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ABSTRACT. Matrix-valued holomorphic quantum modular forms are intricate objects that
arise in successive refinements of the Volume Conjecture of knots and involve three holo-
morphic, asymptotic and arithmetic objects. It is expected that the algebraic properties of
these objects can be deduced from the algebraic properties of descendant state integrals,
and we illustrate this for the case of the (—2,3, 7)-pretzel knot.

CONTENTS
1. Introduction 1
2. The descendant state integral 2
2.1. The state integral 2
2.2. The descendant state integral and its g-series 3
2.3. A self-dual linear ¢-difference equation 4
2.4. A cocyle 5
3. The g-series 6
3.1. Algebraic properties of the Faddeev quantum dilogarithm 6
3.2. Factorization 7
3.3.  The linear g¢-difference equation 8
3.4. Self-duality 10
4. Stationary phase of the descendant state integral 12
4.1. Stationary phase 12
4.2. Formal Gaussian integration 14
5. Analytic aspects 16
5.1.  Asymptotic expansion of the g-series 17
5.2. Further aspects 17
Acknowledgements 18
Appendix A. Comparison of the g-series with [GZ23] 18
References 20

1. INTRODUCTION

The Volume Conjecture of Kashaev links the asymptotics of the Jones polynomial of a hy-
perbolic knot and its parallels with the hyperbolic geometry of the knot complement [Kas97].
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Explicitly, the conjecture (combined with the results of Murakami—Murakami [MMO01]) as-
serts that for a hyperbolic knot K in 3-space [Thu77], we have

27ri/N)| _ VOI(S;;\ K) (1)

where J&(q) € 7Z[¢*'] is the Jones polynomial of K, colored with the N-dimensional irre-
ducible representation of sly(C), and normalized to be 1 for the unknot. The definition of
the colored Jones polynomial, that we omit, may be found in [RT90]

The Volume Conjecture is considered one of the main problems of quantum topology. Al-
though it is currently known only for a handful of knots, it can be strengthened in numerous
ways to include a statement about asymptotics to all orders in /N, and with exponentially
small terms included. One of these successive refinements of the quantum modularity conjec-
ture for the Kashaev invariant of a knot lead to the concept of a matrix-valued holomorphic
quantum modular forms introduced and studied in [GZ, GZ23]. The latter are rather intri-
cate objects that involve matrices of

: K
Jim log|Jy (e

e holomorphic objects, that is ¢g-series with integer coefficients convergent when |q| # 1.

e asymptotic/analytic objects, that is factorially divergent formal power series that
are Borel resummation and whose Stokes phenomenon is explained in terms of the
g-series above.

e arithmetic objects, that is collections of functions defined near each complex root of
unity that arithmetically determine each other p-adically.

This sounds like a daunting collection of objects that come from different worlds and
are somehow stitched together. Despite this, it turns out that matrix-valued holomorphic
quantum modular forms have algebraic aspects that can be formulated and proven using the
algebraic properties of a variant of the Andersen-Kashaev invariants [AK14], namely the
descendant state integrals. We will illustrate this with the case of the (=2, 3, 7)-pretzel knot
that was partially studied in the above-mentioned papers. Explicitly, we will show that

(a) The factorization of the descendant state integral defines a 6 x 6 matrix of (deformed)
g-hypergeometric series; see Theorem 1.

(b) The matrix is a fundamental solution of a self-dual linear g-difference equation; see
Theorem 2.

(¢) The corresponding cocycle is a holomorphic function that extends from 7 € C\ R
the cut-plane €’ = C \ (—o0, 0]; see Theorem 4.

(d) The stationary phase of the descendant state integral determines a 6 x 6 matrix of
asymptotic series; see Theorem 5.

Along with the detailed definitions and proofs, we will give an explanation of why the
proofs work from first principles.

2. THE DESCENDANT STATE INTEGRAL

2.1. The state integral. A key role in our paper is the state integral invariant of 3-
dimensional manifolds with torus boundary (in particular knot complements) introduced
by Andersen-Kashaev [AK14]. This is a multi-dimensional integral whose integrand is a
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product of the Faddeev quantum dilogarithm ®,(x) [Fad95] times an exponential of a qua-
dratic form, assembled out of a suitable triangulation of the manifold.

