THE COMPLEX VOLUME OF SL(n,C)-REPRESENTATIONS OF 3-MANIFOLDS

1.

1.1.
1.2.
1.3.
1.4.

2

2.1.
2.2.
2.3.
24.
2.5.

3

3.1.
3.2.
3.3.

4

4.1.
4.2.

5

o.1.

STAVROS GAROUFALIDIS, DYLAN P. THURSTON, AND CHRISTIAN K. ZICKERT

ABsTRACT. For a compact 3-manifold M with arbitrary (possibly empty) boundary, we give a
parametrization of the set of conjugacy classes of boundary-unipotent representations of 1 (M)
into SL(n,C). Our parametrization uses Ptolemy coordinates, which are inspired by coordinates
on higher Teichmiiller spaces due to Fock and Goncharov. We show that a boundary-unipotent
representation determines an element in Neumann’s extended Bloch group l§((C), and use this to
obtain an efficient formula for the Cheeger-Chern-Simons invariant, and in particular for the vol-
ume. Computations for the census manifolds show that boundary-unipotent representations are
abundant, and numerical comparisons with census volumes, suggest that the volume of a represen-
tation is an integral linear combination of volumes of hyperbolic 3-manifolds. This is in agreement
with a conjecture of Walter Neumann, stating that the Bloch group is generated by hyperbolic
manifolds.
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1. INTRODUCTION

For a closed 3-manifold M, the Cheeger-Chern-Simons invariant [6, 7] of a representation p of
71 (M) in SL(n,C) is given by the Chern-Simons integral
(1.1) elp) = %/ s*(Tr(A/\dA—i-;A/\A/\A)) ¢ C/4n°Z,

M

where A is the flat connection in the flat SL(n,C)-bundle E, with holonomy p, and s: M — E,
is a section of E,. Since SL(n,C) is 2-connected a section always exists, and a different choice of
section changes the value of the integral by a multiple of 472

When n = 2, the imaginary part of the Cheeger-Chern-Simons invariant equals the hyperbolic
volume of p. More precisely, if D: M — H? is a developing map for p and vys is the hyperbolic
volume form, Im(¢(p)) equals the integral of D*(v,) over a fundamental domain for M. In particular,
if M = H?/T is a hyperbolic manifold, and p is a lift to SL(2,C) of the geometric representation
Pgeo: T1(M) — PSL(2,C), the imaginary part equals the volume of M. In fact, in this case we have

(1.2) 2(p) = i(Vol(M) + iCS(M)),

where CS(M) is the Chern-Simons invariant of M (with the Riemannian connection). Although
this result is known to experts, no proof seems to be available (see |8, 21| for discussions). We
give a proof in Section 2. The invariant Vol(M) + iCS(M) is often referred to as complex volume.
Motivated by this, we define the complex volume Vol¢ of a representation p: w1 (M) — SL(n,C) by

(1.3) c(p) =i Volc(p)
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and define the volume of p to be the real part of the complex volume, i.e. the imaginary part of
the Cheeger-Chern-Simons invariant. Surprisingly, as we shall see, the relationship to hyperbolic
volume seems to persist even when n > 2.

The set of SL(n, C)-representations is a complex variety with finitely many components, and the
complex volume is constant on components. This follows from the fact that representations in the
same component have cohomologous Chern-Simons forms. Hence, for any M, the set of complex
volumes is a finite set.

We show that the definition of the Cheeger-Chern-Simons invariant naturally extends to compact
manifolds with boundary, and representations p: w1 (M) — SL(n,C) that are boundary-unipotent,
i.e. take peripheral subgroups to a conjugate of the unipotent group N of upper triangular matrices
with 1’s on the diagonal. We formulate all our results in this more general setup.

The main result of the paper is a concrete algorithm for computing the set of complex vol-
umes. The idea is that the set of (conjugacy classes of) boundary-unipotent representations can be
parametrized by a variety, called the Ptolemy variety, which is defined by homogeneous polynomials
of degree 2. The Ptolemy variety depends on a choice of triangulation, but if the triangulation is
sufficiently fine, every representation is detected by the Ptolemy variety. We show that a point ¢
in the Ptolemy variety naturally determines an element A(c) in Neumann’s extended Bloch group

g((C), such that if p is the representation corresponding to ¢, we have
(1.4) R(A(c)) = i Volc(p),

where R: B(C) — C/4wZ is a Rogers dilogarithm.
There is a canonical group homomorphism

(1.5) ¢n: SL(2,C) — SL(n,C)

defined by taking a matrix A to its (n — 1)th symmetric power (see Section 11). The map ¢,
preserves unipotent elements, and we show that composing a boundary-unipotent representation in
SL(2,C) with ¢,, multiplies the complex volume by (”;1) If M = H3/T is a hyperbolic 3-manifold,
the geometric representation pge, always lifts to a representation in SL(2,C), but if M has cusps,
lifts are not necessarily boundary-unipotent. In fact, by a result of Calegari [5], if M has a single
cusp, any lift of the geometric representation takes a longitude to an element with trace —2. When
n is even, we shall thus, more generally, be interested in boundary-unipotent representations in

(1.6) pSL(n,C) = SL(n,C) /(+I).

Such representations have a complex volume defined modulo 7%, and our algorithm computes these
as well. By studying representations in p SL(n,C), we make sure that when M is hyperbolic, there
is always at least one representation with non-trivial complex volume, namely ¢, 0 pgeo-

Walter Neumann has conjectured that every element in the Bloch group B(C) is an integral linear
combination of Bloch group elements of hyperbolic 3-manifolds. Since the extended Bloch group
equals the Bloch group up to torsion, Neumann’s conjecture would imply that all complex volumes
are, up to rational multiples of im?, integral linear combinations of complex volumes of hyperbolic
3-manifolds. In particular, the volumes should all be integral linear combinations of volumes of
hyperbolic manifolds.

Our algorithm has been implemented by Matthias Goerner. The algorithm uses Magma |3]
to compute a primary decomposition of the Ptolemy variety, and then uses (1.4) to compute the
complex volumes. For n = 2, we have computed primary decompositions of the Ptolemy varieties
for all census manifolds with < 8 simplices (these usually finish within a fraction of a second) and
all link complements with < 16 simplices in the SnapPy census [9] of knots with up to 11 crossings
and links with up to 10 crossings. When there are more than 16 simplices some of the computations



4 STAVROS GAROUFALIDIS, DYLAN P. THURSTON, AND CHRISTIAN K. ZICKERT

don’t terminate. For n = 3, computations are feasible for many manifolds with up to 4 simplices,
but for n = 4 the computations run out of memory for all manifolds with more than 2 simplices. It
would be interesting to perform numerical calculations for n > 4. Our computations have revealed
numerous (numerical) examples of linear combinations as predicted by Neumann’s conjecture. To
the best of our knowledge, our examples are the first concrete computations (the first of which were
carried out in 2009) of the Cheeger-Chern-Simons invariant (complex volume) for n > 2.

1.1. Statement of our results. This section gives a brief summary of our main results. More
details can be found in the paper.

1.1.1. The Ptolemy variety. Let M be a compact, oriented 3-manifold with (possibly empty) bound-
ary, and let K be a closed 3-cycle (triangulated complex; see Definition 4.1) homeomorphic to the
space obtained from M by collapsing each boundary component to a point. We identify each of the
simplices of K with a standard simplex

(1.7) Ai = {(9607961,962,903) € R* ‘ 0<z;<n, zo+x1+a2+23= n}

Let A3(Z) be the set of points in A3 with integral coordinates, and let A3(Z) be A3(Z) with
the 4 vertex points removed.

Definition 1.1. A Ptolemy assignment on A3 is an assignment A3 (Z) — C*, t — ¢, of a non-zero
complex number ¢; to each (non-vertex) integral point ¢ of A2 such that for each a € A3_,(Z), the
Ptolemy relation

(1.8) CapzCara T Cagi Casy = CageCais

is satisfied. Here, c;; denotes the integral point a+e;+e;. A Ptolemy assignment on K is a Ptolemy
assignment ¢* on each simplex A; of K such that the Ptolemy coordinates agree on identified faces.

Remark 1.2. The name is inspired by the resemblance of (1.8) with the Ptolemy relation between
the lengths of the sides and diagonals of an inscribed quadrilateral (see Figure 1). In the work
of Fock and Goncharov [14], the Ptolemy relations appear as relations between coordinates on the
higher Teichmiiller space when the triangulation of a surface is changed by a flip.

0 C2010  C1020 2
FIGURE 1. A quadrilat- FIGURE 2. Ptolemy assignment for n = 3. The
eral is inscribed in a circle Ptolemy relation for o = 1000 is cop01¢1110 +
if and only if ab+cd = ef. €2100€1011 = €2010€1101-

It follows immediately from the definition that the set of Ptolemy assignments on K is an algebraic
set P, (K), which we shall refer to as the the Ptolemy variety.
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The extended pre-Bloch group 73((C) is generated by tuples (u,v) € C? with e* +e¥ = 1, and the
extended Bloch group B(C) C P(C) is the kernel of the map P(C) — A2Z(C) taking (u,v) to u A v.
We refer to Section 3 for a review. Using (1.8), we obtain that a Ptolemy assignment ¢ on A3 gives
rise to an element

(1'9) )‘(C) = Z (Ea03 + EOé12 - anz - EOé137EOé01 +Eaz3 - Eocoz - 5013) € P(C)7

aeT?(n—2)
where the tilde denotes a branch of logarithm (the particular choice is inessential). We thus have a
map

(1.10) A Py(K) = P(C), e ) &Ad),

where the sum is over the simplices of K. Let Rgy,,c), ~ (M) denote the set of conjugacy classes of
boundary-unipotent representations my (M) — SL(n,C). The following theorem (as well as Theo-
rem 1.12 below) gives an efficient algorithm for computing complex volumes. For numerous exam-
ples, see Section 10.

Theorem 1.3 (Proof in Section 9.5). A Ptolemy assignment ¢ uniquely determines a boundary-

unipotent representation R(c) € Rsym,c),n(M). The map X\ has image in E(C), and we have a
commutative diagram

(111) E E
i Vol
Repn.c)n (M) —255 C/4n27Z.
Moreover, if the triangulation is sufficiently fine (a single barycentric subdivision suffices), the map
R 1s surjective. O

Remark 1.4. We show in Section 9 that there is a one-one correspondence between points in P, (K)
and generically decorated (see Section 5) boundary-unipotent SL(n,C)-representations. Under this
correspondence, the map R is just the forgetful map ignoring the decoration. Note that P, (K)
depends on the triangulation and may be empty.

Let H C SL(n,C) denote the group of diagonal matrices, and let h denote the number of boundary
components of M. In Section 4.1 we define an action of H” on P,(K). We denote the quotient by
P,(K)yreq- The action only changes the decoration, so R factors through P, (K )peq-

Definition 1.5. A boundary-unipotent representation p: 71 (M) — SL(n,C) is peripherally well
behaved if the image of each peripheral subgroup is either trivial or contains an element with a
maximal Jordan block. If the latter condition holds for each peripheral subgroup, we say that p is
peripherally non-degenerate.

Remark 1.6. When n = 2 all representations are peripherally well behaved.

Theorem 1.7 (Proof in Section 9.5). The image of R: Po(K)red — Rsyn,c),n(M) consists of the
set of representations admitting a generic decoration (see Definition 5.2). If such a representation
is peripherally non-degenerate, the preimage in P, (K )eq s a single point. If p is peripherally well
behaved, any two preimages of R have the same image in E(C)

Corollary 1.8. A peripherally well behaved boundary-unipotent representation p in SL(n,C) de-
termines an element [p] € B(C) such that R([p]) = ¢ Volc(p). O
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Remark 1.9. In general the pre-image of a representation under R can have large dimension.

1.1.2. Hyperbolic manifolds and pSL(n,C)-representations. Let ¢,,: SL(2,C) — SL(n,C) denote
the canonical irreducible representation. Note that when n is odd ¢y, factors through PSL(2,C). If
a representation p is in the image of P,,(K) — Rgy,c),n(M), we say that P,(K) detects p.

Theorem 1.10 (Proof in Section 11.1). Suppose M = H3/T is an oriented, hyperbolic manifold
with finite volume and geometric representation pgeo: mi(M) — PSL(2,C). If the triangulation of
K has no non-essential edges, and if n is odd, P,(K) is non-empty and detects ¢, 0 pgeo- g

When n is even, ¢, o pgeo is only a representation in p SL(n,C) = SL(n, C) /(+I).

Definition 1.11. Let 0 € Z?(A2;7Z/2Z) be a cocycle. A pSL(n,C)-Ptolemy assignment on A3
with obstruction cocycle o is an assignment of Ptolemy coordinates to the integral points of A?
such that

(1.12) 0203Cap3Cars T 0003Can;, Cans = CagyCons-
Here 0; € Z/27 = (£1) is the value of o on the face opposite the ith vertex of A3. A pSL(n,C)-
Ptolemy assignment on K with obstruction cocycle o € Z2(K;7Z/27) is a collection of pSL(n, C)-

Ptolemy assignments ¢’ on A; with obstruction class oa, such that the Ptolemy coordinates agree
on common faces.

The set of pSL(n, C)-Ptolemy assignments on K with obstruction cocycle o is an algebraic set
P?(K), which up to canonical isomorphism, only depends on the cohomology class of o. The ob-
struction class to lifting a boundary-unipotent representation in p SL(n, C) to a boundary-unipotent
representation in SL(n,C) is a class in H*(M,0M;Z/27) = H*(K;Z/2Z). ¥For 0 € H*(K;Z/27),
let RY s 0), N (M) denote the set of (conjugacy classes of) boundary-unipotent representations in
pSL(n,C) with obstruction class o. If M is hyperbolic we let o4, € H?(K;Z/2Z) denote the

obstruction class of the geometric representation.
Theorem 1.12 (Proof in Section 9.5). Let n be even. For each o € H?*(K;Z/27), we have a
commutative diagram (B(C)psy, is defined in Section 3.2)

PJ(K) — 2 B(C)psL,

(1.13) ln l}z

o 7 Vol
R o1 moyn (M) ——— C/n2Z.

If the triangulation of K is sufficiently fine, R is surjective. If M = H3/T is hyperbolic, and if K
has no non-essential edges, Pp*°(K) detects ¢p, 0 pgeo. 0

Remark 1.13. The analogue of Theorem 1.7 also holds, except that the preimage of a peripherally
well behaved representation is now parametrized by Z'(K;Z/2Z) (see Section??).

Remark 1.14. If the triangulation has a non-essential edge, all Ptolemy varieties are empty. Hence,
if P§(K) is non-empty for some o, and if M is hyperbolic, the Ptolemy variety P (K) will detect
the geometric representation.

Theorem 1.15 (Proof in Section 11). Let p be a peripherally well behaved representation in SL(2, C)
or PSL(2,C). The extended Bloch group element of ¢, o p is (";"1) times that of p. In particular,

composition with ¢, multiplies complex volume by ("';1) O
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1.1.3. The Cheeger-Chern-Simons class. The Cheeger-Chern-Simons invariant can be viewed as a
characteristic class H3(SL(n,C)) — C/4n%Z, and the result underlying the proof of commutativity
of (1.11) is Theorem 1.16 below, giving an explicit cocycle formula for the Cheeger-Chern-Simons
class. The formula generalizes the formula in Goette-Zickert |17] for n = 2. Recall that a homology

class can be represented by a formal sum of tuples (go,...,g3). To such a tuple, we can assign a
Ptolemy assignment c(go,. .., g3) defined by
(114) C(go,...,gg)t = det ({QO}to U"'U{g3}t3), t = (to,...,tg),

where {g;}+, denotes the ordered set consisting of the first ¢; column vectors of g;. One can always
represent a homology class by tuples, such that all the determinants in (1.14) are non-zero.

