)" that intersects the interior of every positive
coordinate ray and a positive definite quadratic function Q) : Z" — Z. Let ¢ : N X Z" — Z
be such that for each fixed v € Z" and for n > 0, ¢(n,v) = t(n,v) where n — t(n,v) is a

quasi-polynomial. For each natural number n define

Tu(g)= Y cn,v)g®",

veEnPNL

where £ = Z". Then (T,,(q)) is c-stable and its (n, z, ¢)-tail is independent of x and given by

Fnaa) = Y thn o).

vELNRY,

Proof. Let ¢o(n,q) = . t(n,v)q?™. We need to prove that for all & > 0, we have

vELNRT,

lim ¢~*"(T(g) — ¢o(n,q)) = 0.

n—oo
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Let P, =nP N L. We have

(17) ¢ "™ (Tu(q) — ¢o(n. @) =¢ " > (e(n,v) = t(n,v))g%") = > t(n,v)g?")

vePn vE(LNRT )\ P,

(18) =— Z t(n, v)qQ(”)’k"

VE(LNR )\ Py

for n large enough. Let us first assume that @) is a quadratic form and let d be the minimum
of @ on R"\ P°, where P° denotes the interior of P. We will prove that d > 0. Indeed,
since () is a positive definite form we only need to minimize ) over the union F' of the faces
of P that are not in the coordinate planes. Since F' is compact, () attains its minimum at
some vy € F and d = Q(vy) > 0 since vy # 0. If v € R\ nP° then v = nv',v" € R"\ P°,
so Q(v) = Q(nv') = n*Q(v') > dn?. Therefore the limit of the right hand side of Equation
(17) as n approaches infinity is zero.

If ) is not a quadratic form we can write Q) = Q2 + ()1 where () is the quadratic part of
Q. Then if v € R"\ nP° we have Q(v) = Q2(v) + Q1(v) > dn® + Q1(v) > (d + 1)n? for n
large enough. O

Remark 4.3. Let p € P. The tangent cone Tan(P, p) is defined to be the set of all directions
v that one can go and stay in P:

Tan(P,p) = {v € R"|p + ev € Pfor smalle > 0}.

Lemma 4.2 still holds if we replace nP with n(P — p) or nP — p and £ with a union of a
finite number of translates of £. In this setting, the stable series is

Fneg) = 3 tn,0)g?.

v€Tan(P,p)NZ"

Remark 4.4. Suppose that f,(q) satisfies 6*(f,(q)) > en? for some ¢ > 0,n > 0 then g,(q)
is c-stable if ¢, (¢) + f.(q) is c-stable and they have the same tails.

5. STABILITY OF THE MULTIPLICITY

5.1. Lie algebra notation. Let us recall some standard notation from [Bou68, Hum78|. Let
g denote a simple Lie algebra of rank r with weight lattice A, root lattice A, and normalized
inner product (-,-) on A. Let W be its Weyl group and A' the set of all the dominant
weights with respect to a fixed Weyl chamber. Let a; (resp., A;), 1 < i < r, be the set of
simple roots (resp., fundamental weights) of g.The root lattice A, has the partial order given
by 8 < aif and only if &« — = > n;o; where n; e N, i =1,... r.
i=1

For a dominant weight A € A", let V) denote the corresponding irreducible representation
V\ and let II denote the set of all of the weights of V.

The Kostant partition function p(«) of an element of the root lattice o is the sum of all
ways of writing o as a nonnegative integer linear combination of positive roots [Kos59].
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5.2. A formula for the multiplicity of the plethysm. In this section we prove Lemma
3.1.

Proof. (of Lemma 3.1) (a) We have
(19) a(chy) = q( Z mhe,) Z mhpa(e,) = Z mheq,, -
pelly HEITy HEITy

From Equations (7) and (19) we have
(20) Zm‘)iach“ = Z mheq, .

M HEITy

Let us define w(p) := > (=1)%ey(u) by for p € A™. The Weyl character formula states
oceEW
that [Hum?78]:
w(p)chy =w(A+p).
Multiplying both sides of Equation (20) with w(p) and applying Weyl’s formula we have
(21) mea w(p +p) = Z M €ap )
HEILN

Replacing w(p + p) with Y (—=1)7€eq(u4p) and w(p) with > (—1)%es(,) in Equation (21) we

oceW ceW
have
(22) Z Z (_1>0m§,a60(u+p) =( Z m‘;ea#)(z (=1)%€s(s))
n oeW pelly ceW
@) Y Y e
pelly ceWw

Setting o(u + p) = v + p on the left hand side of Equation (23) and au + o(p) = v + p on
right hand side we have

V+p0)

(24) ZZ V+p) Pevyp = ZZ —1)7my, ey

v oeW v oW

But we want o~ (v + p) — p to be a dominant weight, which can happen only when o = 1.
Therefore Equation (24) becomes

Y v+p—o(p)
(25) E my o€v+p = § : E : —1)7m, * ey
v v oeW

Identifying the coefficients of e, , on both sides of Equation (25) gives us the desired equality.
(b) This follows from the fact that m% # 0 if and only if v € II\. If v = “J“p+a(p) this means
that € o(p) — p + all,. O
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o1 o ys s . . . +nv
5.3. Stability of the plethysm multiplicity. In this section we will prove that mﬁ/\’a

is a piecewise quasi-polynomial of n > 0 where A € AT, u,v € A. A piecewise quasi-
polynomial function on a rational vector space is a rational polyhedral fan together with a
quasi-polynomial function on each chamber of the fan. Piecewise quasi-polynomials appear
naturally as vector partition functions [Stu95]. The Kostant partition function of a simple
Lie algebra g is a vector partition function (see [Kos59]), hence a piecewise quasi-polynomial.

Theorem 5.1. Let A € AT, p,v € A, then ij{}Z" is a piecewise quasi-polynomial in n for
n > 0.

