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Abstract The colored Jones function of a knot is a sequence of Laurent poly-
nomials that encodes the Jones polynomial of a knot and its parallels. It has
been understood in terms of representations of quantum groups and Witten
gave an intrinsic quantum field theory interpretation of the colored Jones func-
tion as the expectation value of Wilson loops of a 3-dimensional gauge theory,
the Chern-Simons theory. We present the colored Jones function as an eval-
uation of the inverse of a non-commutative fermionic partition function. This
result is in the form familiar in quantum field theory, namely the inverse of a
generalized determinant. Our formula also reveals a direct relation between
the Alexander polynomial and the colored Jones function of a knot and imme-
diately implies the extensively studied Melvin-Morton—-Rozansky conjecture,
first proved by Bar-Natan and the first author about 10 years ago. Our results
complement recent work of Huynh and Le, who also give a non-commutative
formulae for the colored Jones function of a knot, starting from a non-commu-
tative formula for the R matrix of the quantum group U,(sl); see Huynh and
Le (in math.GT/0503296).
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868 S. Garoufalidis, M. Loebl

1 Introduction
1.1 The Jones polynomial of a knot

In 1985, Jones discovered a celebrated invariant of knots, the Jones polynomial,
[14]. Jones’s original formulation of the Jones polynomial was given in terms
of representations of braid groups and Hecke algebras, [14]. It soon became
apparent that the Jones polynomial can be defined as a state sum of a statisti-
cal mechanics model that uses as input a planar projection of a knot, [15,29].
As soon as the Jones polynomial was discovered, it was compared with the
better-understood Alexander polynomial of a knot. The latter can be defined
using classical algebraic topology (such as the homology of the infinite cyclic
cover of the knot complement), and its skein theory can be understood purely
topologically. On the other hand, the Jones polynomial appears to be difficult to
understand topologically, and there is a good reason for this, as was explained by
Witten, [31]. Namely, the Jones polynomial can be thought of as the expectation
value of Wilson loops of a 3-dimensional gauge theory, the Chern-Simons the-
ory; in general, this is hard to understand. Witten’s approach leads to a number
of conjectures that relate limits of the Jones polynomial to geometric invariants
of a knot, such as representations of the fundamental group of its complement
into compact Lie groups. A recent approach to the Jones polynomial in terms
of D-modules and holonomic functions seems to relate well to the hyperbolic
geometry of knot complements, [8,10] and yet another approach to the Jones
polynomial is via the Kauffman bracket skein theory, [16].

The goal of our paper is to present the colored Jones function as an eval-
uation of the inverse of a non-commutative fermionic partition function. This
result is in the form very familiar in quantum field theory, namely the inverse
of a generalized determinant. Hence there should be a quantum field theoretic
derivation of it, which may teach us new things about how to compute path
integrals in topological quantum field theory.

About 10years ago, Melvin—-Morton and Rozansky independently conjec-
tured a relation among the limiting behavior of the colored Jones function of
a knot and its Alexander polynomial (see Corollary 1.5), [25-27]. Bar-Natan
and the first author reduced the conjecture about knot invariants to a statement
about their combinatorial weight systems, and then proved it for all weight
systems that come from semisimple Lie algebras using combinatorial Lie alge-
braic methods, [2]. A combinatorial description of the corresponding weight
systems was obtained in [11]. Over the years, the MMR conjecture has received
attention by many researchers who gave alternative proofs, [4,18,19,28,30].

A comparison of Theorem 1 and Theorem 2 reveals a direct relation between
the Alexander polynomial and the colored Jones function. This should help us
better understand the topological features of the colored Jones function.

We will introduce an auxiliary weighted directed graph, the arc-graph, that
encodes transitions of walks along a planar projection of a knot. Our results
are obtained by studying the non-negative integer flows on this arc-graph and
applying the recently discovered q-MacMahon master theorem of [12].
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A non-commutative formula for the colored Jones function 869

1.2 Statement of the main result

Definition 1.1 We consider 5r indeterminates r; ,ri,u; ,uf,zi,1 <i <r Let A
be a r by r matrix where each indeterminate appears at most once in an entry,
and each entry is an indeterminate times a power of q. We assume q is an inde-
terminate which commutes with all other indeterminates. Moreover we assume
that each column contains at most one u indeterminate, in its first or last entry
different from z. Let L(A) be the set of those columns of A where u appears in
the last non-z-entry.

We define a noncommutative algebra A(A) generated by the indeterminates
which appear in A, modulo the commutation relations specified below. Con-
sider any 2 by 2 minor of A consisting of rows i and 7/, and columns j and j
(wherel <i<i' <r,and1 <j<j <r),writinga = a;, b = ajy,c = ayj,d =
ayy, we have the following commutation relations (we will use the symbol =,
to denote ‘equality up to a power of ¢’):

(1) The commutation in each row: ba = g~2ab if b =4 u~ ora =, u~ and
ba = ab otherwise. The same rule is adapted for cd commutation.

(2) The bc commutation: be = g~ *5cbif ¢ =4 u*,b =4 r~+ or
b=4u',c=4rtor
c=qut,b=qut,d=4rT,a=zor
b=gu,c=qu T,a=4r T,d=z
be=q "t ebitb =, u',c =g u’,a=4r,d=,rF,and
be = g~ 'eb otherwise.

(3) Finally we require that A is right-quantum (see [12]), i.e.,

ca = qac, db = gbd, ad = da+ q~'cb — gbc.

Note that the commutation relations are such that each monomial in A(A)

m
can be brought into a q-combination of canonical monomials [];_ a};" - - - ay".
oy . . . m
Definition 1.2 We define n-evaluation of a canonical monomial [[j_; ai?" - - - ayi"

to be zero if there is ij with m;; > 0 and a;; = z and otherwise

r
my; m
tl‘n Halilt .. mn — H trn all . Wln H trn mn . alllt,
i=1

i¢L(A) ieL(A)
and
m pi—
try, (u0)P0 (rls.ll)Pl ... (rl?::lz)Pm = g Sopon H H a- —Si(n—]_PO—---Pi—l))'
i=1 j=0

We consider a generic planar projection K of an oriented zero framed knot
with 7 4+ 1 crossings and with no kinks, together with a special arc decorated
with . Let K denote the corresponding long knot obtained by breaking the
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870 S. Garoufalidis, M. Loebl

special arc. We will order the arcs of K so that they appear in increasing order
as we walk in the direction of the knot, such that the special arc is last. We
will also order the crossings of K such that arc a; ends at the ith crossing, for
i=1,...,r+1.

Note that £ can be uniquely reconstructed from K, so that any invariant
of knots gives rise to a corresponding invariant of long knots. We consider
transitions of K: when we walk along K, we either go under a crossing (blue
transition), or jump up at a crossing (red transition). Each transition from arc
a; to arc g; is naturally equipped with a non-negative integer rot(a;, a;) which
can be seen from K (see Definition B.6).

We define the r by r transition matrix B = (b;j) as follows.

Definition 1.3

q—I'Ot(ij) uflgn(l) lf ] —i + 1
bij — q—rot(ij) rﬁlgn(l)
Zi otherwise

if aajis a red transition

The next well-known theorem (see e.g. [2]) identifies the Alexander polyno-
mial A(K) of a knot diagram K with the determinant of Bg.