Theorem 1.16 (Proof in Section 8). The Cheeger-Chern-Simons class ¢ factors as

(1.15) H3(SL(n,C)) —= B(C) — C/4xZ

where X is induced by the map taking a tuple (go,...,93) to A(c(go,.--,93)) € 73(((3) g

1.1.4. Thurston’s gluing equations. When n = 2, Thurston’s gluing equation variety V (K) is another
variety, which is often used to compute volume. It is given by an equation for each edge of K and
an equation for each generator of the fundamental groups of the boundary-components of M (see
Section 12).

Theorem 1.17 (Proof in Section 12). Suppose M has h boundary components. There is a surjective
reqular map

(1.16) I P -vKE)
c€H2(K;Z/2Z)

with fibers disjoint copies of (C*)P. O

Remark 1.18. The Ptolemy variety seems to offer significant computational advantage over the
gluing equations, but according to Fabrice Rouillier (private communications) one can manipulate
the gluing equations to mitigate this.

1.1.5. Algebraic K-therory. As shown in Zickert [30], the extended Bloch group can also be defined
over a number field F, and we have a canonical isomorphism B(F) = Ki(F).

Theorem 1.19 (Proof in Section 13). Let F' be a number field. A boundary-unipotent representation
p: T (M) — SL(n, F) determines an element of B(F) = KI"(F) such that for each embedding
7: F — C, we have

(1.17) R(r([p])) = i Volc(7 0 p).
If p is irreducible, [p] lies in g(Tr(p)), where Tr(p) C F is the trace field of p. O

1.2. Neumann’s conjecture. The fact that (1.10) has image in B(C) as opposed to P(C) has
very interesting conjectural consequences. It is well known (see e.g. Suslin |27|) that the Bloch
group B(C) is a Q-vector space, and Walter Neumann has conjectured that it is generated by Bloch
invariants of hyperbolic manifolds. More generally, Walter Neumann has proposed the following
stronger conjecture |22]:

Conjecture 1.20. Let F' C C be a concrete number field which is not in R. The Bloch group B(F)
is generated (integrally) modulo torsion by hyperbolic manifolds with invariant trace field contained
in F.
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Using Theorems 1.3 and 1.12, Conjecture 1.20 implies:

Conjecture 1.21. Let p be a boundary-unipotent representation of w1 (M) in SL(n, C) or p SL(n, C).
There exist hyperbolic 3-manifolds My, ..., My and integers r1, ..., r such that

(1.18) Volg(p) = Y ri Vole(M;) € C/in*Q.
In particular, Vol(p) = > r; Vol(M;) € R.
We give some examples in Section 10.

Remark 1.22. The Ptolemy coordinates may be considered as a 3-dimensional analogue of Fock
and Goncharov’s A-coordinates [14]. They were defined for 3-manifolds in Zickert [30] (under the
name ideal cochain), and have subsequently been studied by several other authors. These include
Bergeron-Falbel-Guilloux [2], Garoufalidis-Goerner-Zickert [15] and Dimofte-Gabella-Goncharov [10].

1.3. Overview of the paper. Section 2 gives a detailed review of the Cheeger-Chern-Simons
classes for flat bundles. Many details are included in order to give a self-contained proof of (1.2).
Section 3 gives a brief review of the two variants of the extended Bloch group, and Section 4 re-
views the theory, introduced in Zickert [31], of decorated representations and relative fundamental
classes. In Section 5, we introduce the notion of generic decorations and define the Ptolemy variety
P, (K). In Section 6, we construct a chain complex of Ptolemy assignments, and use it to construct
a map from Hs(SL(n,C), N) to B(C) commuting with stabilization. This shows that a decorated
boundary-unipotent representation determines an element in the extended Bloch group, which is
given explicitly in terms of the Ptolemy coordinates. In Section 7, we show that the extended Bloch
group element of a decorated, peripherally well behaved representation is independent of the decora-
tion, and in Section 8, we show that the Cheeger-Chern-Simons class is given as in Theorem 1.16. In
Section 9, we show that the Ptolemy variety parametrizes generically decorated representations, and
give an explicit formula for recovering a representation from its Ptolemy coordinates. In Section 10,
we give some examples of computations, and list some interesting findings. Section 11 discusses
the irreducible representations of SL(2,C), and Section 12 discusses the relationship to Thurston’s
gluing equations when n = 2. Finally, Section 13 is a brief discussion of other fields.

1.4. Acknowledgment. The authors wish to thank Ian Agol, Johan Dupont, Matthias Goerner
and Walter Neumann for stimulating conversations, and the referees for valuable comments and
corrections. We are particularly grateful to Matthias Goerner for a computer implementation of
our formulas, and for supplying our theory with computational data for more than 20000 manifolds.
The software has been incorporated into SnapPy [9], and computational data can be found at
http://unhyperbolic.org/ptolemy.html.

2. THE CHEEGER-CHERN-SIMONS CLASSES

The Cheeger-Chern-Simons classes |6, 7| are characteristic classes of principal bundles with con-
nection. For general bundles, the characteristic classes are differential characters |6], but for flat
bundles they reduce to ordinary (singular) cohomology classes. In this paper we will focus exclu-
sively on flat bundles. Let F denote either R or C, and let A be a proper subring of F. Let G be a
Lie group over F with finitely many components. There is a characteristic class Sp,, for each pair
(P, u) consisting of an invariant polynomial P € I*(G;F) and a class u € H**(BG; A), whose image
in H%*(BG;F) equals W (P), where W is the Chern-Weil homomorphism

(2.1) W: I*(G;F) — H?**(BG;TF).
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The characteristic class Sp,, associates to each flat G-bundle E' — M a cohomology class Sp,(E) €
H?*=1(M;F/A).

2.1. Simply connected, simple Lie groups. If G is simply connected and simple, H'(G;Z) and
H?(G;7Z) are trivial, and H3(G;Z) = Z. Hence, by the Serre spectral sequence for the universal
bundle, we have an isomorphism

(2.2) S: HY(BG;Z) = H3(G;Z) = Z

called the suspension. The Killing form on G defines an invariant polynomial B € I%(G;F), and
since B is real on the maximal compact subgroup K of G, W (B) is a real class. Hence, there exists
a unique positive real number a such that W (aB) is a generator of H*(BG;472Z). We refer to aB
as the renormalized Killing form, and denote the Cheeger-Chern-Simons class S,p w ) by ¢

Recall that every class in H3(G;F) can be represented by a G-invariant 3-form. The following is
well known (see e.g. Kamber-Tondeur |19, (5.74) p. 116]).

Proposition 2.1. Let P € I?(G;F). The suspension of W(P) is represented by the invariant
3-form

1
(2.3) o(P) = —cPwAlw,w]) € Q3 (G, F)¢
where w is the Maurer-Cartan form on G. O

Let E — M be a G-bundle with flat connection #. We can view 0 as a map g* — Q(E;F), so
by taking exterior powers, # induces a map

(2.4) 0: B3(@)Y = N3(g*) — QP (E;T).
Note that 6(c(P)) = —¢P(0 A [0,6]). In the following, P denotes the renormalized Killing form.

Proposition 2.2 (|6, Proposition 2.8]). Let £ — M be a G-bundle, with flat connection 6, over a
closed 3-manifold M. The cohomology class ¢(F) € H3(M;F/4n%Z) satisfies

(2.5) e(E)([M]) = / s*(0(c(P))) € F/4n’Z,
M
where s is a section of F (which exists since G is 2-connected). u

Remark 2.3. Since o(P) € H?(G;4m?7Z) is a generator, it follows that a change of section changes
the integral by a multiple of 4727Z.

Example 2.4. For G = SL(n,C), the renormalized Killing form P equals %Tr, where Tr is the
trace form (A, B) — Tr(AB). For a flat connection, df = —1[6,6] = —0 A 6, so (2.5) yields
1 2
(2.6) A(E)([M)]) = 5 / s*(Tr(6 A df + ge ANOND)) € C/An’Z
M
recovering the Chern-Simons integral (1.1). Note that P also equals the (renormalized) second
Chern-polynomial ¢o. It thus follows that ¢ = €.

2.2. Complex groups and volume. Recall that there is a 1-1 correspondence between flat G-
bundles over M and representations 71 (M) — G up to conjugation. This correspondence takes a
flat bundle to its holonomy representation. If p: (M) — G is a representation, we let £, denote
the corresponding flat bundle. In the following G denotes a simply connected, simple, complex Lie
group, and M a closed, oriented 3-manifold. The following definition is motivated by Theorem 2.8
below.
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Definition 2.5. The complex volume Volg(p) of a representation p: w1(M) — G is defined by
(2.7) a(E,)([M]) = i Volc(p) € C/4Am*Z.
The volume Vol(p) of p is the real part of Volc(p).

The bundle E), is isomorphic to M x »G, and we thus have a 1-1 correspondence between sections of
E, and p-equivariant maps M — G such that f: M — G corresponds to the section s(z) = [z, f(z)].

Lemma 2.6. For any p-equivariant map f: M — G, we have iVolc(p) = [, f*(o(P)), where D is
a fundamental domain for M in M.

Proof. For any invariant form n € Q3(G)Y, the form 6(n) € Q3(E,;F) is induced by the pullback of
1 under the projection M x G — G. Letting n = o(P), the result follows from (2.5). O

Let H? = SL(2,C)/SU(2) be hyperbolic 3-space. We identify the orthonormal frame bundle
F(H?) of H3 with PSL(2,C).

Lemma 2.7. For G = SL(2,C), 0(P) = —h* Ae* A f*, where h = (§ %), e = (§}) and f = (99)
are the standard generators of s((2,C) over C.

Proof. As in Example 2.4, P = LTr. Using the fact that Tr(AB) = Tr(BA), it follows from (2.3)
that o(P) € Q3(G)% = A3(g*) is given by

2.8) gxgxa—C (4B,0) S THAB,C).

A simple computation shows that if A = (g} % ), B = (g; _bgl) and C' = (ot %))

1 aip a2 as * * *
(2.9) ~ “Tv(A[B,C]) = — det (bl by ba) — _h* Ae* A fH(A,B,C).
2 c1 ¢z c3
This proves the result. U

Theorem 2.8. Let M = H?/T be a closed hyperbolic 3-manifold, and let p: w1 (M) — SL(2,C) be
a lift of the geometric representation. We have

(2.10) a(E,)([M]) = i(Vol(M) +iCS(M)) in C/27°Z,

where CS(M) = 212 cs(M), and cs(M) is the (Riemannian) Chern-Simons invariant |7, (6.2)].

Proof. The fact that the imaginary part equals volume is well known, and follows from the fact (see
Dupont [12]) that the imaginary part of o(P) is cohomologous to the pullback of the hyperbolic
volume form. Yoshida [29, Lemma 3.1] shows that the real part of the form h* Ae* A f* equals 272 cs,
where cs is the Riemannian Chern-Simons form on F(H?) = PSL(2,C) (pulled back to SL(2,C).
Note that the Riemannian connection on F'(H?) = PSL(2, C) descends to the Riemannian connection

on F(M) = PSL(2,C)/T. If f: M — SL(2,C) is p-equivariant, the composition

(2.11) 27— SL(2,€) —— PSL(2,C) —— PSL(2,C)/T = F(M)

is p-invariant, and thus descends to a section of F'(M). The result now follows from Yoshida’s result
together with Lemma 2.7 and Lemma 2.6. O

Remark 2.9. Note that Theorem 2.8 implies that modulo 272, the complex volume of a represen-
tation lifting the geometric representation only depends on M and not on the choice of lift.
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Remark 2.10. Since P is real on K, the imaginary part of o(P) is cohomologous to an invariant
3-form on G/K. Since H?(g,R) = R, there is a unique such form up to scaling. We may thus
think of Im(o(P)) as a volume form.

2.3. The universal classes and group cohomology. The Cheeger-Chern-Simons classes are also
defined for the universal flat bundle EG? — BG?. For an explicit construction, we refer to Dupont-
Kamber [13] or Dupont-Hain-Zucker [11]. In particular, we have a class ¢ € H3(BG?;C/4n%Z). If
p: m1 (M) — G is a representation, with classifying map Bp: M — BG?, we thus have

(2.12) &(Bp.([M]) = i Volc(p).

It is well known that the homology of BG? is the homology of the chain complex C, ®ziq] L,
where C, is any free Z[G]-resolution of Z. A convenient choice of free resolution is the complex Cy,
generated in degree n by tuples (go,. .., gn), and with boundary map given by

(2-13) 8(907"'7971) :Z(_l)i(g()?"'7§i7"'7gn)'
The homology of C\®z(g Z is denoted H.(G), so Hi(G) = H,(BG?). Theorem 1.16 gives a concrete
cocycle formula for ¢: H3(SL(n,C)) — C/472Z.

2.4. Compact manifolds with boundary. In Section 6.1 below, we construct a natural extension
of ¢: H3(SL(n,C)) — C/47%Z to a homomorphism

(2.14) ¢: H3(SL(n,C), N) — C/4n*Z,
where N is the subgroup of upper triangular matrices with 1’s on the diagonal.

Definition 2.11. Let p: m1(M) — SL(n,C) be a boundary-unipotent representation. The complex
volume of p is defined by

(2.15) c(Bp.([M,0M])) = iVolc(p),
where Bp: (M,0M) — (B SL(n,C)%, BN?) is a classifying map for p.
Remark 2.12. Uunlike when M is closed, the classifying map is not uniquely determined by p; it

depends on a choice of decoration (see Section 4). The complex volume, however, is independent of
this choice (See Remark 8.5).

2.5. Central elements of order 2. For any simple complex Lie group G, there is a canonical
homomorphism (defined up to conjugation)

(2.16) ¢ SL(2,C) — G.

The element sg = ¢g(—1I) is a central element of G of order dividing 2, and equals (—I)"*! if
G = SL(n,C) (see e.g. Fock-Goncharov [14, Corollary 2.1]). Let

(2.17) pG = G/(sq).

Note that ¢¢ descends to a homomorphism PSL(2,C) — pG. The following follows easily from the
Serre spectral sequence.

Proposition 2.13. Suppose sg has order 2. The canonical map p*: H*(BpG;Z) — H*(BG;Z) is
surjective with kernel of order dividing 4.

O

Corollary 2.14. There is a canonical characteristic class ¢: H3(pG) — C/7?Z.

Proof. By Proposition 2.13, there exists a canonical class u € H*(BpG;n%Z) such that p*(u)
W (P) € H*(BG;7?Z). Define ¢ = Sp,,.

o
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In Section 6.3, we construct a homomorphism
(2.18) ¢: H3(pSL(n,C),N) — C/n°Z,
which extends ¢ to a characteristic class of bundles with boundary-unipotent holonomy. The complex
volume of a representation in p SL(n, C) is defined as in Definition 2.11.
3. THE EXTENDED BLOCH GROUP
We use the conventions of Zickert |[30]; the original reference is Neumann [21].

Definition 3.1. The pre-Bloch group P(C) is the free abelian group on C\ {0,1} modulo the five
term relation

(3.1) r—y+=— +———=0, forz#yeC\{0,1}.

The Bloch group is the kernel of the map v: P(C) — A%(C*) taking 2 to 2z A (1 — 2).

Definition 3.2. The extended pre-Bloch group 73(((:) is the free abelian group on the set

(3.2) C= {(e, f) € C* | exp(e) + exp(f) = 1}
modulo the lifted five term relation
(3.3) (eo, fo) — (e1, f1) + (€2, f2) — (es, f3) + (e, fa) = 0

if the equations
e =e1—€, ez=¢er—ex— fi+fo, fa=fo—N 1
es=fo—fi, fa=fo—fit+eo

are satisfied. The estended Bloch group is the kernel of the map 0: P(C) — AZ(C) taking (e, f) to
enf.

(3.4)

An element (e, f) € C with exp(e) = z is called a flattening with cross-ratio z. Letting pc denote
the roots of unity in C*, we have a commutative diagram.