Proof. We have

ptnvt+p—o(p)
(26) mia =) (=) 7m,,
oceW
and by Kostant’s multiplicity formula in [Kos59], we have

ptnv+p—o(p)

N O R e )
= T (nory = (LI )
P I (R R e L)
Y ey e
et

Assume that n\ —a/ can be written as sum of positive roots of g so that p(n\' —a’) # 0. For
n > 0, n\ —ao stays in some fixed Kostant chamber and it follows from Theorem 1 in [Stu95]
that p(n\ — /) is a quasi-polynomial in n. Since mﬁ;’;" is a finite sum of quasi-polynomials
in n, it is also a quasi-polynomial in n. 0]

6. THE SUMMATION SET

6.1. A lattice point description of the summation set. In this section give a lattice
point description of the summation set Sy ,. Let Py denote the convex polytope defined by
the convex hull of IT, N A™.

Lemma 6.1. For all A\, a we have:

(27) S)\,a g E)\,a N Pa>\

where

(28) Lo = U (aX+a(p) — p+al,) .
ceW

is a finite union of translates of the root lattice aA,. Let

(29> R)\,a - (L:)\,a N Pak) \ S/\,a

denote the set of missing points.
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Proof. Recall that Py consists of all o that satisfy (see [Hum78]),
(30) (a, ;) >0, A—a,\) >0

for all @ = 1,...,7. We first prove that Sy, C P,». By Lemma 3.1(b), we can write
w=av+o(p)—p € AT where v € II,. Since p € AT, Inequality (30) holds trivially. To
prove the second part of Inequality (30), it suffices to show that (u, A;) < (aX, \;) for every
1 <¢<r. We have

(a)‘> Al) - (:ua )‘2) = (a)‘ — K, )‘l)

= (a(A=p) +p—0a(p), \)
>0

since a(A — p) + p — o(p) is a N-linear combination of positive roots.

Let p = av+o(p) —p € Sy, where v € I and 0 € W. Then p = a(A —a) +0a(p) —p
where « is some positive root. It follows that p € aA, +aX+ o(p) — p C L ,. This proves
that Sy, C L), and completes the proof of the lemma. O

Remark 6.2. The inclusion in Equation (27) is not an equality in general. For example,
consider g = By, A = p,a = 2. In weight coordinates we have (see also Figure 1)

(31) Spa = Usen(o(p) — p+211,) N A*
(32) — {(2,2),(0,4),(3,0), (2,0, (0,2), (1,0), (0, 0)}.

A

> )\

FIGURE 1. 5,,.

It is clear that (1,2) € P5,. We show that (1,2) = Ay +2X; € L, 2, hence this is a missing
point. Indeed, by the definition of £, 2, we only need to find o € W and a root « such that
(33) AL+ 20 =201+ 30 =2p+0(p) — p+ 2.

In root coordinates we have
2p = 3ay +4ag, p—o(p) € {0, a1, as, a; + 3ag, 201 + ag, 3a1 + 4as} .
So by choosing a = a5 and o such that p — o(p) = a3 + 3as we have equality (33).

Nevertheless, equality holds when g = As,a = 2, A = A;. This is the content of the next
section.
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6.2. A special case: no missing points.
Proposition 6.3. For Ay, we have: S5, 2 = Ly, 2N Popa, -

Proof. Let Ly, 2N Popx, 2 =20\ +0(p) — p+2a =2v— (p—o(p)) where v =n) + «

and some o € W. As o runs over the Weyl group W, p — o(p) is expressed in weight and

root coordinates as follows

Weight (07 O) (27 _1) (_17 2) (Oa 3) (37
ot | (0,0) (0,1)  (1,0) (L2) (2

(34)

Since p € Papy,, from inequality (30) we have (2v — (p — o(p)), ;) > 0, ie., 2(v, ;) >
(p—o(p), ), i =1,2. Looking at the first row of the above table we see that this forces
(v,;) > 0,4 =1,2. Therefore we have v € A™.

From inequality (30) we have (2nA; — p, A;) > 0, ¢ = 1,2. This implies that (—2a + p —
a(p), A;) > 0 or equivalently

(35) (p—0a(p),Ai) = 2(a, Ny),

1 = 1,2. We consider the following cases.

Case 1: If p — o(p) = 0, or ay then inequalities (35) imply that (a, ;) < 0 for all 4
so @ < 0. Since v = nA; + « € AT, it follows from [Hum?78, §13.4] that v € II,,,, and hence
we Sn)\l,Q-

Case 2: If p — 0(p) = a1 + 2ay then from (35) we have (o, A1) < 0 and (o, A2) < 1.
If we also have (a,A2) < 0 then by a similar the argument to Case 1 we conclude that
€ Spxne- I (a,A2) 1 we can write &« = —za; + ao, where z € N. It follows that
o= 2n\ +2a — (p—o(p)) = 2n\ — 2zaq + 209 — a1 — 205 = 2(n\] — xay) — Q.
Since v = nA; + @ € AT, from inequality (30) we have (n\; — xag + ag, 1) > 0, i.e.,
n—2x—12>0. We have (nA\;,aq) = % =n > 2x + 1 > x, therefore n\; — xa; €
II,,5, (see [Hum?78, § 13.4]). Since we can choose ¢’ such that p — o’(p) = a1, we have

=2\ — zo) — (p — 0’ (p)) € Snr, 2-

Case 3: If p — 0(p) = 2a1 + ay then by a similar argument to the above we can write
a = a;—xay, r € N. We show that o cannot have this form. Indeed, since v = nA\+a € AT,
we have (nA\; + a3 — s, as) > 0, i.e., =1 — 2z > 0. This is in contradiction to the fact that
r e N

Case 4: If p —o(p) = 201 + 205 = 2p then (a,\) < 1 and (a,Ay) < 1. If either
(e, A1) < 0 or (a,Ag) < 0 then the same argument as in Cases 2 and 3 above apply. If
(o, A1) = (a, Ag) = 1 then a = ag+ay = pand p = 2n\ +2a—(p—0a(p)) = 2n\ +2p—2p =
2nA; € Ianyn, € Spa 2 ]

6.3. An estimate for the missing points. The next proposition shows that the norm of
the missing points in R, , is bounded below by a quadratic function of n.