Theorem 1 For every knot diagram IC we have:

A(K, 1) =; det(I — Bg)|

=1,2i=03 8" 7 ==sien(d ;FO (1 _=sign)°

Definition 1.4 The quantum determinant of an r by r matrix A = (a;)), intro-
duced in [5], may be defined by

dgt(A) = Z (=) ™ P ar 118722 - - Axiyr

TeS,

where inv(r) equals the number of pairs 1 < i < j < r for which (i) > 7(j).
Moreover we let

Ferm(A) = Z (- dgt(AJ)

where Ay is the J by J submatrix of A.

If g = 1 then Ferm(A) = det(/ — A). Recall the MacMahon master theorem
[24], known also as the boson-fermion correspondence

det([ A) Z“S A,

where S (A) is the n-th symmetric power of A.
The main result of this paper is as follows:
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A non-commutative formula for the colored Jones function 871

Theorem 2 For every knot diagram K we can construct a matrix B, from B by
a permutation of rows and columns so that

Tn (K, q) = ¢* K1 /Ferm(BY),

n-evaluated; (K, n) is an integer that can be computed easily from K (see Defi-
nition 3.3).

As an immediate consequence we obtain the seminal Melvin—-Morton—
Rozansky Conjecture (MMR in short), whose proof was first given by [2].

Corollary 1.5

: 1/ny __
Jim 1,0,q'") = s
Remark 1.6 The computational complexity of the Jones polynomial and its
approximation is studied extensively and as far as we know, this cannot be said

about non-commutative formulas. Hence, it may be enlightening to study our
formula from a computation point of view.

Remark 1.7 Theorem 2 is inspired by work of Le, Zeilberger and the first author
on a g-version of the MacMahon Master Identity, see [12]. Theorem 2 comple-
ments recent and elegant work of Le and Vu, who also give a noncommutative
formulae for the colored Jones function of a knot, starting from a non-com-
mutative formula for the R matrix of the quantum group U,(sh); see [13,
Theorem. 1].

2 The zeta function of a graph and the quantum MacMahon
Master theorem

One of main ingredients in our result is combinatorics of non-negative integer
flows on digraphs. They appear in an expression of the zeta function.

Let us recall what is the zeta function of a digraph. We will consider digraphs
(that is, graphs with oriented edges) with weights on their edges.

Let G = (V, E) be a digraph with vertex set V and directed edges E C V x V,
and let B = (B.).cE be a weight matrix for the edges of G. For edge e we denote
by s(e), t(e) the starting and terminal vertex of e. Bass—Ihara—Selberg defined a
zeta function of a graph in analogy with number theory and dynamical systems,
where the analogue of a prime number is a nonperiodic cycle. Let us define the
latter.

A pointed walk on a digraph is a sequence (e1, ..., ex) of edges such that the
end of one coincides with the beginning of the next; we say that it is pointed at
the beginning of ey, which is also called a base point. A pointed closed walk is
a path whose beginning and end vertex coincide. Two pointed closed walks are
equivalent if they differ on the choice of base point only. By a cycle we will mean
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872 S. Garoufalidis, M. Loebl

an equivalence class of pointed closed walks. A cycle c is periodic if ¢ = d" for
some closed walk d and some integer n > 1. Otherwise, it is called nonperiodic.
Let P(G) denote the set of nonperiodic cycles of a digraph G. Using the weight
function, we may define the weight B(c) of a cycle ¢ by B(c) = [[,. B(e).

With the above preliminaries, Bass—Ihara—Selberg [3] define

Definition 2.1 The zeta function ¢ (G, B) of a weighted digraph (G, B) is defined

by:
t(G.By =[] !
ey 1 PO
It follows by definition that
¢(G,B) = > B(©)

¢ multisubsets of P(G)

The actual definition of Bass—-lhara—Selberg uses more special weights for
the edges (each edge is given the same weight), and is used to digraphs which
are doubles (in the sense of replacing an unoriented edge by a pair of oppositely
oriented edges) of undirected graphs.

Foata—Zeilberger proved that the zeta function is a rational function, and in
fact given by the inverse of a determinant. Moreover, the zeta function is given
by a sum over flows.

Definition 2.2 A flow f on a digraph G is a function f : Edges(G) — N of the
edges of G that satisfies the (Kirkhoff) conservation law

> fo= > f@

e begins atv eends atv

at all vertices v of G. Let f(v) denote this quantity and let F(G) denote the set of
flows of a digraph G.

If B is a weight function on the set of edges of G and f is a flow on G, then

o the weight B(f) of f is given by B(f) = [], B(e)/©, where B(e) is the weight
of the edge e.

e The multiplicity at a vertex v with outgoing edges eq,ez,... is given by
mult, (f) = (f ;‘221;?22&), and the multiplicity of f is given by mult(f) =
[T, mult, (f).

e If Aisasubset of edges then we let f(A) = >, f(e).

Let us summarize Foata—Zeilberger’s theorem [6, Theorem 1.1] here. For the
sake of completeness we include its proof in Appendix 7.3.
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A non-commutative formula for the colored Jones function 873

Theorem 3 If (G, B) is a weighted digraph, then

1

¢(G,B) = detd —B) (1)
= > B mult(f). )
feF(G)

Remark 2.3 For r = 1, the above Theorem states that

1_x:zx"

n=0
where x = byy. Thus, Theorem 3 is a version of the geometric series summation.

Another formula for the inverse of a determinant, the MacMahon master
theorem, has been mentioned in the introduction. We will need its quantum
version, proved in [12].

In r-dimensional quantum algebra we have r indeterminates x; (1 < i < r),
satisfying the commutation relations x;x; = gx;x; for all 1 <i < j < r. Further
we are given a right-quantum matrix A. We assume that the indeterminates
of A commute with the x;’s. The following theorem has been proven recently
in [12].

Theorem 4 Let A be a right-quantum matrix of size r. For 1 < i < r let
X; = Z;=1 a;ixj, and for any vector (my,...,m;) of non-negative integers let
Ga(my,...,m;) be the coefficient ofx'lnlx'zn2 coxymin [1i_y X{™. Then

> Galmy,....my) =1/Ferm(A).

my,....ny=0

3 The arc-graph of a knot projection

Given a knot projection K, we define the arc-graph Gy as follows:

The vertices of G are in 1-1 correspondence with the arcs of K.

The edges of G are in 1-1 correspondence with transitions of K, when we
walk along KC and we either go under a crossing (blue edges), or jump up at
a crossing (red edges) according to Fig. 1.

More formally, G is a weighted digraph defined as follows.
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874 S. Garoufalidis, M. Loebl

a.
a i+1 5in

Fig.1 From a planar projection to the arc-graph. Transitions in the planar projection are indicated
by dashed paths, and the corresponding edges in the arc-graph are blue (depicted with a small circle
on them) or red

Definition 3.1 The arc-graph Gy hasr+1vertices 1,...,r+1, r+1 blue directed
edges (v,v+1) (v taken modulo r+1) and r + 1 red directed edges (u, v), where
at the crossing u the arc that crosses over is labeled by a,.

The vertices of G are equipped with a sign, where sign(v) is the sign of the
corresponding crossing v of K, and the edges of Gic are equipped with a weight.
The edge-weights are specified by matrix Wy = (8;;) where

. ¢sign(v) if e=Ww,v+1),
“7 1 - sl if e=(,u.

Here ¢ is a variable. Let Wx denote the matrix obtained from Wy by deleting
the last row and column. Notice that W is formally stochastic (i.e., the sum of
the rows of I — W is zero), but Wk is not.

Let (Gg, Wk) denote the weighted digraph obtained by deleting the r + 1
vertex from Gy, together with all edges to and from it. We let Vg and Ex
denote the set of vertices and edges of Gg.