0 0 0
0 u 2log>(C/4m'Z—><C*/u<c—>0
X X
(3.5) 0 — B(C) P(C) —Z— N2(C) — K5(C) — 0
0 — B(C) P(C) —“— A2(C*) — K3(C) — 0
0 0 0 0

The map 7 is induced by the map taking a flattening to its cross-ratio, and x is the map taking
e € C/4miZ to (e, f + 2mi) — (e, f), where f € C is any element such that (e, f) € C.
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3.1. The regulator. By fixing a branch of logarithm, we may write a flattening with cross-ratio
z as [z:p,q] = (log(z) + pmi,log(l — 2) + qm’), where p,q € Z are even integers. There is a well
defined regulator map

R: P(C) — C/4x%Z,

(3.6) . 1 . N9
[z;p,q] — Lia(2) + §(log(z) + pri)(log(1l — 2z) — qmi) — /6.

3.2. The PSL(2,C)-variant of the extended Bloch group. There is another variant of the
extended Bloch group using flattenings [z; p, q], where p and ¢ are allowed to be odd. This group is
defined as above using the set

(3.7) Coaa = {(e,f) € C* | £exp(e) £ exp(f) = 1},

and fits in a diagram similar to (3.5). We use a subscript PSL to denote the variant allowing odd
flattenings. We have an exact sequence

(3.8) 0 ZJAZ — B(C) — B(C)ps, — 0.

For odd flattenings, the regulator (3.6) is well defined modulo 7%Z.

Theorem 3.3 (Neumann [21], Goette-Zickert [17]). There are natural isomorphisms
(3.9) H3(PSL(2,C)) = B(C)pst,  Hs(SL(2,C)) = B(C)

such that the Cheeger-Chern-Simons classes agree with the requlators. U

The following result is needed in Section 7. The first part is proved in Zickert [30, Lemma 3.16],
and the second has a similar proof, which we leave to the reader.

Lemma 3.4. For (e, f) € C and p,q € 7, we have
(3.10) (e + 2mip, f + 2miq) — (e, f) = X(qe — pf + 2pqri) € P(C),
(3.11) (e + mip, f + miq) — (e, f) = x(ge — pf + pami) € P(C)psL.- O

3.3. Arbitrary fields. In Zickert [30], extended Bloch groups Bg(F) and Bg(F)psy, are defined
for an arbitrary field F' and a primitive extension E of F* by Z. The definitions are as above using
the sets

(3.12) Ep={(e.f) € E*|n(e) +n(f) =1}, (Ep)oaa = {(e,f) € E*| £m(e) £ n(f) =1}.

If I is a number field, the extended Bloch groups are up to canonical isomorphism independent of
the choice of extension, so we may omit the subscript E.

Theorem 3.5 (Zickert |30, Theorem 1.1|). Let F' be a number field. There is a natural isomorphism
(3.13) Kind(F) =~ B(F)

respecting Galois actions. U
Cor/‘\ollary 3.6 (Zickert [30, Corollary 7.14|). For each embedding 7: FF — C, the induced map
7: B(F) — B(C) is injective. O

Corollary 3.7 (Galois descent; Zickert [30, Corollary 7.15]). Let F5 : F} be an extension of number

fields. An element in B(F) is in B(Fy) if and only if it is invariant under all automorphisms of F
over F]. O
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4. DECORATIONS OF REPRESENTATIONS

In this section we review the notion of decorated representations introduced in Zickert [31].
Throughout the section, G denotes an arbitrary group, not necessarily a Lie group. Let H be
subgroup of G. An ordered simplex is a simplex with a fixed vertex ordering.

Definition 4.1. A closed 3-cycle is a cell complex K obtained from a finite collection of ordered
3-simplices A; by gluing together pairs of faces using order preserving simplicial attaching maps.
We assume that all faces have been glued, and that the space M (K), obtained by truncating the
A;’s before gluing, is an oriented 3-manifold with boundary. Let ¢; be a sign indicating whether or
not the orientation of A; given by the vertex ordering agrees with the orientation of M (K).

Note that up to removing disjoint balls (which does not effect the fundamental group), the
manifold M (K) only depends on the underlying topological space of K, and not on the choice of
3-cycle structure. Also note that for any compact, oriented 3-manifold M with (possibly empty)
boundary, the space M obtained from M by collapsing each boundary component to a point has a
structure of a closed 3-cycle K such that M = M(K).

Let K be a closed 3-cycle, and let M = M(K). Let L denote the space obtained from the
universal cover M of M by collapsing each boundary component to a point. The 3-cycle structure
of K induces a triangulation of L, and also a triangulation of M by truncated simplices. The
covering map extends to a map L — K, and the action of 7 (M) on M by deck transformations
extends to an action on L, which is determined by fixing, once and for all, a base point in M
together with one of its lifts. Note that the stabilizer of each zero cell is a peripheral subgroup of
m1(M), i.e. a subgroup induced by inclusion of a boundary component.

Definition 4.2. Let H be a subgroup of G. A representation p: m (M) — G is a (G, H)-
representation if the image of each peripheral subgroup lies in a conjugate of H.

Definition 4.3. Let p be a (G, H)-representation. A decoration (on K) of p is a p-equivariant map
(4.1) D: 1O - G/H,
where L() is the zero skeleton of L.

Note that if D(e) = gH, we have g~!p(Stab(e))g C H, where Stab(e) is the stabilizer of e. Since
D is p-equivariant, it follows that D determines subgroup of H for each boundary component which
is well defined up to conjugation in H.

Definition 4.4. Two decorations of p are equivalent for each boundary component of M the cor-
responding subgroups of H are conjugate (in H).

Remark 4.5. If D is a decoration of p, then gD is a decoration of gpg~'. Since we are only

interested in representations up to conjugation, we consider such two decorations to be equal.

Proposition 4.6. Let E be a flat G-bundle over M whose holonomy representation is a (G, H)-
representation p. There is a 1-1 correspondence between decorations of p up to equivalence, and
reductions of Fgys to an H-bundle over OM.

Proof. For each boundary component S; of M, choose a base point in .S; and a path to the base point
of M. This determines a lift e; in L of the vertex of K corresponding to S;, and an identification
of m1(S;) with Stab(e;) C mi(M). If F is a reduction of Eyps, the holonomy representations
pi: m1(S;) — H of Fg, are conjugate to p, so there exist g; € G such that gi_l,ogi = p;. Assigning
the coset g; H to e; yields a decoration, which up to equivalence is independent of the choice of g;’s.
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On the other hand, a decoration assigns cosets ¢; H to e; such that gi_lp(Stab(ei))gi C H. Hence,
g; defines an isomorphism of Eg, with an H-bundle, which up to isomorphism only depends on the
equivalence class of the decoration. ]

4.1. The diagonal action. Let Ng(H) denote the normalizer of H in G, and h the number of
boundary components of M. There is an action of (Ng(H)/H)" on the set of equivalence classes of
decorations given by right multiplication. More precisely, (x1,...,z,) acts by taking a decoration
D to the decoration D’ defined as follows: If D takes a lift v of the ith boundary component to
gH, then D’ takes v to gz;H. If H = N and G = SL(n,C), Ng(H)/H is the group of diagonal
matrices. We thus refer to the action as the diagonal action.

Proposition 4.7. If a boundary-unipotent representation p is peripherally well behaved, the diag-
onal action on the set of equivalence classes of decorations of p is transitive.

Proof. 1t is enough to prove this in the case where there is only one boundary component. In this
case, the image of the peripheral subgroup is either trivial or contains an element with a maximal
Jordan block. In the first case, all decorations are equivalent, and in the second case, the result
follows from the fact that if a subgroup A of N contains an element with a maximal Jordan form,
the normalizer of A in SL(n,C) equals the normalizer of N. O

4.2. The fundamental class of a decorated representation. A flat G-bundle over M deter-
mines a classifying map M — BG?, where the ¢ indicates that G is regarded as a discrete group. It
thus follows from Proposition 4.6 that a decorated representation p: w1 (M) — G determines a map

(4.2) Bp: (M,d0M) — (BG®, BH®).
In particular, p gives rise to a fundamental class
(4.3) 6] = Bp.([M,0M)) € H(G, H),

where, by definition, H,(G, H) = H,(BG®, BH?). Note that the fundamental class is independent
of the particular 3-cycle structure on K.

Recall that M is triangulated by truncated simplices. By restriction, a (G, H) cocycle on M
determines a (G, H)-cocycle on each truncated simplex A;. Let B, (G, H) denote the chain complex
generated in degree n by (G, H)-cocycles on a truncated n-simplex. As proved in Zickert [31,
Section 3], B.(G, H) computes the homology groups H3(G, H). Note that a (G, H)-cocycle on M
determines (up to conjugation) a decorated (G, H)-representation.

Proposition 4.8 (Zickert [31, Proposition 5.10]). Let 7 be a (G, H)-cocycle on M representing a
decorated (G, H)-representation p. The cycle

(4.4) > eirx, € Bs(G, H),

represents the fundamental class of p. O

5. GENERIC DECORATIONS AND PTOLEMY COORDINATES

In all of the following, G = SL(n,C), and N is the subgroup of upper triangular matrices with
1’s on the diagonal. A (G, N)-representation p: m(M) — G is called boundary-unipotent. For a
matrix g € G and a positive integer i < n € N, let {g}; be the ordered set consisting of the first ¢
column vectors of g.
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Definition 5.1. A tuple (goNN,...,gxN) of N-cosets is generic if for each tuple t = (to,...,t;) of
non-negative integers with sum n, we have

k
(5.1) ¢y = det (U{gz}n) # 0,
i=0

where the determinant is viewed as a function on ordered sets of n vectors in C". The numbers ¢
are called Ptolemy coordinates.

Definition 5.2. A decoration of a boundary-unipotent representation is generic if for each simplex
A of L, the tuple of cosets assigned to the vertices of A is generic.

For a set X, let C,(X) be the acyclic chain complex generated in degree k by tuples (xq, ..., zk).
If X is a G-set, the diagonal G-action makes C,(X) into a complex of Z[G]-modules. Let C£"(G/N)
be the subcomplex of C,(G/N) generated by generic tuples.

Proposition 5.3. The complex C£**(G/N)®z¢) Z computes the relative homology. If p: 71 (M) —
G is a generically decorated representation, the fundamental class of p is represented by

(5.2) > i(ghN. giN, gy N, giN) € C§™(G/N),
where (g5 N, ...,giN) are the cosets assigned to lifts A; of the Ay’s. O

Proposition 5.3 is proved in Section 9. The idea is that a generic tuple canonically determines a
(G, N)-cocycle on a truncated simplex. Hence, C£*"(G/N) ®z)G) Z is isomorphic to a subcomplex of

B3(G, N), and the representation (5.2) of the fundamental class is then an immediate consequence
of (4.4).

Proposition 5.4. After a single barycentric subdivision of K, every decoration of a boundary-
unipotent representation p: m (M) — G is equivalent to a generic one.

Proof. After a barycentric subdivision of K, every simplex A of K has distinct vertices and at least
three vertices of A are interior (link is a sphere). Fix lifts e; € L of each interior vertex of K.
Since the stabilizer of a lift of an interior vertex is trivial, assigning any coset g;H to e; yields an
equivalent decoration. Since the g;’s can be chosen arbitrarily, the result follows. ]

5.1. The geometry of the Ptolemy coordinates. We canonically identify each ordered k-
simplex with a standard simplex

k
(5.3) Aﬁ:{(azo,...,mk)eRkH|0§x,~§n,2xi:n}.
i=0
Recall that a tuple (go/V, ..., gxN) has a Ptolemy coordinate for each tuple of k£ + 1 non-negative
integers summing to n. In other words, there is a Ptolemy coordinate for each integral point of A¥.
We denote the set of integral points in AF by A¥(Z).

Definition 5.5. A Ptolemy assignment on AF is an assignment of a non-zero complex number
c; to each integral point ¢ of AF such that the ¢’s are the Ptolemy coordinates of some tuple
(goN,...,gkN) € C¥"(G/N). A Ptolemy assignment on K is a Ptolemy assignment on each
simplex A; of K such that the Ptolemy coordinates agree on identified faces.

Note that a generically decorated boundary-unipotent representation determines a Ptolemy as-
signment on K. In Section 9, we show that every Ptolemy assignment is induced by a unique
decorated representation.
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Lemma 5.6. The number of elements in AF(Z) is (lzk)

Proof. The map (ag,...,ax) — {ag+1,a0+a1+2,...,a0+--+ar_1+k} gives a bijection between
T*(1) and subsets of {1,...,] + k} with k elements. O

Let e;, 0 < i < k, be the ith standard basis vector of Z*¥*1. For each a € A¥ ,(Z), the points
o + 2¢; in AF span a simplex A(a), whose integral points are the points Qi = o+ e + ej, see

Figure 3. We refer to A¥(a) as a subsimplez of AF. By Lemma 5.6, A3 has (";3) integral points

and (";1) subsimplices.

0 2

FIGURE 3. The integral points on A? for n = 2, 3 and 4. The indicated subsimplices
correspond to a = (0,1,0,0) and o = (0,1, 1,0).

Proposition 5.7 (Fock-Goncharov [14, Lemma 10.3]). The Ptolemy coordinates of a generic tuple
(90N, g1 N, ga N, g3N) satisty the Ptolemy relations

(5'4) CapzCara T Cag Cass = CagaCarzs A € Ai—2(Z)'

Proof. Let o = (ag,a1,a2,a3) € A3 _,(Z). By performing row operations, we may assume that the
first n — 2 rows of the n x (n — 2) matrix

(5.5) ({QO}aov {91}a1, {92} 0z, {93}%)

are the standard basis vectors. Letting x; and y; denote the last two entries of (g;)q4,+1, the Ptolemy
relation for « is then equivalent to the (Pliicker) relation

(5.6) det (70 T3 ) det (1 T2} 4det (MO TV det (2 T3} =det (7O T2) det (T T3,
Yo Y3 Y1 Y2 Yo Y1 Y2 Y3 Yo Y2 Y1 Y3
which is easily verified. O

Note that the Ptolemy coordinate assigned to the ith vertex of AF is det({g;},) = det(g;) = 1.
We shall thus often ignore the vertex points. Let A¥(Z) denote the non-vertex integral points of
AE . The following is proved in Section 9.

Proposition 5.8. For every assignment c: AE’L(Z) — C*, t — ¢ satisfying the Ptolemy rela-
tions (5.4), there is a unique Ptolemy assignment on A? whose Ptolemy coordinates are c;. U

Corollary 5.9. The set of Ptolemy assignments on K is an algebraic set P, (K) called the Ptolemy
variety. Its ideal is generated by the Ptolemy relations (5.4) (together with an extra equation
making sure that all Ptolemy coordinates are non-zero). U

Remark 5.10. It thus follows that Definition 5.5 agrees with Definition 1.1 when & = 3. When
k > 3 and n > 2 there are further relations among the Ptolemy coordinates. We shall not need
these here.
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5.2. The diagonal action and the reduced Ptolemy variety. If dy,...,ds are diagonal matrices
with d; = diag(dio,...din—1), it follows from (5.1) that if the Ptolemy coordinates of a tuple
(goN,...,g3N) are ¢, the Ptolemy coordinates ¢} of the tuple (godoN, ..., g3d3N) are given by

to t1 to i3
(5.7) ¢ = [ [ dox [] dur [T dor T -
k=0 k=0 k=0 k=0

We therefore have an action of H" on P,(K), which agrees with the action in Section 4.1. The
quotient P, (K );eq is called the reduced Ptolemy variety.

5.3. pSL(n,C)-Ptolemy coordinates. When n is even, a p SL(n, C)-Ptolemy assignment on AF
may be defined as in Definition 5.5. Note, however, that the Ptolemy coordinates are now only
defined up to a sign. Since we are mostly interested in 3-cycles, the following definition is more
useful.

Definition 5.11. Let A = A2, and let 0 € Z%(A;Z/2Z) be a cellular 2-cocycle. A pSL(n,C)-
Ptolemy assignment on A with obstruction cocycle o is an assignment c: A3(Z) — C* satisfying

the p SL(n, C)-Ptolemy relations

(5.8) 0203Ca3Ca15 T 0003Cag; Cass = CapaCars-

Here o0; € Z/27Z = (£1) is the value of o on the face opposite the ith vertex of A. A pSL(n,C)-
Ptolemy assignment on K with obstruction cocycle o € Z2(K;Z/27) is a pSL(n,C)-Ptolemy-
assignment ¢’ on each simplex A; of K such that the Ptolemy coordinates agree on identified faces,
and such that the obstruction cocycle of ¢ is oa,.