In the case of the (—2,3,7)-pretzel knot, the Andersen—Kashaev state integral is a four-
dimensional state integral that can be reduced to the following one-dimensional state integral
as shown in [GK15, Eqn.(58)]:

Z—o3m)(T) = / . D 7 (2)*P s7(20 — p)e i) g (2)
R+4-2+ie

where 7 = 0% and ¢, = i(b+ b~')/2. Two key properties of this absolutely convergent state
integral are that

(a) it defines a holomorphic function on the cut-plane €' = C '\ (—o0, 0], and
(b) when 7 € C\ R, it can be factorized as a sum of products of g-series and G-series
where ¢ = €2™ and § = e~ 2™/7.

This factorization property is expected to hold for all state integrals that appear naturally,
as explained in [BDP14, GK17] and in the case of the above state integral, it was given
in [GZ23, Prop.12].

The main reason behind this factorization is algebraic and follows from the quasi-periodicity
of the Faddeev quantum dilogarithm which implies that it is a meromorphic function with
poles in the lattice points of a two-dimensional cone and prescribed residues. Upon applying
the residue theorem, the sum over the cone (which is coupled by the exponential of a qua-
dratic form with integer coefficients) decouples due to the fact that e*™* = 1 for all integers
k. For a more detailed discussion, see Section 3.2 below.

2.2. The descendant state integral and its ¢-series. A descendant version of the state
integral (2) obtained by inserting in the integrand of (2) the exponential of a linear form
in two integer variables A\, \" € Z, in an analogous way as was done for the 4; and 55 knots
in [GGMn21, Sec.4.3]. The descendant state integral of (—2,3,7) pretzel knot is

2038000 = [ @ af (on g e gy ()
” R+ % +ie

This integral can be factorized as a finite sum of products of ¢-series and ¢G-series for
the same reason that the integral (2) does. Deforming the contour of integration upwards,
applying the residue theorem, collecting the residues and observing the same decoupling as
was done in [GK17, GK15], we obtain the factorization into g-series.

Theorem 1. For all 7 € C\ R, we have

mo A N N
2eaq 2@ 2 Z((_2’3)’7)(7')
1

.
= —ZhA,O(T)hA',z(T_l) + Iy (T (771) = §hA,z(T)hA’,0(7_1) (4)

/1 _ 1 _ _
— Z(§h>\73(7)h>\'74(7 1) — §h)\’4(7')h)\/’3(7' 1) + ]’L)\’5(T)h)\/,5(7' 1)) .
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In the above theorem

Hy (q) if [g| <1

(O H (g g > 1 )

I (1) = Has(e7), - H(a) = {

where H) ;(q) are g-series defined in Section 3.2 for |g| # 1 and § = (0, 1,2,0,0,0) is a weight
vector. H;fj(q) are power series of ¢'/® whose first few terms are given by

Hio(q) = 1+¢° +3¢" +7¢° + 13¢5 + - - Hyolg) = 1+¢*+3¢° +7¢* +13¢° + - -
Hi(q) = 1-49—8¢° —3¢° +3¢" + - Hyi(q) = 1—49—5¢* +¢° +7¢* +---

2 242 _ 5 17 141 971
Hp(a) = 5= 60+60% + ==¢° +200¢* + -+ Hoo(a) = ¢ —10g+ =¢" + —~¢° + = ~q" + -

(6)
Hig(a) = ¢"/%(a+24°% +44° +64°/° +---)  Hyg(a) = ¢ /%(a+24°"% + 4¢° +6¢°/% + - )
Hif (@) = 14+¢° —q* +3¢° —3¢° +- - Hy 4(9)

His(@) = ¢"/%(a 20" + 44> 64> +---)  Hy;(a)

1+¢*—q° +3¢* =3¢° + -
— V(g —2g%% 4 4q% —6¢°/ + )