Proposition 6.4. For every A € AT there exists a simple root  such that if u € R, , and
n > 0 then
(A, B)?

(:U/J:U’) > CL2TL2((>\, )\) - (ﬁ»ﬁ)

~1).
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Proof. Let p = aav + anA + o(p) — p = a(n\ + a) + o(p) — p for some a € A, and 0 € W.
Since pt & Syxq, we have that nA + a € I1,,\. The ray nA + a meets one of the facets of the
convex hull of I, at some point, say \,. There exist 01,09 € W such that o;(n)), ga(n)
are the vertices of this facet, and we have

(A 4+ a,nA + a) > (A, An)
a1(nA) + aa(nA) o1(nA) + o9(nA)

> ( 5 : 5 )
= T (@) 01(0) + (02(4).02()) +2(01 (1), 72())
= TN +2(01(1), 02()
= S (AN + (@1(1), 32(1).
og(n) e nA
A2
)\n
o1(n\) (A} oa(o) o2(n))
nA + o

Since o1(A), 02(A) are in two nearby chambers, there exists a simple root [ such that

(01(A), 02(A)) = (A, 05(N))
We have

(A, B)?
(8, 8)

—on_ oW B
(A as(A) = (A A 2(6,6)@ (A A) =2

So
(\B)?

(nA +a,n)A +a) > n*(\\) — G.7)

)
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Therefore
(1, 1) = (a(nA + @) = (p — a(p)), alnA + a) — (p = o(p)))
= a’(nA +a,n\ +a) = 2a(nA +a,p — a(p)) + (p — a(p),p — o(p))
2,2 o <)\76>2 .
> a*n“((\N) B.9) 1)
for large enough n. O

Let us introduce some useful notation.

(36) S’A,a =Sxa = tras Lra=Lra— tra Por=PFPox— e, Rrag=Rra— e

Remark 6.5. From now we fix a natural number ng and we work with n = ny mod da where
d is the order of the fundamental group A/A,. Theorem 3.4 implies that for such n, we have:
® [inxa = Ny, + vy, for some fixed weights vy ,, 18 , € AT
° LAn,\,a = ﬁno’,\,a. Indeed, we have
Lora = Lora — fnra
=nA+o(p) —p+al, —nvy, — 13,
=noA + 0(p) — p+al, —ngvs , — 18, + (n = no)(A =11,
=ngA+ o (p) — p+ aly — pagra + k(a.d) (A — 13 ,), k €N
=noA+0(p) — p+ aly — figgra  (since d(X — vy ,) € A,)
= Loora — Hnora = Lnora

Corollary 6.6. (1) gn)\,a C EAnOAya NPy

(2) Let Rn)\,a = (LnoA,a N P(m)\) \ Sn)\ﬂ. If /AL - Rn)\,a then
(A, B)°
(8,6)

(/l; ﬂ) + 2(/17 ,un/\,a) 2 CL2TL2 (()‘7 >\) - - 1> - (,un/\,aa,un)\,a>

for some simple root .
Proof. Part (1) follows from Lemma 6.1(b) and Remark 6.5:
Snk,a C ﬁn)\,a N Pan)\ - ﬁno/\,a N PcmA .

For part (2), recall that
(/uLa H) = (ﬂ + HnX,as ﬂ + :un)\,a)
and therefore if [ € lsc’n,\,a then

(/la :&’) + 2(/17 ,U/n/\,a) = (Nv ILL) - (:un)\,aa NnA,a)

Z a2n2 (()\, /\) - ((2 %) - 1> - (Mnk,m,un)\,a)

by Proposition 6.4. U
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Proposition 6.7. If g has rank 2 and 1 € }?in,\a then

(la7 ﬂ) + 2(:&’ Mn)\,a) > 7’L2 :

Proof. We can prove this by a direct computation for the rank 2 simple Lie algebras Ay, B
and Go using Theorem 3.4 that gives an explicit formula for py 4.
For A; and mq > mao, from Theorem 3.4 we have

2
(,un/\,aa,un)\,a) < (n(m1 - m2)/\2,n(m1 - mz))\z) = §n2(m1 - m2)2

By Corollary 6.6 we have

NN N 2 2 (Aaa1)2
(/1“7 :U’) + 2(/147 :un)\,a> 2 anmn ((A7 )‘) - N 1) - (:un)\,m ,U"nA,zz)
(alaal)
5 9,2 ml 2, 2
> a™n (3(m1+m1m2—|—m2) - )—gn (my — mg)
—4 2 2
= n2(a 5 mf + g(a2 + 2)mymgy + 5(&2 — 1)m§ —1)
> n?(4mimy + 2m3 — 1)
> n?

except when a = 2 and my = 0. In the later case, Proposition 6.3 says that R, , = () and
the inequality holds trivially. The argument is similar for the case m; < msy.

2
For Bs, ((Aﬂﬁﬁ): is either % or m3. We have

PN N (/\7a1>2
(,ua M) + 2(:“7 ,Un)\,a) 2 CL2TL2(()\, )\) - (Oél OCl) - 1) - (ﬂn)\,ayﬂn)\,a)
2. 2 m2 1
=an (ml + mime + 7 — max { } - 1) (MnA,m/v%A,a)

> n?

where in the last inequality we have used the fact that (4, trq) is bounded for Bs, see
Theorem 3.4. ,
For G5, ((//\éﬁﬁ)) is either =L or 2. Therefore we have

()\, 061)2

1, f1) 4+ 2(ft, fhnx.a > o2n? AA) —
(/'L /JJ) (/’L Hn, ) (( ) (a17a1>

- 1) - (,un/\,aa MnA,a)

m1 3m2}_1

= a*n®*(2m3 + 6mymy + 6m3 — max ) = (Haxas fnxa)

> n?

since jiy, = 0 for Gy, see Theorem 3.4. O
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7. PROOF OF THEOREM 1.6

In this section we will prove Theorem 1.6 assuming Theorem 3.4. Corollary 3.6 implies
that the shifted colored Jones polynomial defined by

- _5* by
(37) T ama@) = ¢ e IE L (0) € Zlg
satisfies |

79 _ 7g
JT(a b),\ (Q) - H (1 _ q(”f”a)) JT(a,b),A(q)
a0
where
(38) 'T(a U Z m“ﬂﬂ @ g2 A1) (p)+ ¢ (i o) H(l — glitiatea)y
/LES,\,a a=0

with g,\,a = Sha — e and [t = [t — [1y 4.