Note that for each o € Z2?(K;Z/2Z), the set of pSL(n,C)-Ptolemy-assignments on K form a
variety P7(K). We show in Section 9 that this variety only depends on the cohomology class
of o in H?(K;Z/27) = H*(M,0M;Z/27) and that the Ptolemy variety parametrizes generically
decorated boundary-unipotent pSL(n,C)-representations whose obstruction class to lifting to a
boundary-unipotent SL(n, C)-representation is o. The diagonal action (5.7) is defined on P7(K) as
well, and the quotient is denoted by PJ(K);eq. Note that when o is the trivial cocycle taking all
2-cells to 1, P (K) = P(K).

5.4. Cross-ratios and flattenings. For z € C\{0}, let ¥ = log(x), where log is some fixed (set
theoretic) section of the exponential map.
Given a Ptolemy assignment ¢ on A?

n=2
cross-ratio z = <22 gnd a flattening
C€02€13

we endow AizQ with the shape of an ideal simplex with

(5.9) M) = (Coz + G12 — Coz — 13, Co1 + Ca3 — Co2 — G13) € P(C).

By Propositions 5.7 and 5.8, a Ptolemy assignment on A3 induces a Ptolemy assignment ¢, on
each subsimplex A3(a). We thus have a map

(5.10) A Po(K) = P(C), e e > A

‘ a€A}_,(Z)

Similarly, we have a map PJ(K) — ﬁ(C)ng defined by the same formula. We next prove that
these maps have image in the respective extended Bloch groups.

Remark 5.12. The shapes associated to a Ptolemy assignment satisfy equations resembling Thurs-
ton’s gluing equations. This is studied in Garoufalidis-Goerner-Zickert [15].
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6. A CHAIN COMPLEX OF PTOLEMY ASSIGNMENTS

Let Pt} be the free abelian group on Ptolemy assignments on AF_ The usual boundary map
induces a boundary map Pt} — Pt} | and the natural map C£™(G/N) — Pt taking a tuple
(goN,...,gkN) to its Ptolemy assignment is a chain map. The result below is proved in Section 9.

Proposition 6.1. A generic tuple is determined up to the diagonal G-action by its Ptolemy coor-
dinates. g

Corollary 6.2. The natural map induces an isomorphism
(6.1) C&"(G/N) Qzq) L = Pt
In particular, H,(G, N) = H.(Pt}). O

Lemma 6.3. Let ¢ € Pt} be a Ptolemy assignment, and let « € A¥_,(Z). The Ptolemy coordinates
Ca;j» © 7 J are the Ptolemy coordinates of a unique Ptolemy assignment ¢, on the subsimplex AF(a).

Proof. For 1 < k < 3, this follows from Proposition 5.8. For k > 3, the result follows by induction,
using the fact that 5 Ptolemy coordinates on A3 determines the last. O

A Ptolemy assignment ¢ on AF thus induces a Ptolemy assignment c, on each subsimplex. We
thus have maps

6.2 JP P P2, e Co.
k k k
aEAﬁ72(Z)

For a Ptolemy assignment ¢ € Pt} let ¢; € Pt}}_; be the induced Ptolemy assignment on the ith
face of AX i.e. we have d(c) = Zfzo(—l)ici. Note that

(63) (Ci)(ao,...,akfl) = C(GO7~~~70«7;—170,ai7~~~ak—1)g € Pti—l'

For 3 € AF_.(Z), let Cgi = C(ge;); € Pti_, and define dg(c) € Pt7_, by

7

k

(6.4) 9p(c) = (~1)'cgi € Pt;_y.
=0

The geometry is explained in Figure 4.

FIGURE 4. The dotted lines in the left figure indicate cgo, cg1 and cg2 for k = 2. The
triangle in the right figure indicates cgo for k = 3. Here, n = 3 and 3 = 0.
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Proposition 6.4. Let c € Pt}!. We have
(6.5) O(JE(e)) = i1 (0(e)) = D Ople) € Py

BeAk _.(2)

Proof. By (6.3), we have

k k
O(JE(0) = L1 (@) =D _(=1)" D e =D (D)"Y eo
i=0 aeAk (7) i=0 acAF_,(7)
a; =0
k .
ey Y a
1=0 aEAfLi (Z)
(6 6) ai>g
k
= 2 Z Veren,
peak_.(z
= ) 3ﬁ(0)
ﬁeAkfg(Z)
as desired. g
6.1. The map to the extended Bloch group. We wish to define a map
(6.7) X: H3(SL(n,C), N) — B(C).
Letting = denote a logarithm of x, we consider the maps
(6.8) X: Pt} — Z[C), ¢ (Go3 + C12 — Co2 — 13, Co1 + G2z — Co2 — C13)
(6.9) e Pt% — /\2((C), ¢ —Cp1 N Coo + Co1 A\ Cra — Co A Cio + o2 A Coo.

Remark 6.5. The term ¢y A oo vanishes in A%(C), but over general fields this term is needed.
General fields are discussed in Section 13.

Lemma 6.6 (Zickert [30, Lemma 6.9]). Let Z[l*:"\l“] be the subgroup of Z[@] generated by the lifted
five term relations. There is a commutative diagram

0 0

Pt3 Pt3 Pt3

(6.10) lxoa lA lu

Z[FT]—— Z[C] —— A*(C).

0

It follows that A induces a map A: H3(SL(2,C), N) — E(C) This map equals the map defined
in Zickert [31, Section 7|. The fact that A is independent of the choice of logarithm is proved in
Zickert |31, Remark 6.11], and also follows from Proposition 7.7 below.

Lemma 6.7. For each ¢ € Pt} and each 3 € Al_,(Z), we have
(6.11) Ad5(c)) = 0 € P(C).
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Proof. Let (e;, fi) = A(cgi) be the flattening associated to cgi. We prove that the flattenings satisfy
the five term relation by proving that the equations (3.4) are satisfied. We have
€0 = C44+(1,1,0,0,1) t C+(1,0,1,1,0) — CA+(1,1,0,1,0) — C5+(1,0,1,0,1)
(6.12) €1 = Cp4+(1,1,0,0,1) + C+(0,1,1,1,0) — C4+(1,1,0,1,0) — C5+(0,1,1,0,1)
€2 = C34(1,0,1,0,1) T €3+(0,1,1,1,0) ~ C8+(1,0,1,1,0) ~ C3+(0,1,1,0,1)
and it follows that eo = e; — ey as desired. The other 4 equations are proved similarly. O

Lemma 6.8. For each ¢ € Pt} and each 3 € A2 _4(Z), u(9s(c)) = 0 € A*(C).
Proof. We have
(6.13) pulepo) = —Cp1(1,1,1,0) A Cae(1,1,0,1) + Co4(1,1,1,0) A Ca1(1,0,1,1)

= Cr(1,1,0,1) N Car(1,0,1,1) T Ca+(1,1,01) A Co+(1,1,0,1)-
Using this together with the similar formulas for u(cgi), we obtain that

Y (=Diuleg) =0 € A*(C),

proving the result. g
Corollary 6.9. The map A o J3§ induces a map

(6.14) A: Hs(SL(n,C),N) — B(C).

Proof. Using Proposition 6.4, this follows from Lemma 6.7 and Lemma 6.8. U

Remark 6.10. For n = 3, this map agrees with the map considered in Zickert [30].

Definition 6.11. The estended Bloch group element of a decorated (G, N)-representation p is
defined by A([p]), where [p] € H3(SL(n,C), N) is the fundamental class of p.

Note that if the decoration of p is generic, and c is the corresponding Ptolemy assignment, the
extended Bloch group element is given by A(c), where A: P,(K) — P(C) is given by (5.10).

Proposition 6.12. The map A: P,(K) — P(C) has image in B(C).

Proof. 1f ¢ € P,(K) is a Ptolemy assignment on K, we have a cycle a = Y, ¢;¢* € Pt%, and one
easily checks that A(c) as defined in (5.10) equals A([a]). This proves the result. O

6.2. Stabilization. We now prove that the map A: Hs(SL(n, C), N) — B(C) respects stabilization.
We regard SL(n—1,C) as a subgroup of SL(n, C) via the standard inclusion adding a 1 as the upper
left entry.

Let m: M(n,C) — M(n—1,C) be the map sending a matrix to the submatrix obtained by remov-
ing the first row and last column. The subgroup Dj(SL(n,C)/N) of C§™(SL(n,C)/N) generated
by tuples (goN, ..., grN) such that the upper left entry of each g; is 1 and such that

(6.15) (m(go)N, ..., m(gr)N) € C5"(SL(n — 1,C)/N)

form an SL(n — 1, C)-complex. Consider the SL(n — 1, C)-invariant chain maps
(6.16) 7: D,(SL(n,C)/N) — Pt?~1

(6.17) i: D(SL(n,C)/N) — PtZ,

where the first map is induced by 7 and the second is induced by the inclusion D, (SL(n,C)/N) —
Cfen(SL(TL, (C)/N Let Dk == Dk(SL(TL, (C)/N) ®Z[SL(n—17(C)} 7.
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Lemma 6.13. The maps A o7 and A\ oi from D3 to 73(((3) agree on cycles.

Proof. Let ¢ € Dy be induced by a tuple (goN,...,gxN) € Dp(SL(n,C)/N), and let ¢! be the
collection of Ptolemy coordinates associated to (N, goN, ..., gxN). Since some Ptolemy coordinates
may be zero, ¢! is not necessarily a Ptolemy assignment. Note, however, that ¢! is a Ptolemy
assignment for each (ag, .. .,axs1) € A¥T(Z) with ag = 0. Note also that ¢l € Pt?_ | only depends
on c. Hence, there is a map

(6.18) P:Dy— Py, c— Y .

acAFTL(2)
ap=0

We wish to prove the following:

(6.19) OP(c) + Po(c) = Ji(i(c)) — JpMm(e) + Y 9g(c!) € P,
BeA 5 (2)
bo=0
Given this, the result follows immediately from Lemma 6.7.
One easily verifies that

(6.20) c€l7b07~~~7bk) = W(C)(b()’...,bk) S Ptz_l, (bo, . ,bk) S A]:L_3(Z)
(6.21) C{Q7a0’m7ak) =1(¢)(ag,...ar)»  (@0;---,ak) € Ak (7).
Using this, one has
k+1 ‘ k ‘
OP(c) + PO(c) = > ilc)a+ Dy (1) Y ek 4> (1) Y e,
aEAL ,(2) =1 acArty(2) =0 aeARtL(2)
aOZO aO:O,aiH:O
k+1 ‘
= 2 i@a+ DD Y e
aEAL ,(2) = aearty@)
ap=0,a;>0
k+1 '
(6.22) = > (et Y D (-1
a€A]_5(2) peArti(z) =1
bp=0
= Y i@a- D et D 0D
aEAL 5(Z) BEANTL(2) BeANTL(2)
bp=0 bp=0
= Jp(i(e) = 7w+ D ds(eh).
BEALTL(Z)
bp=0
This proves (6.19), hence the result. O

Proposition 6.14. The map A: H3(SL(n,C), N) — B(C) respects stabilization.

Proof. First note that 7 induces an isomorphism D°(SL(n,C)/N) = C%(SL(n — 1)/N). Using a
standard cone argument, one easily checks that D,(SL(n,C)/N) is a free SL(n — 1, C)-resolution of
Ker(D%(SL(n,C)/N) — Z). Hence, D, computes H,(SL(n —1,C), N), and the result follows from
Lemma 6.13. U
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6.3. pSL(n,C)-Ptolemy assignments. When n is even, define pPt? to be the complex of Ptolemy
coordinates of generic tuples in p SL(n,C)/N. The Ptolemy coordinates are defined as in (5.1), and
take values in C*/(%1). As in (6.1), we have an isomorphism C£"(p SL(n,C)/N),sn.c) = pPt2.

For ¢ € C*/(41) let ¢ € C be the image of some fixed set theoretic section of C —2s C* — C*/(+1),
e.g. 3log(z?) (the particular choice is inessential). The map
(6.23) X: pPt3 — Z[Coad], ¢+ (Cos + C12 — Co2 — C13, Co1 + Ca3 — Co2 — C13)

induces a map H3(PSL(2,C), N) — B(C)psy, which agrees with the map constructed in Zickert [31,
Section 3]. By precomposing A with the map pJ§: pPth — pPt2 defined as in (6.2) we obtain a
map

(6.24) A: Hs(pSL(n,C), N) — B(C)psL,

which commutes with stabilization. This proves that a decorated boundary-unipotent representation
in pSL(n,C) determines an element in B(C)pgr,. The proofs of the above assertions are word by
word identical to their SL(n, C)-analogs.

7. INVARIANCE UNDER THE DIAGONAL ACTION

We now show that the extended Bloch group element of a decorated representation is invariant
under the diagonal action. We first prove that we can choose logarithms of the Ptolemy coordinates
independently, without affecting the extended Bloch group element.

Definition 7.1. Let c: AZ(Z) — C* be a Ptolemy assignment. A [ift of ¢ is an assignment
¢: AF(Z) — C such that exp(c) = c.

For any lift ¢ of a Ptolemy assignment ¢ on A3, we have a flattening
(7.1) A(€) = (o3 + 12 — Gop — 13, Co1 + o3 — Co2 — 13) € C.
Definition 7.2. The log-parameters of a flattening (e, f) € C are defined by
e if ij =01 or ij =23
(7.2) wij =< —f if ij =12 or ij = 03
—e+ f ifij =02 orij = 13.
Lemma 7.3. Let ¢: A%(Z) — C be a lifted Ptolemy assignment, and let w;; be the log-parameters

of A(¢). Fix i < j € {0,...,3} and let ¢ be the lifted Ptolemy assignment obtained from ¢ by
adding 27v/—1 to ¢;;. Then

(73) )\(E,) — )\(E) = X(wi]‘ + 27 _15ij)7
where 0;; is 1 if 45 = 02 or 13 and 0 otherwise.

Proof. Denote the flattening A(¢) by (e, f). If ij = 03 or 12, it follows from (7.1) that A(¢") = (e +
2my/—1, f). Similarly, \(¢') = (e, f +2my/—1) if ij = 01 or 23, and A(¢) = (e—27v/—1, f —2m/—1)
if ij = 02 or 13. By Lemma 3.4,

(€+27T\/—_1,f) - (evf)
(7.4) (e, f +27v=1) = (e, f) =x(e)
(e —2nv/—1, f — 21/ —1) =x(—e + f + 21/ —1).

This proves the result. U

x(—f)
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Let ¢ be a lift of a Ptolemy assignment c¢. For each a € A3 ,(Z), ¢ induces a lift ¢, of cq.
Consider the element

(7.5) T= Y @) €eP()

acAk_,(z)

Fix a point to € AF(Z). We wish to understand the effect on 7 of adding 27y/—1 to Cto- This

changes 7 into an element 7 € P(C). Let w;j(c) denote the log-parameters of A\(¢,). Note that g
either lies on an edge, on a face, or in the interior of A3.

Lemma 7.4. Suppose tg is on the edge ij of A3. Then

(7.6) 7' =1 = x(wi(a) + 2mV—15;5),

where o =t — e; — ¢j, (i.e. « is such that ¢y is an edge point of A3(a)).

Proof. This follows immediately from Lemma 7.3. g
Lemma 7.5. Suppose tq is on a face opposite vertex i. Then 7/ — 7 = (—=1)ix(k + 2m/—1), where
K is given by

(7.7) K= Cu0,-1,1) — Cni(0,1,-1) — (Ci(=1,0,1) = Cni(1,0,-1)) T Cni(—1,1,0) — Cry(1,-1,0)»

where 7; inserts a zero as the ith vertex.