It is clear from the definition that from every vertex of Gy, the blue outde-
gree is 1, the red outdegree is 1, and the blue indegree is 1. It is also clear that
Gy has a Hamiltonian cycle that consists of all the blue edges. We denote by e?
(ef) the blue (red) edge leaving vertex i (Fig. 1).

Example 3.2 For the Fig. 8 knot we have:

+4 1.5in
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A non-commutative formula for the colored Jones function 875

Its arc-graph G with the ordering and signs of its vertices and Gx = Gy — {4}
are given by

-3
0]
+2
0]
Gk = _1 0.3in

where the blue edges are the ones with circles on them. Moreover,

0 t 0 1—1¢
1-t 0 ¢t 0

0 1-¢r O t

t 0 1-71 0

Wy =

Definition 3.3 Let IC be a knot projection. The writhe of K, w(K), is the sum of
the signs of the crossings of K, and rot(K) is the rotation number of K, defined
as follows: smoothen all crossings of K, and consider the oriented circles that
appear; one of them is special, marked by . The number of circles different from
the special one whose orientation agrees with the special one, minus the number
of circles whose orientation is opposite to the special one is defined to be rot(K).
We further let §(K,n) = 12w (K) 4+ nrot(K)), and §(K) = §(K, 1).

We remark that we define rot(e) for each edge e of Gy in Definition B.6.

4 The enhanced arc-graph and the Jones polynomial

In order to express the Jones polynomial as a function of the arc graph, we need
to enhance the arc-graph as follows.

Definition 4.1 (a) We introduce a linear order <, on the set of edges of G ter-
minating at vertex v as follows. Recall that v corresponds to an arc a, of K. If we
travel on a, along the orientation of K, we ‘see’ one by one the arcs corresponding
to starting vertices of red arcs entering v: this gives the linear order of red arcs
entering v. Finally there is at most one blue edge entering vertex v, and we make
it less than all the red edges entering v.
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876 S. Garoufalidis, M. Loebl

(b) If f is a flow on Gk, we define the rotation and excess number of f by:

rot(f) = f(eyrot(e), exc(f) = »_ sign(v)f(ed) > fle),

ecEk veVig e<yel

5(f) = exc(f) — rot(f), (3)

where Vi and Ek are the set of vertices and edges of G, and rot(e) is defined in
Definition B.6.

Let S(G) denote the set of all subgraphs C of G such that each component
of Cis a directed cycle. Note that S(G) may be identified with a finite subset of
F(G) since the characteristic function of C is a flow.

The next theorem, due to Lin—Wang, expresses the Jones polynomial of a
knot projection K in terms of the enhanced arc-graph of K. For the sake of
completeness we include its proof in Appendix A.1.

Theorem 5 [21] For every knot projection K we have:

T, =28 S £Op).
ceS(Gg)

We now give a similar formula for the colored Jones function J,, of a knot. We
will normalize the colored Jones function so that it is the constant sequence {1}
for the unknot, and J,, is the quantum group invariant of knots that corresponds
to the (n + 1)-dimensional irreducible representation of sl;.

Recall the operation of cabling K the knot projection K n times. Recall

that ay,...,a,, are the arcs of K. Each g is in the cabling replaced by n? arcs
aﬁ P i,j = 1,...,n, with the agreement that the ‘long arcs’ obtained by cabling
arc ay will be a’l‘j, j=1,...,nand the ‘small arcs’ obtained by cabling of crossing

k will be denoted by a{.; fori=2,...,nandj=1,...,n. Note that all crossings
which replace the original crossing k have the same sign, equal to the sign of
the crossing k. (see figure before Lemma 6.2).

We further let K denote the link obtained from K" by deletion of the n

special long arcs ai;rl,j =1,...,n.

Theorem 6 For every knot K and every n € N, we have

Iy =02®D 7 OB

CES(GK(n))

where G g is the arc graph of K.

Proof Let V,, denote the (n 4+ 1)-dimensional irreducible representation of the
quantum group Uy(sly), and let v, denote a highest weight vector of V),. Then,
there is an inclusion V,, — ®"V that maps v, to a nonzero multiple of ®"vy.
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A non-commutative formula for the colored Jones function 877

The result follows since cabling K corresponds to tensor product of repre-
sentations and since o (K™) = n2w(K) and rot(K™) = nrot(K). o

For an integer m, we denote by

q" —1
~1

(m)g =

the quantum integer m. This defines the quantum factorial and the quantum
binomial coefficients by

_ (m)g!
(M)g!(m — n)g!

Mgl = (1)gQ2)q ... (Mg, (’:)
q

for natural numbers m, n with n < m. We also define

fv)
multq (f) = H (ee))qsign(w ‘

v

Theorem 7 For every knot projection K we have:

Ja(,0) = 2KD 37 mule (D T siememien T
feF(Gk) veVg ered;t(e)=v

fle—-1
% H 1- t—sign(s(e))(n—j—ze/<vef(e)))‘
j=0

Remark 4.2 1t simply follows that the contribution of a flow f to the sum in
Theorem 7 is non-zero only if f(v) < n for each vertex v. Thus, in the above
sum, only finitely many terms contribute. As a result, when n = 1, Theorems 7
and 5 coincide.

5 Proof of Theorem 2

Theorem 7 is used in this section to prove the main Theorem 2. In the rest of
the paper we then prove Theorem 7 from Theorem 6.

5.1 Row and column arcs order

Recall that we fix a generic planar projection K of an oriented knot with r + 1
crossings. We order the arcs of K so that they appear in increasing order as we
walk in the direction of the knot, and we denote by K the long knot obtained
by breaking the arc a, 1. We also order the crossings of K so that arc a; ends at
the ith crossing, fori=1,...,r.
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878 S. Garoufalidis, M. Loebl

Definition 5.1

(1) Wedefinetwo permutations S, T on the set of the arcs of K as follows. For arc
aiof KletT(i)) = T(,1),..., T3, k) (SG@) = S3G,1),...,50,k;) respectively)
be the block of arcs of K terminating at (starting from) a; and ordered along
the orientation of a;. Let T (S) be the permutation of the arcs of K defined by
T=TWL,....T(,ky),....,T(r, k) (S =S, k),...,S1),....S1,1)).

(2) Wedefine permutation R of the arcs of K from T as follows: if a; appearsin S
before the block S(i) then replace T'(i,1),...,T(, k;) by T(i,k;),...,T(@,1).

(3) Similarly we define permutation C of the arcs of K from S as follows:
if a; appears in S after the block S(i) then replace S(i,k;),...,S(@,1) by
S3E, D), ..., 80, k).

Definition 5.2 We define matrix By = (y;) to be obtained from By by taking
the rows in the R order and the columns in the C order.

We consider the commutation relations between the variables appearing in
B as in the Definition 1.1. In particular, B/ is right-quantum.

5.2 Flows on Gk and monomials of G B, (my,...my)

We interpret each entry y;; with no z indeterminate as arc (ij) of the arc-graph

Gg. Then each monomial in G B (my,...,m,;) corresponds to a flow on G with
indeg(i) = outdeg(i) = m;,i = 1,...,r. If f is such a flow, we denote by G(f) the
sum of all monomials of > Gp, (my,...,my) corresponding to f. Summarizing

we can write

Observation 1

Z Gy, (mi,...,m) = ZG(f).
f

my,...,my=0

We denote by C(f) the canonical monomial of a product (in arbitrary order)
of the entries of B, corresponding to the edges of Gk, where the entry corre-
sponding to each edge e appears f(e) times.