Fix a natural number n, observe that (f,(¢)) is c-stable if and only if (farmin,(q)) is c-
stable for all ng = 0,1,..., M. In what follows, we will use M = ad and fix n = ng mod
ad.

Proposition 7.1. (J%(a »ma(@)) 18 cstable if and only if

(39) o 1( ) Z m;;-i—/i/\ e 2 (f1,1)+H(—1+2) (1,0)+ L (10, 0) H(l _ q(ﬂ+m,a+p,a))
1 — q nA+p,x a

a0 ﬂeﬁnok,ampan/\ -0

is c-stable. In that case, they have the same tails.

Proof. Fix a,b, A and let g,(g) denote the difference between Jpp) n1(q) and Equation (39).
Then

(40)  gulg) = !

[T (1= o)

a>0

Hnra 2 (o0 —1+2)(a b [i a
X Z mu Hnx, qza (Nvﬂ')+( 1+a)(uvp)+a(lj':/1'n>\,a) H(l —_ q(/‘+un>\,a+pv )) A
a>0

NERnA,a
Proposition 6.7 implies that the minimum degree of the summands of Equation (40) is greater
or equal to %nQ for n > 0. The proof then follows from Remark 4.4.
Proposition 6.7 implies that we can replace the summation set S'n Aa DY ﬁn ,\,aﬂf’an » without
affecting the stability of J:f{(a’b),m\(q): if i € (Laa N Pana) \ Snre then the minimum degree
of the summand of Equation (39) is

Do) + (1 D))+ L ) = () + 20 ) — (i)

b b
> . 2 _ o —_ 2
> 5on (f, p) 5. +O(n)

where the last inequality follows from Proposition 6.7. By Remark 6.5 we have ﬁn Aa = L Aa
and the Proposition follows. O
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Let typq(n) = mZI’;M’“. Theorem implies that ¢, is a quasi-polynomial. Lemma 4.2,
Proposition 6.7, Proposition 7.1 together with the special case given in Section 10.1 imply

the following.

Theorem 7.2. Fix a rank 2 simple Lie algebras g, a dominant weight A, and a torus knot
T(a,b). The colored Jones polynomial J%(a p.aa(@) s c-stable and its (n, x, q)-tail is given by

(41) |

Frapa(n,z,q) = e 1@ o > (1) q2e PAIFIHD BRI 0)
_ x NeY KoY Wy
a0 4 ﬂeﬁx,am/\+
[0 - g hesmghey,

a0

where o = m//{’a + yg’a.

8. PROOF OF THEOREM 3.3

In this section we prove Theorem 3.3. Since A is fixed, it suffices to maximize

b

g(p) = Z(u,u) + <—1 + g) (1, p)

on the set S) ,.
Lemma 8.1. Let 4 € AT and a = 0 be a positive root such that u+«a € AT. Then we have

(Hop) < (p+op+a).
Proof. We have:

(M”_a)p“—f—a)_(ﬂaﬂ):2(M7a)+(a’a)'

Now (p, ) > 0 since p is dominant and « is a positive root and (a, ) > 0 since (-, ) is
positive definite. O

If v € I then v = X\ — o where o > 0. Since p — o(p) = 0, we have p = a\ — «
where p € S, \ and o > 0. It follows from the above lemma that M), = a) is the unique
maximizer of f(u).

Next, we compute the plethysm multiplicity my ,. From Lemma 3.1 we have

artp—o(p)

mi,)\a = Z(_l)am)\ ‘

since A4 2@ o ) if %(m € A,., with equality only when o = 1. This concludes the proof

of Theorem %.3. O
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9. PROOF OF THEOREM 3.4

This section is devoted to the proof of Theorem 3.4, done by a case-by-case analysis for a
fixed simple Lie algebra g of rank 2. Let A = mi\; +moXy and p = uy Ay +uz A be dominant
weights. Since A is fixed, it suffices to minimize

g () = Z(u,u) + <—1 + g) (1, p)

on the set Sy ,. We use the following lemma and its consequence, Corollary 9.2, in the proof
of Theorem 3.4.

Lemma 9.1. ¢*(u) > 0 with equality if and only if ;1 = 0.

Proof. g*(p) is non-negative since (-, -) is a positive-definite form and (u, p) > 0 since u is a
dominant weight and p is a linear combination of simple roots with positive coefficients. If
g* (1) = 0 then (u, u) = 0 which implies that p = 0. O

Corollary 9.2. If m3 , # 0 then py, = 0 is the unique minimizer of ¢*(u).

We give the proof of Theorem 3.4 in Section 9.1 below.
9.1. Theorem 3.4 for A,.

9.1.1. Plethysm multiplicities for As. There are two simple roots {ay,as} of Ay and three
positive roots {a, aq + g, as} shown in Figure 2. The Kostant function p(u,v) = p(uag +
va) is given by

p(u,v) =1+ min(u,v).

Qo a1 + ag

» (U]

F1GURE 2. The two chambers of the Kostant partition function of Ay. Kostant
chambers from left to right: u < v, u > v.