Proof. For simplicity assume ¢ = 0. The other cases are proved similarly. There are exactly three
’s for which g is an edge point of A3(a). These are

(78) oo =tp — (0707171)7 ap =t — (071707 1)7 ag =tp — (0717170)

Note that ¢; = (Ca)23 = (Cay )13 = (Cay)12. Since adding 27v/—1 to ¢, leaves ¢, unchanged unless
a € {ap, a1, s}, Lemma 7.3 implies that

(7.9) -7 = X(wgg(ao)) + X(’wlg(al) + 27/ —1) + X(’wlg(ag)).
One easily checks that

wa3(ap) = €(1,0,—1,0) T €(0,1,0,—1) — €(1,0,0,—1) — €(0,1,—1,0)

(7.10) wiz(ar) = 5(170,07—1) + 5(07—171,0) - E(l,—1,070) - 5(0,071,—1)
wig(ag) = 5(17—170,0) + 5(070,—1,1) - 5(170,—1,0) - 5(07—170,1),
from which the result follows. U

Lemma 7.6. If ¢y is an interior point, 7/ = 7.

Proof. 1f tq is an interior point, there are six a’s for which tg is an edge point of A3(«). These are
ap, o1 and ag as defined in (7.8) as well as

(7.11) ag =ty —(1,1,0,0), a4 =1to—(1,0,1,0), «a5=1ty—(1,0,0,1).
Again, by Lemma 7.3
(7.12) 7'/ — T = X(’LUQg(Oéo)) + X(ZU13(OZ1) + 271'\/ —1) + X(ZU12(OZQ))—|—
X(w01 (ag)) + X(’wog(a4) + 27y —1) + X(wog(a5)).
Using (7.10) as well as

wor(@3) = €(0,-1,0,1) + €(=1,0,1,0) ~ €(0,~1,1,0) = €

—~
L
o
(=]
-
=

(7.13) wo2 () = 5(0,1,—1,0) + E(—l,O,O,l) - E(O,O,—l,l) —cC
woz(a5) = €(0,0,1,-1) T C(=1,1,0,0) — &

—~
L
-
o
(=]
=

071707_1) - ¢

—~
L
o
=
=)
=
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we see that all terms in (7.12) cancel out. Hence, 7/ = 7. O

Proposition 7.7. Let ¢ be a Ptolemy assignment on K. For any lift ¢ of ¢, the element

(7.14) A©=>" 3 @A) eP()

L a€Ay_,(2Z)

is independent of the choice of lift. In particular, if ¢ is the Ptolemy assignment of a decorated
representation p, A(¢) is the extended Bloch group element of p.

Proof. Let ¢ and @ be lifts of ¢. Let to € A3(Z). We wish to prove that A\(¢) = A\(¢). It is enough
to prove this when ¢ is obtained from ¢ by adding 2mv/—1 to ¢. If ¢ is an interior point, the result
follows immediately from Lemma 7.6. If £y is a face point, ¢y lies in exactly two simplices of K, and
it follows from Lemma 7.5 that the two contributions to the change in A(¢) appear with opposite
signs (by (3.5), 2x(27v/—1) = 0). Suppose t( is an edge point. Let C be the 3-cycle obtained by
gluing together all the A(a)’s having ¢y as an edge point, using the face pairings induced from K.
Let e be the (interior) 1-cell of C' containing tg. The argument in Zickert [31, Theorem 6.5] shows
that the total log-parameter around e is zero. It thus follows from Lemma 7.4 that adding 27v/—1
to ¢, changes A(¢) by 2-torsion which is trivial if and only if the number n of simplices in C' for
which t is a 02 edge or a 13 edge is even. Consider a curve A in C' encircling e. The vertex ordering
induces an orientation on each face of each simplex of C, such that when A passes through two
faces of a simplex in C| the two orientations agree unless e is a 02 edge or a 13 edge. Since M is
orientable, it follows that n is even. The second statement follows by letting ¢ = log c. O

Proposition 7.8. The extended Bloch group element of a decorated boundary-unipotent represen-
tation is invariant under the diagonal action.

Proof. The argument is local. Let ¢ be a Ptolemy assignment on A3, and let ¢ be obtained from ¢

by the diagonal action. By (5.7) ¢ is given by d;- = diag(dé-o, . 7d§,n—1)' By (5.7) we have
to t1 to i3

(7.15) ¢ = c [ [ dor [T dur T dox [T dsn
k=0 k=0 k=0 k=0

for diagonal matrices d; = diag(d,o,...,d;jn—1). Letting log denote a logarithm, and ¢ a lift of ¢,
define a lift ¢ of ¢ by

to t1 to t3
(7.16) G=ac+ Z log(dox) + Z log(dyx) + Z log(dar) + Z log(dsy).
k=0 k=0 k=0 k=0

Using this, one easily checks that A(c,) = A(c),) for each i and each a € A3 _,(Z). Applying this
local argument to each simplex, the result follows from Proposition 7.7. g

Corollary 7.9. The extended Bloch group element of a peripherally well behaved boundary-
unipotent representation p is independent of the decoration.

Proof. By performing a barycentric subdivision if necessary, we may assume that any decoration is
generic. Since p is peripherally well behaved, the diagonal action is transitive on equivalence classes
of decorations. Since equivalent decorations have the same fundamental class, the result follows. [

7.1. pSL(n,C)-decorations. Let n be even. All results in this section have natural analogs for
pSL(n,C). The proofs of these are obtained by replacing 27w/—1 by mv/—1, and logarithms by lifts

exp

of C — C*/(+£1).
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8. A COCYCLE FORMULA FOR €

Let i,: H3(SL(n,C)) — H3(SL(n,C), N) denote the natural map. We wish to prove that the
composition

(8.1) H3(SL(n, C)) —— Hy(SL(n, C), N) —= B(C) — C/4n?Z

equals the Cheeger-Chern-Simons class ¢. Note that i, is induced by the map (go,...,93) —

(gONa"' 7g3N)'
We shall make use of the canonical isomorphisms

(8.2) H3(SL(n,C)) = H3(SL(3,C)) = H3(SL(2,C)) & KM (C).

The first isomorphism is induced by stabilization (see Suslin [26]) and the second isomorphism is
the +-eigenspace decomposition with respect to the transpose-inverse involution on SL(3,C) (see
Sah [24]).

Lemma 8.1 (Suslin [26]). Let H C SL(3,C) be the subgroup of diagonal matrices. The K3 (C)
summand of H3(SL(3,C)) is generated by the elements Bp.([T]), where T = S! x S! x S! is the
3-torus, and p: 7m1(T) — H is a representation. O

Lemma 8.2. Let T = S x S x St and let p: m1(T) — H be a representation. The extended Bloch
group element [p] € B(C) of p is trivial.

Proof. We regard T as a cube C with opposite faces identified, and triangulate C' as the cone
on the triangulation on OC indicated in Figure 5 with cone point in the center. We order the
vertices of each simplex by codimension, i.e. the O-vertex is the cone point, the 1-vertex is a face
point etc. Let p: m (7)) — H be a representation, and pick a decoration of p by cosets in general
position (the triangulation is such that this is always possible). Note that for every 3-simplex A
of T, there is a unique opposite 3-simplex A°PP  such that the faces opposite the cone point are
identified. We may assume that the cone point is decorated by the coset N. If a simplex A is
decorated by the cosets (N, goN, g1 N,g2N), the simplex A°PP must be decorated by the cosets
(N,dgoN,dg1 N,dgaN), where d is the image of the generator of 71(T") pairing the faces of A and
A°PP Tt thus follows from (5.2) that the fundamental class is represented by a sum of terms of the
form

(83) (N7 ngN7 dglN7 deN) - (N7 gON7 glN7 gQN) € C?%en(SL(T% C)/N)

Let ¢ and ¢’ be the Ptolemy assignments associated to the tuples (N, goN, g1V, g2 N) and (N, dgo N,
dg1N,dgaN). Letting d = diag(dy,...,d,), we have ¢, = ¢; H?:to d;. Fix a lift ¢ of ¢, and consider
the lift

(8.4) & =0+ Y log(d)

i=to
of ¢. One now checks that A\(¢,) = \(¢,) for all a € AE(Z), so A\(€) — A(¢) = 0. This proves the
result. O

Theorem 8.3. The composition Ro X\ o i, equals c.

Proof. Since A commutes with stabilization, it follows from Goette-Zickert |17] that Ro Aoi, =¢
on H3(SL(2,C)). Since ¢ is zero on K2 (C) (this follows from Lemma 8.1 and [6, Theorem 8.22]),
the result follows from (8.2) and Lemma 8.2. O
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Fi1cURrE 5. Triangulation of 9C.

Remark 8.4. By defining ¢ = Ro \: H3(SL(n,C), N) — C/47Z, we have a natural extension of
the Cheeger-Chern-Simons class to bundles with boundary-unipotent holonomy, and we can define
the complex volume as in Definition 2.11.

Remark 8.5. The fact that the complex volume is independent of the choice of decoration can be
seen as follows: We can regard ¢ as a map P,(A3) — C/47?Z, and a simple computation shows that
the holomorphic 1-form d¢ only involves coordinates on the boundary of A3. Hence, for a closed
3-cycle K, ¢: Py(K) — C/4n%Z is locally constant. The result now follows from the fact that the
space of decorations of a representation is path connected.

9. RECOVERING A REPRESENTATION FROM ITS PTOLEMY COORDINATES

We now show that a Ptolemy assignment on K determines a generically decorated boundary-
unipotent representation, which is given explicitly in terms of the Ptolemy coordinates. The idea is
that a Ptolemy assignment canonically determines a (G, N)-cocycle on M.

9.1. The generic (G, N)-cocycle of a tuple.

Definition 9.1. An n x n matrix A is counter diagonal if the only non-zero entries of A are on the
lower left to upper right diagonal, i.e. A;; =0 unless j =n—i+1. If A;j =0forj>n—-i+1
(resp. j <n—1i-+1), Ais upper (resp. lower) counter triangular.

Given subsets I, J of {1,...,n}, let A; ; denote the submatrix of A whose rows and columns are
indexed by I and J, respectively. If |I| = |J|, let |A|; ; denote the minor det(A; ). Let I¢ denote

{1,...,n}\ I.

Recall that the adjugate Adj(A) of a matrix A is the matrix whose ijth entry is (—1)"7[A|fj1e gie.
It is well known that Adj(A) = det(A)A~!. The following result by Jacobi (see e.g. [1, Section 42])
expresses the minors of Adj(A) in terms of the minors of A.

Lemma 9.2. Let I, J be subsets of {1,...,n} with |I| =|J| =r. We have

(9.1) Adj(A)] 1.0 = (=1)="D det(A) Al e re,

where > (I, J) is the sum of the indices occurring in I and J. O
Definition 9.3. A matrix A € GL,(C) is generic if [Al 1 41, n—kt1y # 0 forall k € {1,...,n}.

Note that A is generic if and only if the Ptolemy coordinates of (N, AN) are non-zero. The
following is a generalization of Zickert [31, Lemma 3.5].
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Proposition 9.4. Let A € GL,,(C) be generic. There exist unique € N and y € N such that
q = ' Ay is counter diagonal. The entries of x, y and ¢ are given by

i1 Al np 0,03 forl<j<n
|Alfn—jt2,.n} {1, i1} -
A i,J n n—j
(93) xl] — ’ ‘{ J+1,., }7{17"'7 ]+1} fOI' ] >Z
lAlgG,. ) {1, n—j+1}

(9.2) a1 =An1,  Gn-ji15 = (1)

Al .
{n—73+2,...,n},{1,....%,....5} for ] > i

(94) yi; = (—1)""d 1
| Al fn—jt2,.n}, {1,051}

Proof. It is enough to prove existence and uniqueness of  and y in N such that Ay and z='A are
upper and lower counter triangular, respectively. Suppose Ay is upper counter triangular. Then
the vector ygy . j_1y,(;) consisting of the part above the counter diagonal of the jth column vector
of y must satisfy

(9.5) Afn—jra,. b {1,513V, i-1}.0) T Ap—jr2.n) iy =0
The existence and uniqueness of y, as well as the given formula for the entries, now follow from
Cramer’s rule. Since 27" A is lower counter-triangular if and only if A~'z is upper counter-triangular,
existence and uniqueness of x follows. The explicit formula for the entries follows from Jacobi’s
identity (9.1) and the formula for the entries of y. To obtain the formula for the entries of ¢, note
that ¢n—j+1,; = (AY)n—j+1,5. Hence, gn1 = A1, and for 1 < j <n,

j—1

g1 = Y Anjiri¥iy + An_ji1,

i=1

1=t (D An il Al ey 15y

[Alfn—j+2,.. 0} {1,—1}
|Alfn—jt2,...n}{1,—1}
where the second equality follows from (9.4). O

For a generic matrix A, let z4, y4 and ga be the unique matrices provided by Proposition 9.4.
Given cosets g;IN, g; N, gi N, define
‘ -1
(9.6) Gij = dg-1g,» QG = ($g;19j) Tytg,:
Definition 9.5. The generic cocycle of a generic tuple (goNN,...,gxN) is the (G, N)-cocycle on
a truncated simplex A defined by labeling the long edges by ¢;; and the short edges by aék (see
Figure 6).

Proposition 9.6. The diagonal left G-action on C§™"(G/N) is free when k > 1, and the chain
complex C’fgnl(G /N) ®z(¢) Z computes relative homology.

Proof. By Proposition 9.4, every generic tuple (goN, ..., gxN) may be uniquely written as
(9.7) 907,14, (N, qo1 N, 05402 N, - .., o qor V).

This proves that the G-action is free. Also note that for each generic tuple (goV, ..., gixN), there
exists a coset gN such that (¢N, goN, ..., gxN) is generic. Hence, Cfgnl(G/N) is acyclic, and is thus a
free resolution of Ker(Cy(G/N) — Z). This proves the result (see e.g. Zickert [31, Theorem 2.1]). O
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A generically decorated representation p thus determines a (G, N)-cocycle representing p. Let
Bien(G, N) be the subcomplex of B.(G, N) generated by generic cocycles on a standard simplex.

Corollary 9.7. We have a canonical isomorphism
(9-8) B (G,N) = C¥(G/N) @16 Z,
end the fundamental class of a decorated representation is represented as in (4.4).

Proof. The first statement follows from Proposition 9.6 and the second from Theorem 4.8. O

FIGURE 6. A (G, N)-cocycle on a truncated 3-simplex.

9.2. Formulas for the long and short edges. We wish to prove that a generic (G, N)-cocycle
is uniquely determined by the Ptolemy coordinates.

Notation 9.8. Let k € {1,...,n —1}.

(i) For ay,...,a, € C* let q(aq,...,a,) be the counter-diagonal matrix whose entries on the
counter-diagonal (from lower left to upper right) are aq, ..., a,.

(ii) For x € C, let () be the elementary matrix whose (k,k + 1) entry is z.

(iii) For by,...,bx € C, let mp(by, ..., bk) = x1(b1)x2(b2) - - - 2k (bg)-
Proposition 9.9. The long edges of a generic (G, N)-cocycle are determined by the Ptolemy
coordinates as follows:
_ k-1 Cn—kjeithe;

C(n—k-+1)e;+(k—1)e;

(9.9) ¢ij = q(ar,...,an), a = (

Proof. Let (goN,...,giN) be a generic tuple, and let A = g; *g;. Then ¢;; = qa. Since

(9.10) Al fn—js1,n) {15} = det({gitn—k: {95 }k) = Cn—r)eithe;
the result follows from (9.2). O

The corresponding formula for the short edges requires considerable more work, and is given in
Proposition 9.14 below.