Observation 2 Let C be a summand of H?zl(zj viix))"™, which contains m;
indeterminates x;,i = 1,...,r and contributes to G(f). For 1 < v < r and
1 <j < f(e) let c¢(C,v,j) be the number of Veb ’s which need to be commuted
through the j-th occurrence of y,r in order to get C(f) from C. Then

r fley)
C = anlxglz B .x;n,q—rot(f) C(f)qexc(f) H H qsign(v)c(C,v,j).

v=1 j=1
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A non-commutative formula for the colored Jones function 879

Proof Let Xjj = y;x;. Hence C is a summand of the coefficient of x;’”xg” X

in[]_; (2 Xip™:. For each j fixed the y;;’s appear ordered in C. In each canon-
ical monomial, the y;;’s appear ordered by the second coordinate, and then
by the first coordinate. Hence, in order to get a canonical monomial times
xi”lxg” ...x" from a summand of M-, (Zj X;)"™, we only need to commute
Xjj’s so that they are ordered by the second coordinate. This means: if a; appears
in S before (after respectively) the block S(i) then a; appears in C before (after
respectively )the block S(i) BUT a;_ appears in R after (before respectively)
the block 7'(i). Hence we need to commute

1. Each X;_1; through each X;_ ;,j € S(/) and each Xj_y; through each
Xj1j,),k € S@),R(k) > R(j). The commutation in B is such that we
acquire each time ¢*€"0~1_ Hence we acquire in total g***(" since we recall
that exc(f) = >, sign(v)f(e?) Deer [(O).

2. Each Xj_;; through each Xj_j 4,k € S(i). The commutation in B is such
that we acquire in total g8 ¢~ DECALD+e(CA=LF€ 1)

3. The commutation in B} is such that if i < i,j < j’ and X;;, Xy ; do not
appear in one of the previous two cases then X; y, Xy j = Xy j, Xij.

This finishes the proof. O

Corollary 5.3

Gh=cpgPI] > o

V=1 fed)zer = =cper) 20

Since
Z qSign(V)(Cl+-~-Cf(e{,>) _ (f(vz ) ’
fle)yzer==cpqr) =0 f(€0)] gsieney
we have
Corollary 5.4

G(f) = ¢ Pmulty (HC).

Proof (of Theorem 2) Theorem 7 tells us that

(K, q) = qé(KJl) Z mult,(f)[a(f) H t—Sigﬂ(V)ﬂf(elv’) H

feF(Gk) veVk ered;t(e)=v

fle)—1
% H (1 — ¢S =y o, f@)=Dy
j=0
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880 S. Garoufalidis, M. Loebl

Comparing this with the Definition 1.2 of the n-evaluation and using Theorem 4,
Observation 2 and Corollary 5.4, we can see that Theorem 2 follows. O

6 Cabling of the arc graph

Recall the operation of cabling K" the knot projection K n times. Recall that

ai,...,ary1 are the arcs of K. Each gy is in the cabling replaced by n? arcs aij,
i,j = 1,...,n, with the agreement that the ‘long arcs’ obtained by cabling arc
ay. will be a’l‘j, j=1,...,n and the ‘small arcs’ obtained by cabling of crossing

k will be denoted by af.]‘. fori =2,...,nandj = 1,...,n. Note that all cross-

ings which replace the original crossing k have the same sign, equal to the sign
of the crossing k. We make the following agreement: assume the parallel arcs
af1, . ,af,n go horizontally from left to right. Then ”51 is the upmost one. See

figure below for part of Example 3.2 and of its 3-cabled version £®:

a ! a 1 a !
11 12 13
a
1 4 4 4 11
a 3 a a a
T a 31 32 33 3
a
12
a4 a4 a4 a4
21 22 23 3
a
a4 a4 a4 13
11 12 13

We further let K™ denote the link obtained from K" by deletion of the n
special long arcs a;;rl,j =1,...,n.

Next we consider the arc-graph of the cabling of K. For example, part of the
red-blue digraph Gy of Example 3.2 and of its 3-cabled version is depicted as

follows:

(11 ® e o
11%> 12 13
a 4
1@ a ® ® ® ® [
ﬂt 31;> 32 33 11
o——o a4 ® [ [ ®
“4 a 21;> 22 23 12
3
4 3
a o [ J ® ®
11 12 13 133

where vertical edges are blue and horizontal edges are red.
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We now define an n-cabling G%’) of the arc-graph Gg. Cabling of a planar
projection is a local operation, and so is cabling of a digraph. In the language
of combinatorics, we blow up the vertices of G using a suitable gadget. For a
similar discussion, see also [11, Sect. 4].

Definition 6.1 Fix a red-blue arc-graph Gg. Let G;?) denote the digraph with

vertices al‘-’ for v a vertex of Gx and j = 1,...,n. G%) contains blue directed
edges (a]l., ajl.+1) with weight t=<"" (where € € {—1, 41} is the sign of the crossing )
foreachl =1,...,r—1andj=1,...,n. Moreover, if (ay,a;) is a red directed

edge of Gk, then G}?) contains red edges (af-‘,af) foralli,j=1,...nwith weight

tG=DA—1) resp. =D (1 =171, ifthe sign of the i crossing is —1 resp. +1. Notice
that the weights of the red edges are independent of the index i.

Lemma 6.2 There is a I-1 correspondence
{admissible subgraphs of Ggw} <— {admissible subgraphs of G}?)}.

We will denote the set of admissible even subgraphs of Ggg) by 5,(Gg).

Proof Denote by pllf path (alfj,alz‘j, . ,aﬁj) of n — 1 blue edges in Ggw, k =
1,...,randj=1,...,n. Thereis a natural map Ggw — G;?) which contracts
each directed path pj].‘ into its initial vertex, and deletes all vertices af;rl. For-
getting the weights, it is clear that the result of the contraction coincides with
G,

Gk has two types of vertices: af.; fork=1,...,r+1landij=1,...,n
and i # 1 (call these white) and a’l‘]., k < r+ 1 (call these black). The indegree
of a white vertex is 1, but the indegree of a black vertex may be higher. The
black vertices are the initial vertices of the paths p¥, hence the vertices of G;;').

Let E and E™ denote the set of edges of Ggw and G%) respectively. Then
each edge e of E™ replaces the unique directed path P, of G between the
corresponding black end-vertices of e, which contains no other black vertices.
If E ¢ E" is an admissible even subgraph of G then E is a vertex-disjoint
union of directed cycles of Ggw and each directed cycle may be decomposed
into directed paths between the black vertices. If each such directed path is
replaced by a directed edge, we get an admissible even subgraph E’ of G;?).
This gives the 1-1 correspondence between the admissible even subgraphs with-
out the weights. To realize that the weights are correct as well, we only need
to compare the product of the weights in G along P, with the weights of e

in G O
Theorem 6 and Lemmas B.2, 6.2 imply that:
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Lemma 6.3 For every knot K and every n € N, we have

Tn(K, 0y =25 £POB(c).
ceSn(Gg)

Our next task is to figure out §(c¢) = exc(c) — rot(c) for ¢ € S,(Gk).
The following lemma is clear from the Definition 4.1:

Lemma 6.4 If f is a flow on Gk and]~” is a lift of f to flow on G%), for some n,
then rot(f) = rot(f).