22 STAVROS GAROUFALIDIS AND THAO VUONG

Let A = myA;+maoAs denote a dominant weight and my > mg. Assuming p = ug A\j+ugAg €
[Ty, by Kostant’s formula we have

mh =Y (=1)"p(c(A+p) — 1 — p)

oceWw
. 2m1+m2 2U1+U2 m1—|—2m2 u1+2u2
R
_p(2m1+m2_2u1+u2 ml—mg_ul—i—Zug_l)
3 3 ’ 3 3
1+ 2m1?—’|—m2 — 2u1;_u2 if my — Mo < Up — U2

= 1+m1—g2m2_u1—§2u2 iful—u2§m1—m2§u1+2u2+3 .

1+ ms if my —meo > uy + 2us + 3
Lemma 3.1 gives
L - ptp—o(p)

_ 2

My o = E :(—1) my
o€ESs3
1 1 1 1 - 1 1
_ E(Uhu&) o E(u1+2,u2*1) . mi(u1*1,u2+2) + E(u1,u2+3) + E(u1+3,u2) . mE(U1+27UQ+2).

Let us consider p1 € Sy 2. There are four cases.
Case 1: uq,uy are even.

0 if Uy + 2ug < 2(m1 — mg)

(43) m/)f,Q =my

. —1 iful—u2§2(m1—m2)§u1+2u2
R if 2(my — my) < uy — ug or 2(my — my) > uy + 2uy

Case 3: u; odd and uy even.

wo o (
My o = My,

)

2 2 2 02

uy+3 U2y B m(u1*1 UQ+2) _ {—1 if 2(777/1 - mz) < Uy — U2
N =

0 if2(m1—m2)2u1—u2 .

Case 4: u; and uy are odd.

Corollary 9.3. For A,, if miQ # 0 then u; + 2uy > 2(my — my).
If m; < msy we have a similar corollary:

Corollary 9.4. For A,, if miQ # 0 then 2uy + ug > 2(mg — my).
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9.1.2. The minimizer for A,.
Case 1: a = 2. By Corollary 9.3 it suffices to minimize g*(u) over subset {y € Sy2 : u1,us €
N, uy + 2uy > 2(my — ma)} of Sy2. We have

9" (1) = Z(u,u) + (—1 + g) (1, p)

b
(uf + upug + u3) + (=1 + 5)(u1 + uy)

3u? b—2
ol 1 (U1+U1 +2u2)

b—2 b b—2
1 (51 —+ a(ml — m2)2 + T(ml — mg)
> 6<m1 —mg)” + T(ml —my)
with equality if and only if uy = 0, us = my — mo.
Next we show that )2 = (my —ma)As € Sy2. Indeed,
(1) If my —mg =0 (mod 2) then pys = 2V — (p — 0(p)) € S where v = ™52 ), € I,
and o = 1.
(2) If my—ms =1 (mod 2) then py o = 2v—(p—0(p)) € Sy where v = =023\, € [T,
and p such that p — o(p) = 3.

I
0| O O
[\]

vV
»—;w
_|_

Note that from the formula for mY, in Equations (42) and (43) we have mf{gl_m)’b =1

which proves part (a). Part (b) is obvious. The case m; < my is similar.
Case 2: a = 3. From Equation (10), we have

m?\,3 =m{ +m}' +my?.
Since the fundamental group for A, consists of only three elements 0, A, A, at least one
of the terms on the right hand side is greater than zero. Therefore mg,g > 0 and it follows
from Lemma 9.1 that py3 = 0 for all \. Therefore part (b) follows. Part (a) follows from
Corollary 9.2 and the fact that m§ 5 > 0.

Case 3: a > 4.
Claim. At most one term on the right hand side of Equation (9) is nonzero.

ptp—oiy(p)
Proof. Indeed, if there are 01,09 in the Weyl group for A, such that m, ° ' # 0 and

utp—oa(p)

m, “  #0then “+p_aol(p) - “+p_ao2(p) € A,. Equivalently, (p—o1(p)) — (p—02(p)) € aA,.
This is a contradiction since a > 4 and by [Kos59],

p—olp)= Y.  «a

aceAtio—H(a)eA~

which do not belong to aA, if a > 4. Here A™ is the set of positive roots and A~ = —A*. [
p—o(p)

Case 3.1: A € A, i.e., m; — mo = 0 mod 3. By the above claim we have m(f\,a =m, °

for some o. It’s easy to see that the only o for which 2=0(0) ig o weight is when ¢ = 1 and

therefore m§ , = m$ > 0. It follows from Lemma 9.1 that py, = 0. Therefore part (b)
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follows for this case. Part (a) follows from Corollary 9.2 and the fact that m?\’3 > 0.

Case 3.2: If A ¢ A,, or equivalently m; —my # 0 mod 3 then m§ , = m§ = 050 p1rq # 0.
By the above claim, we have

ptp—o(p)
méf,a = (—1)UTTL>\ ‘
ptp—o(p)
for some o. Furthermore, m, *  # 0 if and only if ’”p%”(p) = v € II, or equivalently,

pw=av—(p—o(p)). Let p—a(p) = sA; + tAy, where

GO T0.0) CL2) (L-2) (0.3 (3.0 2.2
(44) -7 1T =1 =1 1 1 -1

So if v = v1 A + v then p = (av; — )\ + (ave — t)Ag. Since p is a positive weight, we
have we have

avy —s >0
avy —t >0

Since a > 4 and |s|, |t| < 3, these inequalities imply that vy, ve > 0, i.e., v is also a positive
weight. There are two possibilities for A.