Lemma 9.10. Let A be generic, and let L = x;lA. The entries L; ,,—;42 right below the counter
diagonal are given by

(9.11) Lin—iv2 = (—1)
LAl i1, n) {1 i}
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Proof. We proceed as in the proof of Proposition 9.4. Let z = :1::11.

triangular, we must have

Since L is lower counter-

(9.12) Teiy {1} A1, md {1,m—i} T A {1,n—iy = 0,

so by Cramer’s rule,

AL - y
(9.13) vy = ()it e G i) g
|Al i1, n) {1, n—i}

We thus have

|Al g1, ) 1,m—iy Lim—iv2 = Ain—iv2l Al o) {1, n—i}

- Z (_1)i+k|A|{j,...7E7,,,7n}7{17.,,7n—j}Ak7"_i+2

k=i+i
n
_ i+k .
- Z(_l)l |14|{j,...,/l;,...,n},{l,...,71—@'}»14]97"_1"'2
k=j
= (_1)n_z|A|{z'7___7n}7{17.,,7n:T17...7n—i+2}’
which proves the result. ]

Definition 9.11. Let A, B € GL(n,C).

(i) A and B are related by a type 0 mowve if all but the last column of A and B are equal.
(ii) A and B are related by a type 1 move if all but the second last column of A and B are equal.
(iii) A and B are related by a type 2 move if for some j < n—1, B is obtained from A by switching
columns j and j + 1.

Proposition 9.12. Let A and B be generic, and let 4; and B; denote the ith column of A, resp. B.
(i) If A and B are related by a type 0 move, 25 = x 4.
(ii) If A and B are related by a type 1 move, xp = z4x1(x), where
_ _det(Al, . ,An_l, Bn—l) det(el, €9, Al, . ,An_g)
det(el, Al, . ,An_l) det(el, Al, . ,An_g, Bn—l)

(iii) If A and B are related by a type 2 move switching columns j and j + 1, 2 = za2n—;(2),
where

(9.14)

_det(el, PN ,en_j_l,Al, PN ,Aj+1)det(€1, PN ,en_j+1,A1, PN aAj—l)
det(el,. .. ,en_j,Al, ce ,Aj)det(el, ce ,en_j,Al,. .. aAj—laBj)

(9.15) T =

Proof. The first statement follows from the fact that x4 is independent of the last column of A.
Suppose A and B are related by a type 1 move. Using (9.3), one sees that (x4);; = (zB)i; except
when i = 1 and j = 2. It thus follows that 5 = z421(z), where x = (xp)12 — (4)12. Letting C
be the matrix obtained from A by replacing the nth column by the (n — 1)th column of B, one has

|Alq13,. 03 01,m—13 = Adj(C)n2,  [Bls,.nyq1,.m—13 = Adj(C)n—1,2,
A2,y {11y = A(C)n1, Bl my {1, -1y = AdJ(C)n—1,1,
and it follows from (9.3) that
Adj(C)n-12  Adj(C)n2

(9.16) z = (zph2 — (za)12 = Adj(C)n—1,1 Adj(C)n’
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We then have
2 Adj(C)p,1 Adj(C)p—1,1 = Adj(C)p—1,2 Adj(C)p1 — Adj(C)p—1,1 Adj(C)p 2
= —|Adj(O)|{n-1,n}{1,2}

= —det(O)[Clys,...np11,..n—2}
= — det(Al, PN ,An_l, Bn—l) det(el, €9, Al, PN ,An_g),

where the third equality follows from Jacobi’s identity (9.1). Since
Adj(C)ml Adj(C)n_Ll = det(el, Aq, ... ,An—l) det(el, A, ... Ay o, Bn—l)a

this proves the second statement.
Now suppose A and B are related by a type 2 move. Let F; ;i1 be the elementary matrix
obtained from the identity matrix by switching the jth and (j + 1)th columns. Then B = AE; ;.
Ln—jijt+1 )

. _ -1 . . o .
Since L =z, A is lower counter triangular, x,_;( P LE; ;11 must also be lower counter

triangular. We thus have
Lon—jj+1
Lp—ji1,5+1

Lo i
(9.17) rp = an:n_j(—¢ = wam,(

Lp—ji1,5+1
By (9.11) and (9.2), we have

Lnjyrjr1 = (=1)'7" Al 41,41, 5.541)
(9.18) ’ [Aln—j+2,.n} (1,05 -1}
j |A|{n—j,...,n},{l,...7j+1} .

Ln—j,j+1 - (_1) ’A‘ ] ]
{n—j+1,..n}{1,...5}
Hence,
Ln—jj+1 Ay gy Al om0
Ln—j+1,j+1 ‘A’{n—j+1,...,n},{1,...,j}‘A’{n_j+17___7n}7{17___j,j+1}
_ _det(el, B Sy B Aq, ... ,Aj+1) det(eq, ... ,en_j+1,A1, e ,Aj_l)
det(el, sy En—j, Al, ce ,Aj) det(el, ce ,en_j,Al, ce ,Aj_l, B]) ’
proving the third statement. U

Note that any two matrices A, B € GL(n,C) are related by a sequence of moves of type 1, 2 and
0 as follows:

AL[AL Ay, B A B (AL Ay s, By A, Ay S D
(919) [BlaAla M 7An—27An] i) [Bl7A17’ . 7An—37B27An] 3) M i}

1,2 1,2 0
[B1, B2, A1, ..., Ap—s, Ayl — ... = [B1,...,Bp-1,A,] = B.
Consider the tilings of a face ijk, i < j < k, of A2 by diamonds shown in Figure 7. We refer to
the diamonds as being of type ¢, j and k, respectively.

Definition 9.13. The diamond coordinate d*, of a diamond (r,s) of type k is the alternating

r,s
product of the Ptolemy coordinates assigned to its vertices, see Figure 7.
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F1GURE 7. Diamonds of type i, 7 and k. The diamond coordinates are di)s =

and dJ | = @ where a, b, ¢, and d are Ptolemy coordinates.

Proposition 9.14. The short edges a;k, Jj < k, of a generic (G, N)-cocycle are determined by the
Ptolemy coordinates as follows (m, is defined in 9.8 (iii)):

(920) O‘j’k = ﬂ-n—l(di,h cee >dli,n—1)ﬂ-n—2(dé,lv SRR é,n—2) e ﬂ-l(diz—l,l)v
where the d;»’k’s are the type ¢ diamond coordinates on the face ijk.

Proof. Let (goN,...,qN) be a generic tuple, and let A = gi_lgj and B = gi_lgk. We assume that
1 < j < k, the other cases being similar. Note that the Ptolemy coordinates on the ¢jk face are
given by

(921) Cti8i+tj6k+tkek = det(el, <y 6y Al, e ,Atj 5 Bl, e ,Btk)-
Performing the sequence of moves in (9.19), the result follows from Proposition 9.12. O

Corollary 9.15. A generic tuple is determined up to the diagonal G-action by its Ptolemy coordi-
nates. U

Example 9.16. Suppose Ptolemy assignments on A2 n € {2,3}, are given as in Figure 8. Us-

ing (9.9) and (9.20), we obtain that the corresponding (G, N)-cocycle is given by

qo1 = q(a, —1/a), qi2 = q(b,—1/b), qo2 = q(c,—1/c),
(9.22) b c —a
a?z =1 (E)’ 04(1)2 =1 <%)’ 031 =1 (E)
when n = 2, and

qo1 = q(c,—a/c,1/a), q2 —q(b,—e/b,1/e), qo2 = q(f,—g/f,1/9),
(9.23) ap = xl(%)”(%)“(%)’
oy =i (o () (). o= (F)ma(52)n ()

when n = 3.
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FiGURE 8. Ptolemy assignments and the corresponding cocycle for n = 2 and n = 3.

9.3. From Ptolemy assignments to decorations. Corollary 9.15 shows that here is at most one
generic (G, N)-cocycle with a given collection of Ptolemy coordinates. We now prove that when
k < 3 there is exactly one.

Lemma 9.17. Let a;; and b; ; be non-zero complex numbers. The equality

(9.24) Tpn-1(a1,1, ... a1n-1) - T1(an-11) = Tn-1(br1, ..., b1n—1) - T1(bp-1,1)

holds if and only if a; ; = b; ; for all 4, j.

Proof. For any ¢; ;, the nth column of 7,—1(c1,1,...,¢1n-1) - 71 (cn—1,1) is equal to the nth column
of mp—1(c1,1,...,¢1,n—1), which equals
n—1 n—1
(H Cl,ia H Cl,i, e ,Cl,n—l)-
i=1 i=2
This proves that a; ; = b1 ; for all j. The result now follows by induction. O

Proposition 9.18. For any assignment c: A%(Z) — C*, there is a unique Ptolemy assignment
c € Pty whose Ptolemy coordinates are c;.

Proof. We prove that the Ptolemy coordinates ¢} of (N, qo1 N, a(l]zqogN ) equal ¢;, where qo1, go2 and
oY, are given in terms of the ¢;’s by (9.9) and (9.20). First note that ¢; = ¢, if either ¢; or ¢ is 0,
i.e. if ¢ is on one of the edges of A2 containing the Oth vertex. Each of the other integral points
is the upper right vertex of a unique diamond (r, s) of type 0. Let 7, be the upper right vertex of
the kth diamond Dy, in the sequence

(9.25) (Ln—1),(1,n—2),...(1,1),(2,n —2),...,(2,1),...,(n —1,1).

By Lemma 9.17, dY, = df for all diamonds (r,s) of type 0. It thus follows that if ¢; = ¢} for all
but one of the vertices of a diamond D, then ¢; = ¢} for all vertices of D. In particular ¢, = c;,.
Suppose by induction that c’ﬂ_ = ¢, for all i < k. Then ¢, = ¢, for all vertices of Dy except 7.
Hence, we also have c’ﬂc = ¢;,, completing the induction. O

Proposition 9.19. For any assignment c: A%(Z) — C* satisfying the Ptolemy relations, there is a
unique Ptolemy assignment ¢ € Pty whose Ptolemy coordinates are c;.

Proof. Let ¢, be the Ptolemy coordinates of the tuple (N, go1 N, a%5q02 N, aJ3q03N) defined from the
¢’s by (9.9) and (9.20). We wish to prove that ¢, = ¢; for all ¢. Note that if, for some subsimplex
A3(a), cfxij = Cq,; for all but one of the 6 a;;’s, then cfxij = Ca,; holds for all a;;. This is a direct
consequence of the Ptolemy relations. By Proposition 9.18, ¢} = ¢, when either to or t3 is zero.

Hence, for each o = (ao, a1, as, a3) with as = a3 = 0, ¢, = ca,; except possibly when (4, j) = (2,3).
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As explained above, 0;23 = Cqyy as well. Now suppose by induction that c’ai], = Cq; for all a with
as + az < k. Then c;ij = Cq;; holds except possibly when (i,7) = (2,3). Again, c,,, = Ca,; must

also hold, completing the induction. O

A (G, N)-cocycle on M obviously determines a decorated representation (up to conjugation).
The main results of this section can thus be summarized by the diagram below.

926 { i . } Generic (G, N )—cocycles} - { Generically decorated}
( ) Points in P, (K) [ < { on M (G, N)-representations

Remark 9.20. We stress that the Ptolemy variety parametrizes decorated representations and not
decorated representations up to equivalence. In particular, the dimension of P, (K) depends on the
triangulation, and may be very large if K has many interior vertices.

9.4. Obstruction cocycles and the pSL(n,C)-Ptolemy varieties. Suppose n is even. The
projection G — pG maps N isomorphically onto its image (also denoted by N), and by elementary
obstruction theory (see e.g. Steenrod [25]), the obstruction to lifting a (pG, N )-representation p to
a (G, N)-representation is a class in

(9.27) H*(M,0M;7./27) = H*(K;7/27).

We can represent it by an explicit cocycle in Z?(K;Z/27Z) as follows: Pick any (pSL(n,C), N)-
cocycle 7 on M representing p and a lift 7 of 7 to a (G, N)-cochain. Each 2-cell of K corresponds
to a hexagonal 2-cell of M, and the 2-cocycle o € Z2(K;7Z/27Z) taking a 2-cell to the product of the
7-labelings along the corresponding hexagonal 2-cell of M represents the obstruction class.

Proposition 9.21. Suppose the interior of M is a 1-cusped hyperbolic 3-manifold with finite
volume. The obstruction class in H2(K;Z/27) to lifting the geometric representation is non-trivial.

Proof. By a result of Calegari |5, Corollary 2.4], any lift of the geometric representation takes a
longitude to an element in SL(2,C) with trace —2. This shows that no lift is boundary-unipotent,
so the obstruction class must be non-trivial. O

Proposition 9.4 also holds in p SL(n,C), and we thus have a 1-1 correspondence between generi-
cally decorated representations and (pG, N )-cocycles on M.

Definition 9.22. Let 0 € Z2(K;7Z/2Z). A lifted (pG, N) cocycle on M with obstruction cocycle
o is a generic (G, N)-assignment on M lifting a (pG, N)-cocycle on M such that the 2-cocycle on
K obtained by taking products along hexagonal faces of M equals o.

A 1-cochain € CY(K;Z/2Z) acts on a lifted (pG, N)-cocycle 7 by multiplying a long edge
e by n(e). Note that if 7 has obstruction cocycle o, n7 has obstruction cocycle §(n)o, where &
is the standard coboundary operator. Recall that there is a 1-1 correspondence between generic
(G, N)-cocycles on M and points in the Ptolemy-variety. We shall prove a similar result for pG.

We wish to define a coboundary action on pG-Ptolemy assignments (see Definition 5.11). Let ¢
be a pG-Ptolemy assignment on A, and let n;; € C1(A;Z/27Z) be the cochain taking the edge ij to
—1 and all other edges to 1. Define

(9-28) mije: AN(Z) — C*, (nige) = (=) ¢

and extend in the natural way to define nc for a pG-Ptolemy assignment con K and n € CY(K;7Z/27).
A priori ne is only an assignment of complex numbers to the integral points of the simplices of K.
However, we have:
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Lemma 9.23. If ¢ is a pG-Ptolemy assignment on K with obstruction cocycle o, ncis a pG-Ptolemy
assignment on K with obstruction cocycle §(n)o.

Proof. 1t is enough to prove this for a simplex A and for n = n;;. Let ¢ = n;jc. We assume for
simplicity that ij = 01; the other cases are proved similarly. For any o = (ag,a1,a2,a3) € AF_,(Z),
we then have

r I ro ap+ai
(929) Caog Ca12 + Ca01ca23 - Caog Ca13 - (_1) (CQOS Ca12 - CC‘fOl Ca23 - Ca02 CQIS)

Let 7 = d(no1). Since 6(no1)2 = d(no1)s = —1 and d(no1)o = 1, (9.29) implies that

/ / / / /

/ / o
(9.30) T2T3C005 Cary T TOT3Caps Cony Cans = Capa Carss

as desired. ]

Definition 9.24. The diamond coordinates of a p SL(n,C)-Ptolemy assignment with obstruction
cocycle o are defined as in Definition 9.13, but multiplied by the sign (provided by o) of the face.

Note that for n € C*(K;7Z/2/Z), the diamond coordinates of ¢ and 7nc are identical.

Proposition 9.25. For any o € Z2?(K;Z/2Z), there is a 1-1 correspondence between p SL(n, C)-
Ptolemy assignments on K with obstruction cocycle o, and lifted (p SL(n,C), N)-cocycles on M
with obstruction cocycle o. The correspondence preserves the coboundary actions.

Proof. Tt is enough to prove this for a simplex A. For a pG-Ptolemy assignment ¢ on A with
obstruction cocycle o € Z2(A;7Z/2Z), define a cochain 7 on A by the formulas (9.9) and (9.20)
using the o-modified diamond coordinates (Definition 9.24). Let n € C'(A;Z/27Z) be such that
dn = o, where 0 is the standard coboundary map. By Lemma 9.23 nc satisfies the SL(n, C) Ptolemy
relations (5.4), and hence corresponds to an (SL(n, C), N)-cocycle 7. Since the diamond coordinates
of ¢ and nc are the same, the short edges of 7/ agree with those of 7 and the long edges differ from
those of 7 by 7. This proves that 7 is a lifted (pG, N)-cocycle with obstruction cocycle o. The
inductive arguments of Propositions 9.18 and 9.19 show that this is a 1-1 correspondence. The fact
that the actions by coboundaries correspond is immediate from the construction. U

Corollary 9.26. Let 0 € Z*(K;Z/2Z). There is an algebraic variety PJ(K) of generically deco-
rated boundary-unipotent representations p: m (M) — p SL(n, C) whose obstruction class to lifting
to SL(n,C) is represented by o. Up to canonical isomorphism, the variety P7(K) only depends on
the cohomology class of o.