6.1 Comparison of excess numbers

Given an admissible subgraph c in G}?), let f be the corresponding flow in G,
to which ¢ projects, under the projection

rr:G;?) — Gg.

In this section, we compare exc(f) (in Definition 4.1) with exc(c).

As we will see, the two excess numbers do not agree. In this section we will
determine their difference.

We begin by introducing a partial ordering < on the set of edges of G;?). We
warn the reader that this ordering is different from the ordering <, of the edges
of G entering vertex v, introduced in Definition 4.1.

Definition 6.5 Consider two edges e and ¢’ of GE?) which start at the vertices a]".
and a]’:: of Ggg). We say that e < €' if

o e, ¢ end at the same vertex v and n(e) <, w(e') in Gk, or
o i=1{andsign(i) =+andj <], or
o i=iandsign(i) = —andj <j

Recall that ¢ € §,(Gk) (c admissible) if and only if ¢ is a collection of vertex
disjoint directed cycles of G%’). Hence the ordering on the edges of ¢ defined in
Definition 6.5 induces a total ordering on each T (e, e edge of Gg.

This total ordering may be seen from the cabling of the knot in the same way
as the ordering <, of Definition 4.1 may be seen from the knot: if we travel
along an arc aj., we see one by one the arcs corresponding to the starting vertices

of edges of 71 (e), where e is an edge of G. This agrees with the total ordering
on 7~ !(e) induced by <; see figure before 6.2.
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Definition 6.6 Consider two edges e and €' of G;?)

and a]l:: of G;?).

which end at the vertices a;-

[ 1 if ee =red, ¢ <e, sign(se))=+, j<j
1 if e=red, ¢ = blue,
n(e), (') do not start at the same vertex,
e <e, sign(s(e) =+, j<j
X(e,)=11 if ee = red, ¢ <e, sign(se)=—, j <j
if e=red, ¢ = blue,
7 (e),w(e') do not start at the same vertex,

e <e, signse)=—, j<j
|0 otherwise
1 if e=red, ¢ = blue,
Y(e,e) = w(e), (e start at the same vertex, e <é
0 otherwise

Lemma 6.7 Let ¢ be an admissible subgraph of G;?). Denote by f the flow on
Gk which is the projection of c to Gg. Then

exc(c) = exc(f) + z sign(s(e)) (Z X(e,é)+ Ye, e’))

where the summations of e and €' are over the set of edges of ¢ and s(e) denotes
the starting vertex of e.

Proof Consider a crossing v of K, and the corresponding n? crossings of K”.
We count the contribution to exc(c) of pairs (e, ') of edges of ¢ such that

e e projects to e (the blue edge that starts at v), and ¢’ does not project to ¢/,
(the red edge that starts at v). This gives exc(f).

e e projects to ¢/, and ¢’ does not project to e’j. This gives the X-term in the
formula.

e e projects to ¢}, and ¢’ projects to e’. This gives the Y-term in the formula.

]
7 Sortings and multiplicities of flows
7.1 Sortings

In this section we introduce one of our key tools, which is a categorification of
multiplicities of the flows on Gg. Let f be a flow on Gk. If e is an edge of Gg
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then we let F(e) C F be the set of f(e) copies of e; we choose an arbitrary total
order on each F(e).

Let F = U.cg, F(e) and let F, C F consists of the union of F(e), e red. Further
let F," denote the subset of F, consisting of the red edges which leave a vertex
with + sign, and we let ;" = |F,"|. Analogously we define F,,....

Definition 7.1 Fix a flow f on Gk. A sorting C of f is a function
C : Vertices(Gg) — 2Fr

such that

e ( is a collection of red edges that terminate in vertex 1, of cardinality f (ell’ ).
e Foreach?2 <i <vr C; C Ci_1U/{e € F,;e terminates in vertex i} off(ef’)
elements.

Let C(f) denote the set of all sortings of f.
Lemma 7.2 Every flow f has mult(f) sortings.

Proof Use that mult(f,r) = 1, {e € F,;e terminates in vertex 1} = {e € F;e
terminates in vertex 1} and for each 2 <i < r, >_f(e) : e terminates at vertex i
equals |C;_1 U {e € F;; e terminates in vertex i}|. O

Definition 7.3 We define Z(f,n) = {0,...,n — 1} If v € Z(f,n) then we define
v = ZeEFr_ ve and we define f," (v) analogously.

Definition 7.4 (a) Fix a flow f on Gk and a natural number n. An n-sorting of
f isapair P = (C,v) where C € C(f) and v € Z(f,n).
(b) If P = (C,v) is an n-sorting of f then we define its weight b(P) to be

b(P) = ("o =FD (1 — pfr fr O (1 — =D =D )

(c) Let C,,(f) denote the set of all n-sortings of f.

The following lemma states that the n-sortings of f categorify multiplicities
and weights of flows.

Lemma 7.5 For every flow f on G and every n we have

BPlisrmult(f) = D" b(P).

PeCy(f)

Proof It follows by Lemma 7.2 that

> b(P) = mult(Hh O - o (1 - HY
PeC(f.n)

x Z &7 W = =D+fF )
veZ(f.n)
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by a simple rearrangement

mult(He" ) (A=l S O [@ - DT e Do)
veZ(f.n) veZ(fn)

by a geometric series summation

ﬁ (f) |[_> m mult (f) .

7.2 Sortings and the Jones polynomial

Here we define admissible sortings and give a formula for the colored Jones
function in terms of them.

Definition 7.6 Fix a flow f of Gk and a natural number n. Let P = (C,v) be an
n-sorting of f. We say that P is admissible if

e Forevery two edges e,e € F, such that ve = vy and e ends in vertex i and €’
ends in vertex j and j > i, there exists an I, i < [ < j such that e & C}.

We denote by AC,(f) the set of all admissible n-sortings of f, and by S,(Gk,f)
the set of all lifts of f to admissible subgraphs of G;?).

The next lemma explains the notion of admissible sortings.

Lemma 7.7 There is a bijection ® from AC, (f) to S;,(Gx,f) such that B(®(P)) =
b(P). Moreover, if P € AC, (f) and  is the projection to G then for each e € E,
the fixed total order on F(e) agrees with the total order (7~ 1(e), <) introduced in
Definition 6.5.

Proof Let P = (C,v), C = (Cy,...,Cy), and P € AC,(f). In order to define
@ (P) we will define the image ® (P, e) for each e € F.
First we determine the ends of the lifts of the red edges as follows: if e € F;

_ e
then we let t(®(P,e)) = Aoy

Next we determine the blue edges of ®(P) as follows: if 1 < i < r then we let

[s(P(P,e)) | e € F(e})} =1d} ;| e € G}
This determines the beginnings of the blue edges, and hence also the ends of
the blue edges.
It remains to specify the beginnings of the lifts of the red edges. Since P is
admissible, observe that for each 1 < i < r, there are exactly f(e}) vertices a;.
of indegree 1 in current ®(P). Hence it remains to make each of them starting

vertex of exactly one edge ® (P, e), e € F(e!). This is uniquely determined by the
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‘moreover’ part of the Lemma. This finishes the definition of ®. The equality
for the weights follows easily, and the moreover part of the Lemma directly
from the definition of ®. To finish the proof we find the inverse to ®.

Let ¢ € 5,(Gk,f). We construct @ 1(c) = (C(c),v(c)) as follows: Let e be
an edge of Gg. There is an order preserving bijection between the fixed total
ordering (F(e), <) and (7~ !(e),<). If ¢ is an edge of c then we let el be the
corresponding edge of F.