Case 3.2.1: )\ €11,,1i.e., m; = my+1 mod 3. Then we can choose 1y = A\; and o to be the
unique element in W such that p—oo(p) = 3A;. We will prove that py , = avy—(p—0o0(p)) =
(a — 3)A; is the minimizer. Indeed, let u = av — (p — o(p)) € Sr. where v € II as above.
Case 3.2.1.1: If v = Ay then for u to be a dominant weight we should have, according to
Table (44),

0 which gives p = a\;
p—o(p) =< A —2)\y which gives u = (a— 1)\ +2Xy
3\ which gives p = (a — 3)A\1 = g

It is easy to check that g*(u) > ¢*(ura) for the first two values of p.
Case 3.2.1.2: If v # A\, let v = v1 A\ + v2 A9 then we have vy, v, > 0 and v + v > 3, since
the only cases where v, + vo < 3 are v = Ay and \; + Ay but these weights donot belong in
II. Let v =av — (p—o(p)) = (av1 — $)A\1 + (avy — t) A as before. We have
. b 1 b
g (1) = 5k 1) + ( + a) (1, p)
b

b
— 2 2 -1 e
3a(u1 + wyug + uz) + (=1 + a)(ul + u)

b
= £(a2(vf + 010 + v3) — 2a(vy + va)(s 4+ t) + 82 + st +12)

+ (=14 g)(a(vl +v) —s—1).

It is easy to check that for all (s,t) € {(0,0),(-1,2),(1,-2),(0,3),(3,0),(2,2)} and
(v1,v9) V1, v9 > 0,01 + v > 3, we have



A STABILITY CONJECTURE FOR THE COLORED JONES POLYNOMIAL 25

a®(v} + vyvy +v3) — 2a(vy + o) (s +t) + 8%+ st + 17 > (a — 3)?
a(vy +vg) —s—t>a—3

and therefore g*(u) > =(a — 3) + (=1 + 2)(a — 3) = g*(pr.a) for all 1 # Ay,

The above argument showed that 1 , = (@ — 3)A; is the unique minimizer, and note that
m(;a_?’)’\l =m)' # 0 since \; € ITy. This proves parts (a) and (b) for Case 3.2.1.
Case 3.2.2: A9 € I, or equivalently, m; = msy 4+ 2 mod 3. The proof for this is identical to
the one above.

This completes the proof of Theorem 3.4 for As. 0

9.2. Theorem 3.4 for B,. There are two simple roots {ay,as} and four positive roots
{a1, @z, a1 + g, a; +2a3} of By shown in Figure 3. The Kostant partition function p(u,v) =
p(uay + vaw) is given by [Tar63]

b(v) if u>w ) 1o
n
(45)  p(u,v) = b(v)—w ifu<ov<2u, b(n):—+n+{3 1 "
(u+1)(v+2) if 2u < v 1 if 2 /{/77,
2 _—

There are three Kostant chambers shown in Figure 3.

FiGURE 3. The three chambers of the Kostant partition function of Bs.
Kostant chambers from left to right: v > v, u < v < 2u, u > 2v.
Let A = miA\; + mo)y denote a dominant weight. In weight coordinates we have
p—o(p) =s\ +1th

where

(s,t) 1(0,0) (2,-2) (—=1,2) (—=1,4) (3,-2) (3,0) (0,4) (2,2)

(46) (-1 1 —1 —1 1 1 -1 -1 1

Lemma 3.1 implies that

A2 22 AitAe _
—m5? —my"? +mj it a=2
A .
—-m if a=3
0 _ .0 A
(47) m>\7a - m)\ + AQ . o .
—m) if a=14

0 if a>5
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Case 1: a = 2. Equation (47) implies that

0o _ 0 22 A2 A1+A2

Case 1.1: A € A,, i.e., my = 0 mod 2. In this case, we have \; + A\g, Ay € A, and therefore

my? = my" ™2 = 0. Equation (48) becomes

mgQ =mS — mi)“" =1.

where the later equality comes from formula (45) and the Kostant multiplicity formula (8).
It follows from Lemma 9.1 that ) » = 0 which proves part (b). Part (a) follows from Corol-
lary 9.2 and the fact that m, =1 # 0.

Case 1.2: A € A, i.e., my = 1 mod 2. Since m? = m?*? = 0 we have
) ) A A
0 A1+A2 A2
My o = My —my? = —1.

If my > 0 then choose v = \; + Ay € II, and o such that p — o(p) = 2A; + 25 we obtain
paz =2v—(p—o(p)) = 2(A1 + A2) — (2A1 + 2X2) = 0. If otherwise m; = 0 then we choose
v = Ay € II, o such that p—o(p) = —A1 +2Xy and get p1y 2 = 2Xo — (—A1 +2X2) = A;. This
proves part (b). Part (a) follows from Corollary 9.2 and the fact that mS, = —1 # 0.

Case 2: a = 3. Consider two small cases.
Case 2.1: If A = mi\i + moXy € A,, ie., my = 0 mod 2 then we have

1 —1)mtme —1 mi1+ma+2

= m§—my = L 4 A D

If m; = 0mod 2 then m3, = 1. It follows from Lemma 9.1 that pys = 0 and this
completes part (b). Part (a) follows from Corollary 9.2 and the fact that m ; =1 # 0.

If m; =1 mod 2 then mg73 = 0. By a similar argument to the one in Case 3 for A, it can
be shown that uy 3 = 2\y is the unique minimizer and parts (a) and (b) follow.
Case 2.2: If A = miA +maXy € A, ie., my £ 0 mod 2 then by a similar argument to the
one in Case 3 for A, we have 1y 3 = A; + Ao is the unique minimizer and mi? A2 # 0 which
completes the proof.

Case 3: a = 4. From Equation (10) we have

m?\A =mf — miZ .

If A =mi\ +mady € Ay, ie., my = 0 mod 2 then we have m$ , = m3 — my> = m§ > 0,
since 0 € II,.

If X =myA +mady & Ay, i, my #Z 0mod 2 then mj , = m§ — my? = —my* < 0, since
Ay € 1I,.

It follows from Lemma 9.1 that py 4 = 0, which completes part (b). Part (a) follows from
Corollary 9.2.
Case 4: a > 5. The only o for which pu = %(p) is a weight is ¢ = 1 and hence p© = 0. So
from Equation (10) we have m{ , = m3.