2.3. A self-dual linear ¢-difference equation. As we saw in the previous section, the
factorization of the state integral (3) produced six sequences H) j(q) of ¢-hypergeometric
series for j = 0,...,5 indexed by A € Z and defined for |¢| # 1. We now show that these six
sequences are solutions of a common sixth order linear g-difference equation. The algebraic
reason for this is that the integrand of the descendant state integral is a ¢g-holonomic function
of three variables x, A and ), as follows from the quasi-periodicity of the Faddeev quantum
dilogarithm (see Equation (17) below). Zeilberger theory implies that the integral is a g-
holonomic function of A and X' [WZ92|. Due to the factorization of the integral, it follows
that its A-dependent part is a g-holonomic function. An alternative explanation for the
linear ¢-difference equation would be to use the explicit g-hypergeometric formulas for the
six g-series. In fact, in this case we can do the corresponding algebraic calculation by hand
and obtain the following.

Theorem 2. For each j =0,...,5, the sequence Hy ;(q) for |q| # 1 and X € Z satisfies the
linear q-difference equation

Ur6(q) + 2uris(@) — (0 + ) yagale) — 2(g + 1) yass(9)
— Ya42(q) + 2 yr1(q) + quya(g) = 0.

(7)
Consider the Wronskian

Wi(q) = (Hxyi (Q))ogi,j§5 lq| #1 (8)

of the six solutions to the ¢-difference equation (7). We next give an orthogonality property of
the Wronskian, which implies that the six sequences of g-series form a fundamental solution
set of (7) and satisfy quadratic relations.

Theorem 3. The determinant of the Wronskian is given by
det(Wa(q)) = 320"+ . (9)
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The Wronskian satisfies the orthogonality property

00 4 0 0 0 -12 8 -4 2 0 0
01 0 0 0 0 8 —4 2 0 0 0
1
L0 0 0 0 o0 N -4 2 0 0 0 2
2 =
WMD1G o 0 -1 0 o |Warsla) 2 0 0 0 2 4 (10)
000 0 § O 0 0o 0 2 —4 8 + 2¢g* 2
0 0 0 0 0 -1 0 0 2 —4 8+42¢M3  —12 —4¢M2 — 4¢3

Equations (9) and (10) were first guessed by explicit computations of the g-series. But once
they were guessed, they were proven algebraically, i.e., by reducing them to identities among
rational functions in Q(q,q¢"). This concludes our last algebraic aspect of matrix-valued
holomorphic quantum modular forms, discussed in detail in Section 3.4 below.

A consequence of Equation (10) (in fact, of its (1, 6)-entry) is that the collection of g-series
H)jjj(q) satisfies the quadratic relation

1 1

S0 @ Hy5(0) = HY (9 Hy 1 (0) + 5 Hy L (9) Ho(a)
1 (11)
- HA+,3(Q)H;,3(Q> + 1 ,\+,4<Q)H;,4<Q) - HI5(Q)H>:5(Q) =0.

A second consequence of Equation (10) (and in fact, an equivalent statement to it) is that
the g-holonomic module associated with the linear ¢-difference equation (7) is self-dual. For
a detailed definition of self-dual g-holonomic modules, we refer the reader to [GW, Sec 2.5].

2.4. A cocyle. The next and last topic of our paper concerns the analytic continuation of a
cocycle, defined in two forms below (Equations (12) and (13)), from a holomorphic function
on C\ R to one on €' = C\ (—o0,0]. This remarkable statement, which concerns the
holomorphic aspects of matrix-valued holomorphic quantum modular forms, follows imme-
diately from the factorization of the descendant state integrals (Theorem 1), the self-duality
property (Theorem 3) and the fact that state integrals are holomorphic functions in the
cut-plane C'.