First let ¢’ be a red edge of c. We let v(c)e/F = jwhere t(¢/) = a; ,1- Hence v(c)
encodes the ends of the red edges of c.

Next we define a predecessor p(e) for each edge e of c. If e red then p(e) = e.
If e blue then p(e) is the red edge of ¢ which terminates in the starting vertex of
the longest blue path of ¢ whose last edge is e. Note that p(e) always exists and
is unique since c is admissible.

Finally for 1 <i < rlet C; = {p(e)r; e edge of c that terminates in some aj.
tha‘; is a starting vertex of a blue edge of c}. This finishes the construction of
o O

Theorem 8 We have:

Jn (K) ([) — tS(K,n) Z tS(f) Z IEXC(P)b(P),
feF(Ggk) PeAC,(f)
where exc(P) = exc(®(P)) — exc(f).
Proof We have:

Tn(K) @) = & 3" £Op(c)
ceSn(Gg)

— tS(K,n) Z té(f) Z texc(c)—exc(f)ﬁ(c)
feF(Gk) ceSn(Gif)

— té(K,n) Z té(f) Z [EXC(P) b(P)
feF(Gk) PeAC,(f)

7.3 Proof of Theorem 7

Definition 7.8 Let e € F,. We define set P(f e) as follows: ife € F(¢'),e; € F(e})

then e; € P(f,e) if t(e') = t(e})) = vand e <, ¢, ore = e and ey < ein our

fixed total order of F(e).

Definition 7.9 Let e € F,. We define

o defi(Cov,0) = [¢ € P(f,€) : v < Vel

o defr(C,v,e) = |{e € Cu) : Ve < Ve}l, where d(e) is the biggest index such
that d(e) > t(e) and e & Cye).

Recall that t(e) denotes the terminal vertex of e.
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Proposition 7.10 Let P = (C,v) be an n-sorting of f. Then

exc(P) = D 81(e) + 82(e),

eckF,

where

51(¢) = |P(f,e)| — def1(C,v,e) if e starts in a + vertex
ne= —def{(C,v,e)

if e starts in a — vertex,

52(e) = |Cd(e)| —def(C,v,e) lf Slgn(d(e)) =+
27T defr(Cov,e) if sign(d(e)) = —.

Proof Let e € F, and first assume sign(s(e)) = +. Then

s1(e) = |P(f,e)| — defi (C,v,e) = |[{e' : €' € P(f,e) N Fy,ve < Vel
+1{e’ € Cie)—1: Ve < ve'}l-

This equals, by definition 6.6 of function X and by definition of bijection ® in
lemma 7.7,

sign(s(®(e)) D X(D(e), D(€)).

e'eF

We proceed analogously if sign(s(e)) = —. Hence

D sie) = > sign(s(P(e)) D X(D(e), d(e)).

ecF, eckF, e'eF

Next we denote, for e € F,, by D(e)) the red edge of ®(P) that starts at vertex
a‘viéj) 4 Note that D is a bijection between F, and the set of the red edges of
o (P).

Now let sign(d(e)) = +. Then 85 (e) equals the number of ¢’ € Cy) such that

ve < ve. Thisequalssign(d(e)) >, .r Y(D(e), ®(¢')). Again the case sign(d(e)) =
— is analogous.

Hence we get

> sale) = > sign(d() D Y(D(e), d(e)).

eckF, eckF, eeF

This finishes the proof by lemma 6.7. O
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Proof (of Theorem 7)
We use Theorem 8, Lemma 7.7 and Proposition 7.10:

I(K)(0y =K > 0 < Ppp)
feF(Gg) PeAC(f,n)

— PEm Z BOMG =FDA —pfr 4 —

feF(Gk)
% H —=1=1P(F 0D H {Caco)|
ecF; ecF, sign(d(e))=+
e—defq (C,v,e)—defr(C,v,e)
x> e :
(Cv)e AC(f ,n) ecF;

Let us recall that

r=2
f) )
mult(f), = .
1 Vl_[:1 (eb) gHien )
At this point, we will use Appendix B.1. By Theorem 9 and Theorem 10 we get

T, (K) (1) = £2Em Z AOpG =1 — e (1 = Y = e=DA

feF(Gk)
T (f®
|P(f.e)l ‘Cd(e)| ) _

X t t n—|P(f,e
H+ .H I1 @) [T - 1P oD
ecF; ecF, sign(d(e))=+ v=1 eckF,

) AP H f) FEnfed)
b) n
fE]:(GK) = vs1gn(v) +
<" =D — t)ff (1 — Y = =DfF H (P(Fol H (n—|P(f,e)):
(3€FyJr ecky
= AED S mult, ()PP A -l (@ - Y
feF(Gk)

x [T = IP(F, )] sienccon
ecF,

DY mult, (F)* I1 signnf(e))
feF(Gk) veVig
fle—-1

e H H (1 _ tiSign(s(e))(nfjize’<Vef(e)))'

ered;t(e)=v j=0

This finishes the proof. O
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Appendix A. The zeta function of a graph and the Foata-Zeilberger formula
A.1 The Foata-Zeilberger formula

In this section we translate key combinatorial results of Foata and Zeilberger
[6, Theorem 1.1] in the language of our paper, resulting in Theorem 3.

Consider the complete graph K, with r vertices equipped with a weight martix
B = (bjj) of size r with independent commuting variables, and let R = Z[[b;]].
Let X = {x1,...,x,} denote an alphabet on r letters and X* denote the set of
words on X.

Recall the notion of a Lyndon word | € X, that is a word which is not a
nontrivial power of another word, and is strictly smaller than any of its cyclic
rearrangements. It follows by definition that

Lemma A.1 Thereis a I-1 correspondence between the set of nonperiodic cycles
in K, and the set of Lyndon words in X.

Given a nonempty word w = x1x3...x, € X, Foata and Zeiberger define a
function Bgirc by

Beire(w) = bxl,xz bxz,X3 cee bxm,l,xmbxm,xl

and Beire(w) = 1 if w is the empty word. Every word w € X has a unique
factorization as

W:lllz...ln

where /; are Lyndon words in nonincreasing order /;y > I, > --- > [,,. Using this,
Foata and Zeilberger define a map:

,Bdec X — R

by BaeeW) = Beirc(l1) Beire(l2) - - . Beire(ln) Where (I1,...,1,) is the unique fac-
torization of w. For example, if X = {1,2,3,4,5} and w = 34512421231242,
then its factorization is given by (/1, 2, [3) = (345,1242,1231242) and Bgec (W) =
b3 ,b3 1b23b3 4b3 1b3.4b73 5D 5bs 5.

Foata and Zeilberger define another map

Byert : X* — R

as follows: if w = x1x3 ... x,, isaword and w = X1 X7 .. . X, is the rearrangement
of the letters of w in nondecreasing order, then they define

Byert(w) = bfl,)q bfz,xz e bfmaxm‘
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In [6, Theorem 1.1] they show that

1
ol —B) Wé* Bdec(W) 4)
1
-1 5)
ceP(Ky) 1=5()
= Z Bvert(w) € R (6)
weX*

Let us now translate (6). Write a word w and its rearrangement w as an array

o]

A rearrangement w of a word w is always of the form w = 112”2 .../ and
gives rise to a function f,, : Edges(K,) — N on the edges of K, defined by

fw((,))) is the number that the column vector ; appears in ['(w). Since w is

a rearrangement of w, it follows that f, is a flow. It follows from 4 that this
map X* — F(K,) is onto, and it is easy to see that given an flow y on K, the
preimage under this map consists of mult(y) words with the same By weight,
equal to the weight of y. This together with Eq. (6) implies that

1
= D () mult(). (7)
det(l ~B) ~ =

This, together with a specialization of the variables imply Theorem 3.