Proof. This follows immediately from Proposition 9.25. U

Note that the canonical isomorphisms in Corollary 9.26 respect the extended Bloch group element.
This follows from the pG variant of Proposition 7.7. The analogue of (9.26) is
(9.31)

Lifted (pG, N)-cocycles on M

;» _ : ,
with obstruction cocycle o (pG, N)-representations

} il Generically decorated
with obstruction cocycle o

{Points in Pg(K)} — {

where k is the number of lifts, i.e. k = |Z1(K;Z/2Z)|.

9.5. Proof of Theorems 1.3, 1.12, and 1.7. Let R: P,,(K) — Rg n(M) be the composition of
the map in (9.26) with the forgetful map ignoring the decoration. The fact that A has image in
B(C) follows from Proposition 6.12, and commutativity of (1.11) follows from Remark 8.4. The fact
that R is surjective if K is sufficiently fine follows from Proposition 5.4. This concludes the proof
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of Theorem 1.3. The first part of Theorem 1.12 is proved similarly, and the last part follows from
Theorem 11.7 below. The first statement of Theorem 1.7 follows from the definition of R. The
second statement follows from the fact that if p is boundary non-degenerate the only freedom in
choosing a decoration is the diagonal action. Finally, the third statement is proved in Corollary 7.9.

10. EXAMPLES

In the examples below, all computations of Ptolemy varieties are exact, whereas the computations
of complex volume are numerical with at least 50 digits precision.

Example 10.1 (The 59 knot complement). Consider the 3-cycle K obtained from the simplices in
Figure 9 by identifying the faces via the unique simplicial attaching maps preserving the arrows.
The space obtained from K by removing the 0-cell is homeomorphic to the complement of the 59
knot, as can be verified by SnapPy [9].

F1GURE 9. A 3-cycle structure on the 55 knot complement, and Ptolemy coordinates for n = 3.

Labeling the Ptolemy coordinates as in Figure 9, the Ptolemy variety for n = 3 is given by the
equations

aprs + bor1 = bz, agys + apro = coY2,  aopT2 + boy2 = apwy
101 xaco + b1z = T300, y2bo + a1z3 = y3bo, z1a0 + b1ys = 200
(10.1) x1c1 + w3¢0 = b1y, Tob1 + y3co = c113, Y201 + w2by = arys
a1ro + r2c1 = T101,  a1r3 + Y201 = xob1,  arys +x1b1 = Yoy

together with an extra equation (involving an additional variable t)
(10.2) aoalboblcoclxoxlxga;gygygt = 1,

making sure that all Ptolemy coordinates are non-zero. By (5.7) a diagonal matrix diag(z,y, z)
acts by multiplying a Ptolemy coordinate on an edge by 2%y and a Ptolemy coordinate on a face
by z3. Since we are not interested in the particular decoration, we may thus assume e.g. that
ap = y3 = 1. Using Magma [3|, one finds that the Ptolemy variety, after setting ag = y3 = 1, has
three zero-dimensional components with 3, 4 and 6 points respectively. One of these is given by

ag=a1=ys3=1, x1=—1, cozclzm(2)+2a;0+1
(10.3) y22x3+2:—x2, xgz—xg—xo—l
T4 28 + 220 +1=0

Thus, this component gives rise to 3 representations, one for each solution to m% + m% +2z9+1=0.
Using the fact that R(A(c)) = i Volc(p), the complex volumes of these can be computed to be

(10.4) 0.0 —4.453818209...i € C/4n%Z,  +11.31248835... + 12.09651350. .. € C/4n?iZ



THE COMPLEX VOLUME OF SL(n,C)-REPRESENTATIONS OF 3-MANIFOLDS 37

corresponding to the values xg = —0.5698... and x¢p = —0.2150 F 1.3071 ... 7, respectively.
In Zickert [31, Section 6], the complex volumes of the Galois conjugates of the geometric repre-
sentation are computed to be

(10.5) 0.0 —1.113454552...1i € (C/7T2z'Z, +£2.828122088 ... + 3.024128376...1 € (C/7T2z'Z.

Notice that (10.4) is (approximately) 4 times (10.5). It thus follows from Theorem 1.10 that
the representations given by (10.3) are ¢3 composed with the geometric component of PSL(2, C)-
representations and that the factor of 4 is exact.

Another component is given by

ap=a1=y3=1, x1=-1, b =—x9
bo = 1/4x3 — 1/4a% + 3 /420 — 1/2
co=c = 1/dad — 1/4z% — 1/4x0 +1/2
Yo = —x9 = 1/4x3 + 3/4ad + 7/4x0 + 3/2

xgz—a:g—xo—l

(10.6)

xy + 2 + 13 — 4o — 4 =0.

In this case there are two distinct complex volumes given by:
4 16
(10.7) 0.0 4 2.631894506.. .7 = 1—57r22' € C/4n%iZ, 0.0 +10.527578027.. .7 = Ew%‘ € C/4m?iZ.

The third component has somewhat larger coefficients, but after introducing a variable u with
ub + 5ut + 8u? — 2u + 1 = 0, the defining equations simplify to

ap=vy3=1, a;=1/4u®+1/4u* +5/4u> +1/2u? + 2u — 3/4
bo = by = —1/4u* — 3/4u* — 1/4u — 3/4,
c1 = —1/4u® — 3/4u® — 1/4u* — 3/4u,
co = 1/2u® + 9/4u® + 1/4u® + 7/2u — 1/4,

Yo = —8/17u® — 1/34u" — 79/34u> — 3/17u* — 105/34u + 26/17,
x3 = 1/17u® — 1/17u* +6/17u® — 6/17u® + 14/17u — 16/17,
To = 9/34u’ 4+ 4/17u + 37/34u> + 31/34u* + 75/34u + 13/17,
xy = 8/17u’ 4+ 1/34u 4+ 79/34u> + 3/17u® + 139/34u — 9/17,
zo = 15/34u’ + 1/17u* + 73/34u> + 29/34u® + 125/34u — 1/17,
u 4+ 5ut + 8u? —2u+1=0.

(10.8)

In this case, there are 3 distinct complex volumes:
(10.9) 0.0 + 1.241598704 ... 4, =£6.332666642 ...+ 1.024134714...4

According to Conjecture 1.21, 6.33--- + 1.02...4 should (up to rational multiples of 72i) be an
integral linear combination of complex volumes of hyperbolic manifolds. Using e.g. Snap [18], one
checks that the complex volume of the manifold m034 is given by

(10.10) 3.166333321 ... 4+ 2.157001424 . . . 1,

and we have

1
(10.11) 6332666642 ... + 1024134714 i = 2 Volc(m034) — g7°i € C/4n"iZ.
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Example 10.2 (The figure 8 knot complement). Let K be the 3-cycle in Figure 10. Then M =
M (K) is the figure 8 knot complement, and H?(K;Z/27Z) = H*(M,0M;Z/27) = 7./2Z.

F1GURE 10. A 3-cycle structure on the figure 8 knot complement and Ptolemy coordinates
for n = 2. The signs indicate the non-trivial second Z/27Z cohomology class.

For the trivial obstruction class, the Ptolemy variety for n = 2 is given by

(10.12) yr +y* = 2%, zy + 22 =92,

and is thus empty since x and y are non-zero. In fact, the only boundary-unipotent representations in
SL(2,C) are reducible, so this is not surprising. The non-trivial obstruction class can be represented
by the cocycle indicated in Figure 10, and the Ptolemy variety is given by

(10.13) yr —y? = 22, zy — 2% =y

As in Example 10.1, we may assume y = 1. Hence, the Ptolemy variety detects two (complex
conjugate) representations corresponding to the solutions to #2 — 2 + 1 = 0. The extended Bloch
group elements are

(10.14) — (=%, —2%) + (7,2%) € B(C)ps,
with complex volume
(10.15) +2.029883212.. . . + 0.0i.

We thus recover the well known complex volume of the figure 8 knot complement.

For n = 3, similar calculations as those in Example 10.1 show that the Ptolemy variety detects
3 zero-dimensional components, but the only one with non-zero volume is the one induced by
the geometric representation. For n = 4, lots of new complex volumes emerge. For the trivial
obstruction class, the non-zero complex volumes are

(10.16) + 7.327724753 ... 4 0.0i = 2 Volc(5%) + n%i /4,

where the manifold 57 is the whitehead link complement. For the non-trivial obstruction class, the
complex volumes are

+20.29883212. .. + 0.0i = 10 Volc(4;) € C/n?%iZ
+4.260549384 . .. & 0.136128165 . . . i
(10.17) +3.230859569 . .. + 0.0
+8.355502146 . .. 4 2.428571615.. . i = Volc(—93:) + 2n%i/3
+3.276320849 . .. + 9.908433886 . . . i.



THE COMPLEX VOLUME OF SL(n,C)-REPRESENTATIONS OF 3-MANIFOLDS 39

Example 10.3 (S x S?). Figure 11 shows a triangulation of M = S' x S? taken from the Regina
census [4]. Since 7 (S x S?) = Z, all representations in PSL(2,C) lift to SL(2,C), so we expect
the Ptolemy variety for the non-trivial class in H?(M;Z/27) to be zero. This class is represented
by the cocycle shown in Figure 11, and the Ptolemy variety is given by

(10.18) — 2z + 2% = o7, 22+ 2z =y,

which indeed has no solutions in C*. For the trivial cohomology class, all signs are positive, and
the two equations are equivalent. The extended Bloch group element is

(10.19) (F+T—25,25—2)) — (F+7 —25,2% — 2) = 0 € B(C).

In fact, the extended Bloch group element of a Ptolemy assignment is trivial for all n, as one easily
verifies (the subsimplices cancel out in pairs).

We wish to find out which representations are detected by P»(K). A choice of fundamental
domain F for K in L determines a presentation of 7 (M) with a generator for each face pairing of
F and a relation for each 1-cell of K (to see this consider the standard presentation for the dual
triangulation of K). Letting F' be the fundamental domain of S! x S? given by gluing the bottom
faces of the two simplices together, one easily checks that the generator of 71 (M) = Z is given by
the self gluing of the first simplex taking the face opposite the third vertex to the face opposite the
zeroth. For a € SL(2,C), the representation given by taking the generator to « has a decoration as
in Figure 11. For A = (2Y), let ¢(A) = ¢, and note that det(er, Ae;) = c¢(A). Letting =, y and z
denote the Ptolemy coordinates, we have

(10.20) r=c(a), y=c(a®) =zTr(a), z=c(®) =z(Tr(a)?—-1),

and it follows that the Ptolemy variety detects all representations except those where Tr(a) = +1.

a”IN a N

FIGURE 11. A triangulation of S! x S2. Both simplices have self gluings.

Remark 10.4. When n = 2, examples of Conjecture 1.21 are abundant. E.g. for the 10155 knot
complement (10 simplices), the volumes of the representations detected by the Ptolemy variety are
(numerically)

(10.21) Vol(m032(6, 1)), 2V01(41), 3V01(10155) — 4V01(U3461), V01(10155).

Remark 10.5. For the hyperbolic census manifolds, most of the components of the reduced Ptolemy
varieties tend to be zero-dimensional. By a result of Menal-Ferrer and Porti [20], the compo-
sition of the geometric representation with ¢, is isolated among boundary-unipotent p SL(n,C)-
representations. Higher dimensional components also occur (rarely for n = 2, quite often for n > 2),
but as mentioned earlier, the complex volume is constant on components.

Remark 10.6. If the face pairings do not respect the vertex orderings, one can still define a Ptolemy
variety by introducing more signs. See Garoufalidis—Goerner—Zickert [15] for details.
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Remark 10.7. The fact that the reduced Ptolemy varieties P, (K ),eq are given by setting some of
the variables (chosen appropriately) equal to 1 is proved in [16].

11. THE IRREDUCIBLE REPRESENTATIONS OF SL(2,C)

Let ¢y, : SL(2,C) — SL(n,C) denote the canonical irreducible representation. It is induced by
the Lie algebra homomorphism s((2,C) — sl(n,C) given by
(11.1)
(98] diagt(n—1,...,1), [993]+ diag™(1,...,n—1), [(1) _01] — diag(n—1,n—3,...,—n+1),

where diag™ (v) and diag™ (v) denote matrices whose first upper (resp. lower) diagonal is v and all
other entries are zero. One has

(11.2) ¢ ([0727]) = q(a™ !, —a" %, ... (-1)"ta= ("7 D)

a

(11.3) G ([3%]) = oy ) mp—a(z, .. yz) - m ().

Proposition 11.1. Let ¢ be a Ptolemy assignment on A3, and let 7 denote the corresponding
cocycle. The Ptolemy assignment corresponding to ¢, (7) is given by

(11.4) da(c): AS(Z) — C*,  te gule)e =[] i

i<j

FIGURE 12. ¢, acting on Ptolemy assignments.

Proof. Let o = (ap,...,a3) € A} _4(Z). Letting ko = [[,; c?;aj, and lo = [];; c?fraj, we have
(11.5)

¢n(c)o¢03 ¢n(c)a12 - kilaCOi’)ClQa ¢n(c)ao1 (bn(c)oczg - kila601c237 (ﬁn(c)aog ¢n(c)a13 - kilaCOQCli’)-
Hence, the appropriate Ptolemy relations are satisfied. The long and short edges of the cocycle
corresponding to ¢,(c) are given by (9.9) and (9.20), and we must prove that these agree with
those of ¢, (7). For the long edges, this follows immediately from (11.2). For the short edges, an
easy computation shows that all the diamond coordinates of a face are equal, and equal to the
corresponding diamond coordinate of c¢. For example, the type 1 diamond coordinate on face 3
whose left vertex is t = (tg, t1,t2,0) is given by

¢n(c)t+(07_171’0)¢n(c)t+(_171’070) _ cé(ll(tl—l)céoz(tz-l-l)c%l—1)(t2+l)c(t0—1)(t1+1)c(t0—1)t2c(t1+1)t2

01 02 12
c C)pa(_ tot1 tota titz (to—1)t1 (to—1)(ta+1) t1(t2+1)
(11.6) D (€)t0n(€)i4(-1,0,1,0) et ely el e o 1
€02
- Y
Co1C12

which is a diamond coordinate for c¢. By (11.3) the short edges thus agree with those of ¢, (),
proving the result. O
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Corollary 11.2. If a representation p: w1 (M) — PSL(2,C) is detected by Py (K) then ¢ogi10p
is detected by Pajy1(K) and ¢of 0 p is detected by Pg (K). O
Theorem 11.3. Let p be a boundary-unipotent representation in SL(2,C) or PSL(2,C). The ez-
tended Bloch group element of ¢ 0 p is ("';1) times that of p. In fact, the shapes of all subsimplices
are equal.

Proof. By refining the triangulation if necessary, we may represent p by a Ptolemy assignment ¢ on
K. Then ¢ = ¢,(c) is a Ptolemy assignment representing ¢, o p, and the extended Bloch group
element of ¢, o p is given by
(A7) a =D 6 D (Shoy + Fhiy — Plags — Posgs Doy T Plasy — Pugs — Poss)-

‘ a€A] _,(Z)
By Proposition 7.7, we may choose the logarithms independently as long as we use the same loga-
rithm for identified points. Defining ¢! = D i<k tjtkE?k, we see that
(11.8) (Paps T Pars — Pogs — Parss Paos T+ Pass — Pags — Pans) = (Co3+C12—Co2—C13, Co1 +Ca3 —Co2 —C13),
which means that the flattenings assigned to each subsimplex of A! are equal. By Lemma 5.6,

A3 (Z)| = (";:1), and the result follows. n

11.1. Essential edges.
Definition 11.4. An edge of K is essential if the lifts to L have distinct end points.

Note that an edge may be essential even though it is homotopically trivial in K. Let L(®) denote
the zero skeleton of L.