If X\ =mi\ +mads € Ay, ie., my = 0 mod 2 then m3 , = m > 0. It follows from Lemma
9.1 that uy, = 0, which completes part (b). Part (a) follows from Corollary 9.2.
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If A =miA +mods € Ay, ie., mo Z 0 mod 2 then by a similar argument to the one in
Case 3 for Ay we have that uy , = (a —4)\; is the unique minimizer and mf\‘:A‘)’\Q =m)? # 0.
This completes both parts (a) and (b).

This completes the proof of Theorem 3.4 for Bs. 0J

9.3. Theorem 3.4 for Gj. There are two simple roots {ay,as} and six positive roots
{a1, as, a1 + a9, 201 + g, 301 + 9, 31 + 22} of G shown in Figure 4.

)\2 = 3(11 + 2012
A

Qs ay+az [N\ =201 +as a1 + a

(€3]

FIGURE 4. The five chambers of the Kostant partition function of G. Kostant
chambers from left to right: v < v, v < u < %v, %v <u<2v, 20 <u<3v,
v < u.

The Kostant partition function p(u,v) = p(uay + vaz) is given by [Tar63]

(g(u) i u<vo
o) — h(u v 1) it o<
(49) plu,v) = Sh(v) —gBv—u—1)+h(2v—u—2) if 3v<u<2w
h(v) = g(3v —u —1) if 20<wu<3v
(h(v) if 3v<u
where
(s (n+6)(n® + 14n% +54n +72) if n=0mod 6
s(n +5)%(n? + 10n + 13) if n=1mod6
(50) (n) = 2 (n+4)(n*+16n? + T4n +68) if n=2mod6
= 13 (n+3)%(n+5)(n+9) if n=3mod6
4_;1;2(”+2>(”+8)(n2+10n+22) if n=4mod6
\4—;)2(n+1)(n+5)(n—|—7)2 if n=5mod6
and
(51) h(n) = 4_155(”+2)(”+4>(”2+6n+6) if n=0mod 2
4—18(71—1-1)(n+3)2(n+5) if n=1mod?2
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From Lemma 3.1 we have

( 3a1+asg _ 2a1 +2a9 S5a1+3ag : .
my my +m;y if a=2
—mlatia: if a=3
3 —
(52) mY, =m3 + ¢ —m§e if a=4.
—mia1+a2 if a=
L0 if a>6

From now on, let us consider A = ua; + vay € AT, so %v <u < 2.
Case 1: a = 2. We have

0o _ 3a1tasg 20014200 S5a1+3as
(53) My o = My — My — my + mj )

Using the Kostant multiplicity formula we can calculate the weight multiplicities on the right
hand side of Equation (53), we have, for example

md = (=1)’p(e(A+p) — p)
oeW
= p(u,v) — p(—u—+3v—1,v) —plu,u —v—1)+pBv—u—1,20 —u — 2)
+p2u—3v—4,u—v—1)

ut 29utv W 1Tu® 2uPv 19w 29w ww?

_ v eJuv u — —— 43
9 36 36 8 3 2 12 2 ™
v 2102
+ ot — TR + cr0(u)u + coa(v)v + cop(u,v)
where
Y iffu=0mod3 L ifu=0mod3
cro(u) =9 5% ifu=1mod3 co1(u) =q —3 ifu=1mod3
25 e — 29 ifu=
5 ifu=2mod3 —55 fu=2mod3
(1 if =0 mod 6, v =0 mod 2
% if w =1 mod 6, v=0mod 2
(u,0) g if u =2 mod 6, v =0 mod 2
coo(u,v) = .
0.0 2 ifu=3mod 6, v=0mod 2
¢ ifu=4mod 6, v=0mod 2
|7 if u=5mod6,v=0mod?2
'g if u=0mod 6, v=1 mod 2
1% ifu=1mod 6, v =1 mod 2
oo, ) = % if u=2mod 6, v =1 mod 2
OO\ 57— g if u=3mod6,v=1mod?2
% if w =4 mod 6, v=1mod 2
\% if u=5mod 6, v =1 mod 2
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m§a1+°‘2,m§a1+2a2,mial+3a2 can be computed similarly to show that m%, = 1. This

confirms part (b). Part (a) follows Corollary 9.2.
Case 2: a = 3. We have

0 _.0 3,2]
Mmy3 =My — My

Tuv v
=—u?+—+ - — 30> — = +coolu,v)

2 2 2
where
1 ifu=0,v=0mod 2
coo(u,v) =<1 fu=10v=0mod?2 .
% if v =1 mod 2

Note that since 37” <u < 2, —u2—1—7“7”+%—3112—§: (—u2+%—302)—|—“—;” > () and
therefore mg, > 0 for all \. Part (a) follows from Lemma 9.1 and part (b) follows from
Corollary 9.2.
Case 3: a = 4,5. The arguments are similar to that of Case 2.
Case 4: a > 6, can be done without computations. Indeed, we have m?\ﬂ =m8 > 0 since
A € A,; see [Hum78, §13.4,Lem.B]. Parts (a) and (b) follow from Lemma 9.1 and Corollary
9.2.

This completes the proof of Theorem 3.4 for Gs. O

10. EXAMPLES

10.1. The tail for A, and the T'(2,b) torus knots. In this section we compute the tail of
the c-stable sequence Jﬁéb) AL (q) for b > 2 odd. From Proposition 3.4 we have pi,y, 2 = nhs

so Equation (37) gives

Jzé(Qz,b),n,\l(Q) = 1—q(1— qiﬂ)(l — ) Jqéé,b),ml(Q)
where
o @ = D clur,up)getititiim Gt b
w1 +usAa€Snr, 2
(L= gt (1 — g (1 — gt
and from Cases 1-4 of Section 9.1.1,

(1 if uy + 2us > 2n, up, up are even

0 if uy + 2us < 2n, uy, us are even

c(uy, ug) = m;‘;ﬁ};w)@ =< -1 ifu; +2us > 2n, u; even, us odd .
0 if uy + 2us < 2n, uy even, uy odd

(0 if uy is odd

Lemma 10.1. If pt = u1 Ay + ug Ay € Sy, 2 then uy + 2uy < 2n.
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Proof. By Lemma 6.1, we have pt € Spx, 2 C Py, So by Inequality (30) we have

(2”)\1 — ul)\l — Ug)\g, )\2) 2 0 i.e., Uy + 2u2 S 2n.