Appendix B. A state sum for the Jones polynomial

In this section we review the proof of Theorem 5. The Jones polynomial V of a
link is determined by the skein theory:

A X ) (
PV \.3in —q¢ v / Bin | =(q—-q )V .3in

together with the initial condition V (unknot)(q) = g + g~'. We will be using a
normalized version of the Jones polynomial defined by

JUK) (1) = V(K) (/%) /V (unknot) (¢'/?).
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We review a state sum definition of the Jones polynomial V' discussed by
Turaev [29] (see also [14]) and further studied by Lin and Wang [21]. We recall
the details of Turaev’s general state sum construction, adapted to our special
case.

Definition B.1 Fix a planar projection K of a knot.

(a) Let Py denote the planar digraph obtained from K by turning each crossing
into a vertex. We call the edges of Py partarcs of K.

(b) A state s of K is the assignment of 0 or 1 to each partarc of K, such that at
each crossing, the multiset of labels of the incoming edges equals to the multiset
of labels of outgoing edges. In other words, at each crossing (positive or negative)
a state looks like one of the following pictures,

AN P4 N P4 > /
N\ 7 N 7 N 7
v 7
VAN 7/ 7 AN N
7/ N 7 7 N N
e N05in 7 0.5in, e 0.5in N0.5in N0.5in 0.5in

where edges colored by 0 or 1 are depicted as dashed or solid respectively.
(c) The local weight I, (s) of a vertex v of P of a state s is given by

d

d c
A 4
\ b o5in — (r):d a / b 0.5in — (R)2

where Rt and R~ = (RY)~! is the R-matrix of the quantum group Uy(sh) given
by:

RYpo=RH 1 =—g  RYHT=RH =1 ®RHY=4-
Rgp=R)1=-4 RN =R)y=1  @R)=q-

q
q
where § = q~ ' and all other entries of the R matrix are zero.

(d) The weight T1(s) of a state s is defined by

T(s) = an(s).

Note that (R~ )01 = (RJF)1 0=0
(e) A state s is admissible iff TI(s) # O.

There is an involution s — s¢ of states of K, obtained by interchanging
0 by 1’s.
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Lemma B.2 (a) There is a 1-1 correspondence
{states of K} <— {even subgraphs of Px}.
(b) There is a 1-1 correspondence
{ admissible states of K} <— { collections of vertex-disjoint cycles of Gy}

Proof A state s gives rise to an even subgraph of the Px (whose edges are the
ones colored by 1 in s), also denoted by s. Part (a) follows.

Since every vertex of Px has outdegree 2, it follows that the involution
of states corresponds to the operation of taking the complement of an even
subgraph in Py.

For part (b), observe that an admissible even subgraph s of P gives rise
to an even subgraph of the arc-graph G with each indegree at most one: this
follows since as mentioned above, (R+)8’} = (R_)}’g = 0, and so if we walk on
s along the orientation of K, we never ‘jﬁmp down”; hence whenever we get to
an arc of K, we traverse it (along its orientation) until its end. Hence we can get
to each arc at most once and s corresponds to an even subgraph of Gy where
each indegree is at most one.

Conversely, an even subgraph of Gy gives rise to a flow on Py. This flow
will be an admissible even subgraph of Py if each indegree is at most one. The
following figure illustrates the excluded possibilities, where the value of the flow
is shown on the partarcs:

m}

Definition B.3 An even subgraph G of Gi is admissible if each indegree is at
most one. In other words, G is a vertex-disjoint collection of directed cycles. Let
S(Gy) denote the collection of admissible subgraphs of the arc-graph Gy.

Next we define rotation and excess numbers of states.
Definition B.4 (a) The rotation number rot(s) of a state s is the number of coun-
terclockwise circles colored by 1 minus the number of clockwise circles colored
by 1, obtained from smoothening of s, i.e., by the replacement:

AN > d
N \ e
e R |
s ! AN
s Vi N
7 - N

at all crossings of s.
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(b) The excess number exc(s) of a state s is the sum of the signs of the crossings
where all four edges are colored by 1 ins.

With these preliminaries, the Jones polynomial is given by the state sum

Z qrot(s")—rot(s) T1(s).

s admissible

VK @q) = (=gH ™

It was observed by Lin and Wang that the local weights of the R-matrix are
proportional, up to a power of g to the weights of a random walk on K. This is

formalized in the following Lemma:

Lemma B.5 [21, Lemma 2.3] For an admissible state s of I, we have:
M(s) = (—q)° 0O B(s), 2.

Proof First note that B(s) is well defined since by Lemma B.2 there is a 1-1
correspondence between admissible states of K and even admissible subgraphs
of Gy, and each even subgraph is naturally a flow on G.

Consider the following table of a state around a positive crossing:

7 Pz
, ,
N s \\ /,
/X\ ’ ~
~.0.2in 0.2in | - \0.2in 0.
R —q 7—q 1 1 0 —q
—gR 1 1—¢ —7 —q 0 1
3 1 1—¢q I 1 0 7
P 1 1 1 1 1 I
g 1 1 —q —q 1 1
and around a negative crossing:
7 7
,
N N .
«
N N
. .0.2in 0.2in | - \0.2in 0.
R —q 0 q—q —q
4R 1 0 T—q T
3 1 0 T—q ¢
= 1 1 1 1 1 7
g 1 1 —q —q 1 1

Here, B(s) of a state s equals to the weight of the 1-part of s.
Inspection of these tables reveals that given a state s and a crossing of sign
€ = +1, we have R = (—q)¢¢q*®*“+°" 8. Taking a product over all vertices, we

obtain that

1-[ (S) — (_q)w(/C) qZGXC(S)+CI‘I‘(S)/3(S) |[*>q2 .

It remains to show that g¥™® = 1. err(s) is computed from a smoothening
smooth(s) of s, which consists of a number of transversely intersecting circles
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colored by 0 or 1. Any two transverse planar circles intersect on an even num-
ber of points, which can be paired up by paths on each circle. A case by case
argument shows that err(s) = 1. Some cases of the local contributions to ‘err’
and their pairwise canceling is shown by:

This concludes the proof of the lemma. O

The involution on the set of states of K has further consequences discovered
by Lin and Wang. Fix a partarc of K that borders the unbounded region of the
planar projection and mark it by x. Let 7 (}C — %) denote the set of all admissible
states of /C where « is colored by 0.

We will show first that

T @) =B > POB(s). (8)

SEF(K—x)
We recall that §(K) = 1/2(—w(K) + rot(K)) and §(s) = exc(s) — rot(s).

Consider a long knot K'°"¢ depicted as a box and the two ways of closing it
to obtain a knot K as follows:

lin

Let a; denote V(K'°®) with boundary conditions i, for i = 0, 1. Then, the two
ways of closing K'°"8 give:

V(K)(q) = qao + g ‘a1 = q"'ag + qa;
from which follows that ag = a; and thus V(K)(q) = (q—i—q*l)ao = V(unknot)ay.
Thus, (8) follows.