Lemma 11.5. Let p be a representation in SL(2,C) or PSL(2,C). A decoration of p determines a
p-equivariant map

(11.9) D: 1O S gl = C U {0}, €+ gioo.

Every such map comes from a decoration, and the decoration is generic if and only if the vertices
of each simplex of L map to distinct points in CU {oco}.

Proof. Equivariance of (11.9) follows from the definition of a decoration. A p-equivariant map
D: L — CU{oco} is uniquely determined by its image of lifts &; € L of the zero cells e; of K.
Picking g¢; such that g;oo = D(€;), we define a decoration by assigning the coset g;N to €;. The last
statement follows from the fact that det(gie;, goe1) = 0 if and only if gj00 = gyo0. O

In the following we assume that the interior of M is a cusped hyperbolic 3-manifold H?/T" with
finite volume.

Proposition 11.6. If all edges of K are essential, the geometric representation has a generic
decoration.

Proof. We identify 71 (M) with ' C PSL(2,C). Each cusp of M determines a I-orbit of points in
OH3, and these orbits are distinct (if two orbits intersected, they would be identical, thus corre-
sponding to the same cusp). Each vertex of L corresponds to either a cusp of M or an interior point
of M. Accordingly, we have LO = L((;%)sp U Li(r?t). The stabilizer of a point in Lé?}sp is a parabolic
subgroup of PSL(2,C), and thus fixes a unique point in CU{co}. We thus have an equivariant map

D: L((;g)sp — C U {oo} taking a vertex v to the fixed point in OH? of Stab(v) € PSL(2,C). Let e;
and ey be points in LE?RSP connected by an edge. Since all edges of K are essential, e; # es. Since
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the T'-orbits of different cusps are distinct, it follows that D(ej) # D(es) if e; and e correspond to
different cusps. If e; and eg correspond to the same cusp, there exists an element in I' taking e; to
9. Since only peripheral elements (i.e. cusp stabilizers) have fixed points in CU{oc}, it follows that
D(e1) # D(es). We extend D to L by choosing any equivariant map Li(r?t) — CU{o0o}. Since such
map is uniquely determined by finitely many values (which may be chosen freely), we can pick the
extension so that the vertices of each simplex map to distinct points. This proves the result. U

Theorem 11.7. Suppose all edges of K are essential. The representation ¢, o pgeo s detected by
Po(K) if n is odd, and by Py*°(K) if n is even.

Proof. By Proposition 11.6, Py*°(K) detects pgeo. The result now follows from Corollary 11.2. O

Remark 11.8. The census triangulations all have essential edges.

12. GLUING EQUATIONS AND PTOLEMY ASSIGNMENTS

In this section we discuss the relation between Ptolemy assignments and solutions to the gluing
equations. The latter were invented by Thurston [28] to explicitly compute the hyperbolic structure
(and its deformations) of a triangulated hyperbolic manifold, and used effectively in [23, 18, 9].
The gluing equations make sense for any 3-cycle. They are defined by assigning a cross-ratio
zi € C\{0,1} to each simplex A; of K. Given these, we assign cross-ratio parameters to the edges
of A; as in Figure 13.

1
—z

FIGURE 13. Assigning cross-ratio parameters to the edges of A;. By definition, 2" = 5
and 2"/ =1-1.
There is a gluing equation for each edge F in K and each generator v of the fundamental group
of each boundary component of M. These are given by

(12.1) I z(e)5@ =1, [ ze@=1

e—FE Y passes e

Here z(e) denotes the cross-ratio parameter assigned to e, and €;(e) = ¢; if e is an edge of A;. It
follows that the set of assignments A; — z; € C\{0,1} satisfying the gluing equations (12.1) is an
algebraic set V(K).

Lemma 12.1. For every point {z} € V(K) there is a map D: L(® — CU {oo} such that if
ﬁi is a lift of A; with vertices eq,...,es in L, the cross-ratio of the ideal simplex with vertices
D(ey),...,D(es) is z;. It is unique up to multiplication by an element in PSL(2,C). Moreover,
there is a unique (up to conjugation) boundary-unipotent representation 71 (M) — PSL(2,C) such
that D is p-equivariant.
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Proof. Pick a fundamental domain F' for K in L. Pick a simplex A in F' and define D by mapping
the first 3 vertices of A to 0, oo and 1. The map D is now uniquely determined by the cross-ratios.
The fundamental group of M has a presentation with a generator for each face pairing of F. The
second statement thus follows from the fact that PSL(2,C) is 3-transitive. We leave the details to

the reader. g
Given a Ptolemy assignment on K, we assign the cross-ratio z; = % to A;. Note that the
0213
Ptolemy relations imply that the cross-ratio parameters are given by
_ s ,_ CheCls v ChiChs
(122) Zy = ci ci s Zi = ci ci s ZZ' = —W
02¢13 0123 03¢12
Theorem 12.2. There is a surjective reqular map
o ChsCla
(12.3) [I #PE-VE, c-{u= )
oc€H?2(K;Z/27) 02%~13

The fibers are disjoint copies of (C*)*, where h is the number of zero-cells of K.

Proof. By a simple cancellation argument (as in the proof of Zickert [31, Theorem 6.5|), the gluing
equations would be satisfied if the formula (12.2) for z/’ did not have the minus sign. The minus
sign appears whenever the edge is 02 or 13. As explained in the proof of Proposition 7.7, any
curve passes these an even number of times. It thus follows that the cross-ratios satisfy the gluing
equations. Surjectivity follows from Lemma 11.5, and the fact that fibers are (C*)" follows from
the fact that gjoo = gooo if and only if g1 N = godN for a unique diagonal matrix d. O

Remark 12.3. Gluing equation varieties for n > 2 are studied in Garoufalidis-Goerner-Zickert [15].

13. OTHER FIELDS

The Ptolemy varieties P, (K) and P7(K) may be defined over an arbitrary field F, and as
in Section 9, a Ptolemy assignment determines a boundary-unipotent representation in SL(n, F'),
respectively, pSL(n, F'). If E is a primitive extension of F** by Z, there are maps

(13.1) Po(K)r — Bp(F),  PI(K)r — Bp(F)pst

defined as in (5.10) using a set theoretic section of E — F* instead of a logarithm. If F is infinite,
the chain complex of Ptolemy assignments computes relative homology (see Proposition 9.6) and
we have maps

(13.2) H3(SL(n, F)) — Bg(F),  Hs(pSL(n,F)) — Bg(F)psL.

It thus follows that every boundary-unipotent representation has an extended Bloch group element
[p]. If F' is a number field, the extended Bloch groups are independent of the extension E.

Theorem 13.1. Let F' be a number field, and let p: m (M) — SL(n, F) be a boundary-unipotent
representation. If p is irreducible, [p] lies in B(Tr(p)).

Proof. Let o be an automorphism of F' over Tr(p) and let 7: F' — C be an embedding. Then p and
o o p have the same traces, so Top and Tooop are conjugate in SL(n,C), and thus have the same
extended Bloch group element in B(C). By Corollary 3.6, it follows that [p] = [sop] € B(F). Hence,
[p] is invariant under all automorphisms of F over Tr(p), so [p] € B(Tr(p)) by Galois descent. [



44

(1]
2]

B
[4]
[5]
[6]
7]
(8]
[9]
[10]

[11]

[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]

[20]
21]
[22]
23]
[24]
[25]

[26]

27]

28]

STAVROS GAROUFALIDIS, DYLAN P. THURSTON, AND CHRISTIAN K. ZICKERT

REFERENCES

A.C. Aitken. Determinants and Matrices. Oliver and Boyd, Edinburgh, 1939.

Nicolas Bergeron, Elisha Falbel, and Antonin Guilloux. Tetrahedra of flags, volume and homology of SL(3), 2011.
arXiv:1101.2742 [math.KT].

Wieb Bosma, John Cannon, and Catherine Playoust. The Magma algebra system. I. The user language. J.
Symbolic Comput., 24(3-4):235-265, 1997. Computational algebra and number theory (London, 1993).
Benjamin Burton. Census of closed prime minimal triangulations. http://regina.sourceforge.net/data.html.
Danny Calegari. Real places and torus bundles. Geom. Dedicata, 118:209-227, 2006.

Jeff Cheeger and James Simons. Differential characters and geometric invariants. In Geometry and topology
(College Park, Md., 1983/84), volume 1167 of Lecture Notes in Math., pages 50-80. Springer, Berlin, 1985.
Shiing Shen Chern and James Simons. Characteristic forms and geometric invariants. Ann. of Math. (2), 99:48—
69, 1974.

David Coulson, Oliver A. Goodman, Craig D. Hodgson, and Walter D. Neumann. Computing arithmetic invari-
ants of 3-manifolds. Ezperiment. Math., 9(1):127-152, 2000.

Marc Culler, Nathan M. Dunfield, and Jeffery R. Weeks. SnapPy, a computer program for studying the geometry
and topology of 3-manifolds. Available at http://snappy.computop.org/.

Tudor Dimofte, Maxime Gabella, and Alexander B. Goncharov. K-Decompositions and 3d Gauge Theories.
Preprint 2013.

Johan Dupont, Richard Hain, and Steven Zucker. Regulators and characteristic classes of flat bundles. In The
arithmetic and geometry of algebraic cycles (Banff, AB, 1998), volume 24 of CRM Proc. Lecture Notes, pages
47-92. Amer. Math. Soc., Providence, RI, 2000.

Johan L. Dupont. The dilogarithm as a characteristic class for flat bundles. In Proceedings of the Northwestern
conference on cohomology of groups (Evanston, Ill., 1985), volume 44, pages 137-164, 1987.

Johan L. Dupont and Franz W. Kamber. On a generalization of Cheeger-Chern-Simons classes. Illinois J. Math.,
34(2):221-255, 1990.

Vladimir Fock and Alexander Goncharov. Moduli spaces of local systems and higher Teichmiiller theory. Publ.
Math. Inst. Hautes Etudes Sci., (103):1-211, 2006.

Stavros Garoufalidis, Matthias Goerner, and Christian K. Zickert. Gluing equations for PGL(n,C)-
representations of 3-manifolds. arXiv:1207.6711, 2012.

Stavros Garoufalidis, Matthias Goerner, and Christian K. Zickert. The Ptolemy field of 3-manifold representa-
tions. arXw:1401.5542, Preprint 2014.

Sebastian Goette and Christian Zickert. The extended Bloch group and the Cheeger-Chern-Simons class. Geom.
Topol., 11:1623-1635 (electronic), 2007.

Oliver Goodman. Snap. Available at http://www.ms.unimelb.edu.au/"snap/.

Franz W. Kamber and Philippe Tondeur. Foliated bundles and characteristic classes. Lecture Notes in Mathe-
matics, Vol. 493. Springer-Verlag, Berlin, 1975.

Pere Menal-Ferrer and Joan Porti. Local coordinates for SL(n, C)-character varieties of finite-volume hyperbolic
3-manifolds. Ann. Math. Blaise Pascal, 19(1):107-122, 2012.

Walter D. Neumann. Extended Bloch group and the Cheeger-Chern-Simons class. Geom. Topol., 8:413-474
(electronic), 2004.

Walter D. Neumann. Realizing arithmetic invariants of hyperbolic 3-manifolds. In Interactions Between Hyper-
bolic Geometry, Quantum Topology and Number Theory), volume 541 of Contemp. Math., pages 233-246. Amer.
Math. Soc., 2011.

Walter D. Neumann and Don Zagier. Volumes of hyperbolic three-manifolds. Topology, 24(3):307-332, 1985.
Chih-Han Sah. Homology of classical Lie groups made discrete. III. J. Pure Appl. Algebra, 56(3):269-312, 1989.
Norman Steenrod. The Topology of Fibre Bundles. Princeton Mathematical Series, vol. 14. Princeton University
Press, Princeton, N. J., 1951.

A. A. Suslin. Homology of GL,, characteristic classes and Milnor K-theory. In Algebraic K -theory, number theory,
geometry and analysis (Bielefeld, 1982), volume 1046 of Lecture Notes in Math., pages 357-375. Springer, Berlin,
1984.

A. A. Suslin. K3 of a field, and the Bloch group. Trudy Mat. Inst. Steklov., 183:180-199, 229, 1990. Translated
in Proc. Steklov Inst. Math. 1991, no. 4, 217-239, Galois theory, rings, algebraic groups and their applications
(Russian).

William P. Thurston. The geometry and topology of three-manifolds. 1980 Princeton lecture notes, available at
http://library.msri.org/books/gt3m/.


http://arXiv.org/abs/1101.2742
http://snappy.computop.org/
http://www.ms.unimelb.edu.au/~snap/
http://library.msri.org/books/gt3m/

THE COMPLEX VOLUME OF SL(n,C)-REPRESENTATIONS OF 3-MANIFOLDS 45

[29] Tomoyoshi Yoshida. The n-invariant of hyperbolic 3-manifolds. Invent. Math., 81(3):473-514, 1985.

[30] Christian K. Zickert. Algebraic K-theory and the extended Bloch group, 2009. arXiv:0910.4005 [math.GT].

[31] Christian K. Zickert. The volume and Chern-Simons invariant of a representation. Duke Math. J., 150(3):489-532,
2009.

SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GA 30332-0160, USA
http://wuw.math.gatech.edu/ stavros
E-mail address: stavros@math.gatech.edu

DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY, MC 4436, NEw YORK, NY 10027, USA
http://wuw.math.columbia.edu/~dpt
E-mail address: dthurston@barnard.edu

UNIVERSITY OF MARYLAND, DEPARTMENT OF MATHEMATICS, COLLEGE PARrRk, MD 20742-4015, USA
http://www2.math.umd.edu/~zickert
E-mail address: zickert@umd.edu


http://arXiv.org/abs/0910.4005
http://www.math.gatech.edu/~stavros
http://www.math.columbia.edu/~dpt
http://www2.math.umd.edu/~zickert

	1. Introduction
	1.1. Statement of our results
	1.2. Neumann's conjecture
	1.3. Overview of the paper
	1.4. Acknowledgment

	2. The Cheeger-Chern-Simons classes
	2.1. Simply connected, simple Lie groups
	2.2. Complex groups and volume
	2.3. The universal classes and group cohomology
	2.4. Compact manifolds with boundary
	2.5. Central elements of order 2

	3. The extended Bloch group
	3.1. The regulator
	3.2. The `39`42`"613A``45`47`"603APSL(2,C)-variant of the extended Bloch group
	3.3. Arbitrary fields

	4. Decorations of representations
	4.1. The diagonal action
	4.2. The fundamental class of a decorated representation

	5. Generic decorations and Ptolemy coordinates
	5.1. The geometry of the Ptolemy coordinates
	5.2. The diagonal action and the reduced Ptolemy variety
	5.3. p`39`42`"613A``45`47`"603ASL(n,C)-Ptolemy coordinates
	5.4. Cross-ratios and flattenings

	6. A chain complex of Ptolemy assignments
	6.1. The map to the extended Bloch group
	6.2. Stabilization
	6.3. p`39`42`"613A``45`47`"603ASL(n,C)-Ptolemy assignments

	7. Invariance under the diagonal action
	7.1. p`39`42`"613A``45`47`"603ASL(n,C)-decorations

	8. A cocycle formula for c"0362c
	9. Recovering a representation from its Ptolemy coordinates
	9.1. The generic (G,N)-cocycle of a tuple
	9.2. Formulas for the long and short edges
	9.3. From Ptolemy assignments to decorations
	9.4. Obstruction cocycles and the p`39`42`"613A``45`47`"603ASL(n,C)-Ptolemy varieties
	9.5. Proof of Theorems 1.3, 1.12, and 1.7

	10. Examples
	11. The irreducible representations of `39`42`"613A``45`47`"603ASL(2,C)
	11.1. Essential edges

	12. Gluing equations and Ptolemy assignments
	13. Other fields
	References