From Corollary 9.3 and Lemma 10.1 we have
Corollary 10.2. ¢(uy,us2) # 0 if and only if u; 4+ 2uy = 2n.

10.2. Proof of Theorem 1.9. Set s = % = n — uy, then ui + uyus + u3 — n* = 3s* and we
have

Z(_l)sq§s2+(g—l)s(1 . q2$+1)(1 _ qnferl)(l . qn+s+2)

JS q) =
e a0 )1 77)

Replacing ¢" by x and using Lemma 4.1 it follows that (j;}é by (q)) is c-stable and its tail
Gy(x,q) is given by

o0

;0(—1)5(]%52"'(%_1)5(1 _ q25+1)(1 _ qu—s)(l _ :Eq8+2)
Gl a) = Ty

Z(_l)s((q332+(g_1>s _ qng+(g+1)s+1)(1 +2?) + (q§s2+(%+2)s+3 _ q552+(g—2)s+1)x)

(1—-q)(1 —qz)(1 - ¢%x)

Using s =t + 1, we have

[e.o] o0

Z(_l)s+1qg§+(g+1)s+1 _ Z(_1)_tqg(t+1)2—(g+1)<t+1)+1 _ Z (_1)tq%sQ+(%—1)s'
s=0 t=—1 s<—1
Therefore,
- s/ 2s24(2_1)s bg2, (b S - s bs24(2_1)s
SO (1) (ghTHE Bt = 7 (gt g, ().
s=0 $=—00
Similarly,
qus2+(%+2)s+3 . qgs2+(gfz)s+1 _ Z (_1)sqgs2+(§+2)s+3 _ q3‘9b,g+2(Q)-
s=0 §=—00

Thus,

Op5 1 (@) (1 + °2%) + ¢°0, 5 5 (q)7
(1-q¢)(1—gqz)(1—¢x)

Note that by replacing s with s + 1 or s by —s in Equation (4) it follows that

Ope(q) = =2 Oppic(q),  On_o(q) = Ohe(q) .

Gb(xv Q) =
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To compute Gz(x, q), use b = 3,¢ = % in the above equation and FEuler’s Pentagonal Theorem
(discussed in detail in [Bell0]) to obtain that

¢*052(q) = —051(¢) = — (@) -

This completes the proof of Theorem 1.9. U

10.3. The tail for A, and the 7'(4,5) torus knots. In this section we compute the tail
for the c-stable sequence (J?&’b)’np(q)) for b > 4 odd. This example shows that c-stability is

a necessary notion for Conjecture 1.5.
Let

Ao(a) = D7 D eastaslimug)gis T D) (1 gty (1 gt (1 = g )

(85t) (u1,u2)

Apa(a) =3 D egpgqrztiruerd)rGohlntua) () _ quitl)(q — guatl)(] — gutuet?)
(s5t) (u1,u2)

where the (s, t) summation is over the set

o | 1 1 1 1 T —1
and (uy, up) € N? satisfies u; = —s mod 4, u; — up =t — s mod 12 and

— 12
Csi(u1, up) = , :

A

Proposition 10.3. The tail of the c-stable sequence (J?é ) np(q)) is given by
1

(1 —2q)*(1 — 2%¢?)

Proof. We will use Theorem 7.2 and unravel its notation. To begin with, for a = 4, we have

Lopa=Janp+olp)—p+4ah.= | olp) —p+4A. = [J{n e Mu+p—o(p) €4A,}.
oceW oceW oceW

(Apo(q) +nApi(q)) -

Since p = oy +ay € A,, we have L,,, 4 = L, 4 for all natural numbers n. Let 11 = w1 Ay +ugo
and p —o(p) = s\ +tAy where (s,t) are given in (54) and (—1)7 = €5, as in (54). In weight
coordinates we have
(55) L4 = U{(ul,ug) €7 u; = —smod4,u; —uy =t — smod 12}.

(s:t)
Next we compute the plethysm multiplicities. Equation (9) implies that

" utp—olp)
— _1\o 1
My, = g (—1)mp,
oceW
% B12X1 A9 B=A14+2X90 pt3Ap Bt3XAg B1+2X1 4220

— 4 4 4 4 4 4
= Mnp — Mnp — Mnp + Mnp + Mnpp — Mnpp
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Since np € A, m;,, # 0 only if v € A,. Therefore at most one of the terms in the above
equation is non-zero. Equation (8) gives

1+ 2mi+me _ 2uitus if Uy Z Us

mh — 3 3 '
np 1+ ml—Sng o ul—g2u2 lf uy S Us
Therefore
i 1+n—% if up = —smod4,u; —us=t—smod 12, u; +5>uy +1
my,4 = €sit .
e 14 n — Wt2udst?t if o = _smod4,uy —us =t —smod 12, u3 +5 < ug +1

12
where €, is given from (54). Since p,,,4 = 0, we have ﬁnpA = Lypa, ﬁnp =P, Snp#l = Sppa-
Theorem 7.2 concludes the proof of Proposition 10.3. O
Exercise 10.4. Show that

(56) Ab,l(Q) = Z q4b(m%+3m1m2+3m§)+(b,4)(2m1+3m2)

m1,mo€Z

% (1 - q4m1+1)(1 _ q4m1+12m2+1>(1 - q8m1+12m2+2) .

The above equation shows that A,(g) is a sum of theta series of rank 2, hence a modular
form of weight 1; see [BvdGHZ08S].
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