Next we introduce the rotation and excess numbers of a collection of vertex
disjoint cycles of Gk, using Lemma B.2.
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B.1 Rotation and excess numbers

We observe that there is an integer function rot on the set of the edges of
Gy so that for each admissible state s and its corresponding (see Lemma B.2)
admissible subgraph ¢ of Gy, rot(s) = >_,..rot(e).

eec

Definition B.6 There is a Gauss map d : K — S' which together with the orien-
tation of K and the counterclockwise orientation of S* induces a map

H,(Px,7) — H{(S',Z) = 7.

The above composition is defined to be the rotation number rot. We can think of
the rotation number as an element of H'(Px,Z) represented by a 1-cocyle, that
is a map

rot : Edges(Px) — Z.
Consider now the arc-graph Gic of K. There is a canonical map
Edges(Gx) — pEdges(P)

defined as follows: if (i,)) is an edge of Gy, consider the ith crossing of Py, and
start walking on the part of the arc a; in a direction of the orientation of K, until
the end of the arc aj. This defines a collection of part-arcs that we associate to
the edge (i,)) of Gx. Taking the sum of the rotation numbers of these part-arcs,
defines a map

rot : Edges(Gg) — Z.

Next we show that exc’ of next definition agrees with exc of Definition 4.1.

Definition B.7 Let ¢ be an admissible subgraph of Gg. We let exc'(c) equal to
exc(s), where s is the corresponding admissible state (see Definition B.4 and
Lemma B.2 for the correspondence).

Lemma B.8 For every admissible subgraph c of Gk, we have:
exc’(c) = exc(c).

Proof exc'(c) is the sum of sign(v) where all 4 edges incident to a crossing v of
K belong to ¢:
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We will translate this in the language of the arc-graph Gk, using Figure 1. A
crossing v as above determines a unique vertex of Gk (corresponding to the
arc a, ending at v) and a unique pair of edges (e, ¢’) of Gk: e is the blue edge
that starts at v, and ¢’ is the unique edge of ¢ that ends in w and signifies the
transition on the arc a,,. The result follows. O

Proof (of Theorem 5)

Assume (after possibly changing the orientation of the knot, which does not
change the Jones polynomial) that we mark by « the last partarc of an arc of K.
Lemma B.2, (8), and subsection B.1 conclude the proof of Theorem 5. O

Appendix C. A combinatorial counting of structures

In this section we consider structures on a set [k] = {1, ..., k}, and their combi-
natorial countings.

Definition C.1 Let k be a positive integer. A k-structure is a pair S = (A, B) such
that

e A=(A4,...,A), B=(By,...,B)) forsomel, A;,B; C [k], A; # @ for all i,

e Aisa partition of {1,...,k} such that for every i < j, x € A;,y € Aj we have
X <y

e B; C Ui A In particular By = .

e Bis monotonic. That is, if x € Bj N A, then for each j > j' > i, x € By,

Lemma C.2 The number of k-structures S such that |A;| = a; and |B;| = b; for

i=1,...,lis
ﬁ (%’—1 + bi—l)
i=2 bi '
Proof Bj;is an arbitrary subset of A; | U B;_1 of b; elements. O

some x < [.

We let |S| = (a,b), where a = (|A4],...,|A;]) and b = (|By],...,|B;).
We let m(|S|, i) be the number of j € AxU By such that j < i. Note that m(|S)|, i)
equals b; plus the number of elements of Ay that are smaller than i and hence
it depends only on |S|.

e We denote by def(S,v,i) the number of j € Ay U By such that j < i and
Vi < Vi

° Mie denote by def,(S,v,i) the number of j € Byg;)41 such that v; < vi; d(i) is
the minimum index so that d(i) > i and i ¢ B gj)+1.

Definition C.4 Let S be a k-structure. We let V(S,n) = {v € {0,...,n — 1}k
if {i,j} C Am U By, for some m then v; # vj}.
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The following Theorem follows by comparing the definitions.

Theorem 9 Let f be a flow on arc-graph Gg. Recall that f,(v) = > f(e) over all
red edges of G terminating in vertex v of Gk, and f,(v) is defined analogously
for the blue edges. We consider set F, linearly ordered, first by the terminal ver-
tices, and then by ordering < which induces a linear ordering on the set UF (e),
over red edges e entering the same vertex (see Definition 6.5).

There is a natural bijection between AC,,(f) and the set of all pairs (S, v) where
S is an |Fy|-structure, |S| = (1), ....frM) (D), ..., fr(r)) and v € V (S, n).

Theorem 10
k b;
Z Z H pri—defy (Sv.)—defa (Svd) _ H o — m(@), H (a, + ) .
S:|S|1=(a,b) veV(S,n) i=1 biy1 /i1

In the proof we will use the following proposition.

Proposition C.5 Let S be a k-structure. Then

Z Htv, defy (S,v,i) _ H(n—m(|S| i)

veV(S,n) i=1 i=1

Proof Use induction on k. The inductive step follows from the following claim:
Claim Let m(k) < n and fix different numbers vy, ..., v, between O and n—1.
Then

Z tkadefl(v,k) —A—-B + C,

ViVEF#Vvii<m(k)

where A =3, | . icm 1'% B = S0 =i and € = 30 i,

1 tnfm(k)

[ ] A+C=ZOSZ5”_1tZandA—B+C= 7171‘

Note that the second part is simply true.

Letv] < -+ < v;n(k) be a reordering of vq,..., V). We may write v} =
n— il,...,v;n(k) =N —lm)» 1 < im@) < --- <i;. The LHS becomes
A— tn—i1+1 L tn—iz—l _ tn—i2+1 L tn—i,,,(k)—l _ t”—im(k)'i‘l L tn—l

B LI R R PR Ll

This equals to the RHS of the equality we wanted to show. The Proposition
simply follows from the Claim. O
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Proof (of Theorem 10)

Z Z ﬁ tv,'fdefl (S,v,i)fdefz(S,v,i): Z Z ﬁ tvifdefl (v,i))—def, (By,v,i)

S:|S|=(a,b) veV(S,n) i=1 ByCA{ VisVay i=1

x Z Z ﬁ pri—defy (v.)—defz(Bs,....Bp,v.i)

Bs3,...B; Vaj+1>-Vk i=a;+1

Vi defy (v,i) t—defz(Bva)
- 3 [l S

WVay i=1 BzCAl i=1

X Z Z H Vi= def) (v,i)—defs (Bs3.....Bv,i)

oBrVay+15-Vk i=ap+1

i defy (v,i) t—defz(Bz v,0)
- 3 [l 3]

-sVay i=1 ByCcAq i=1
4y a_y
“ Z H pvi—defy (vi) Z H (~defy(Bv.i)
Vaj_yairee a; | 1=, 5+ By i=a;_,+1

% Z H tvifdefl v,0) .

Vo +10Vk i=a)_;+1

The last sum may be expressed using Proposition C.5, and we get

at a1
§ : Htv,'fdefl i) 2 Hlfdefz(Bz,v,i)
Vir-Vay i=1 BycAqyi=1
/ /
4 41 k

X x Z H pvi—defy (v,i) Z H (—defa(Brvi) o H (n — m@i));
Va;—Z-H’m’va;—l l-:aLz_,_l B i=a;72+1 i=a}71+1

k

_ H (nfm(i))t Z ﬁtv,'—defl(v,i) z ﬁl—defz(Bz,v,i)

i=a;71+1 Vis-Vay i=1 ByCcAq i=1

/
a1

b
<o ] (mm(i)»(”"” 1‘1) 1
.

by
P
i=a;_,+1

a; + b;
= ]"[(wm(z)),]"[( ),—1'

_ l+1
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