Theorem 4. (a) The matrix-valued function

MR}

o O
|
—

|
~1|H

Fuv(t) =W_y (") Wi(g)" (12)

S O O

o O OO

SO O OO

] o O OO
VIEH

O Ol O O O
OO OO

—1

defined for 7 = b* € C\R, has entries given by the descendant state integrals up to a prefactor
given by (4), and therefore extends to a holomorphic function on the cut plane C'.
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(b) The matrix-valued function

-2 0 0 0 0 0

0 -1 0 0 0 0

-1 0 0 -7 0 0 O
W)\’)\/T = (W (jT i W, T 13
( ) ( A( ) ) 0 0 0 0 —1 0 A(Q> ( )

0O 0 0 -2 0 0

o 0 0 O 0 1

extends to a holomorphic function of 7 € C'.

Note that Equation (13) follows from (12) and (10).

To make contact with the results of the paper [GW], Equation (13) becomes the cocycle
U(=1/7)7'D(7)U(7) where Uy(7) = (Wy(e*™)T)~1 and D(7) is the automorphy factor in
the middle matrix of the right hand side of (13).

3. THE ¢-SERIES

3.1. Algebraic properties of the Faddeev quantum dilogarithm. As stated in the
introduction, all of our theorems follow from algebraic properties of state integrals, which in
turn follow from some well-known properties of the Faddeev quantum dilogarithm function;
see [Fad95] as well as [AK14, App.A]. In this section we review these properties briefly and
highlight their algebraic aspects.

To begin with, the Faddeev quantum dilogarithm function is defined by

1 672ix'w dw
By (1) — <_ _> 14
(@) exp 4/]R+Z-E sinh(bw) sinh(b~'w) w (14)
In a certain range of parameters, the Faddeev quantum dilogarithm is given by a ratio of
two infinite Pochhammer symbols as follows

(627rb(z+cb) q)

(I)b(x) = (egﬁb—l(xfcb’); (j)oo ) (15)
where _
g=e¥ Gt o %(b +07Y, Im(b?) > 0. (16)

Remarkably, the ratio (15) admits an extension to all values of b with v* € C \ (—o0,0].

P, () is a meromorphic function of x with poles in the set ¢, +iNb+iNb~1. In other words,

the poles are given by z,,, = z(m + %)b + i(m + %)lf1 with m and n nonnegative integers.
The Faddeev quantum dilogarithm satisfies the quasi-periodicity

Oy(x +cp +1ib) 1 Dy(z+c+ib") 1
Oy(z+cp) 1 — gembe Qp(z + ) 1 — g lezmtie

Quasi-periodicity among other things, explains the structure of the set of poles, and what’s
more implies (see [GK17, Lem.2.1]) that the residue of ®,(z) at the pole z,,, is given by

b (¢:9)00 1 1
Resy—s,, , Pp(x) = b (@9) : (18)

21 (4 0) o0 (4 @)m (G756

(17)
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Notice that the poles are parametrized by a pair (m,n) of natural numbers and the residue
decouples, i.e., it is the product of a function of m times a function of n.

Although it will not play in our paper, we mention that the Faddeev quantum dilogarithm
satisfies the functional equation

§\~

22 1
Oy (2)Pp(—2) = ™ 0y(0)?, Dy(0)* = 21 (19)
which implies that its set of zeros is the negative of its set of poles, and also allows us to
move ®y(z) from the denominator to the numerator of the integrand of a state-integral.

3.2. Factorization. To prove Theorem 1, we observe that the integrand is a meromorphic
function of . We then deform the contour of integration upwards, apply the residue theo-
rem and collect residues. The poles of the Faddeev quantum dilogarithms were discussed in
the previous section, and they are parametrized by the lattice points z,,, in a two dimen-
sional cone, and the residues are decoupled functions of m (involving ¢) and n (involving
q), see Equation (18). This decoupling persists when we evaluate the exponential function
e mRe—a) + 2NNz gt g Thus, the sum over the lattice points (m,n) of a two-
dimensional lattice becomes a product over the lattice points m of one-dimensional lattice
times a product over the lattice points n of the other one-dimensional lattice. Taking into
account that the integrand of (3) is the product of three Faddeev quantum dilogarithms,
this gives the proof of Theorem 1.

The details of the factorization of the original state integral (2) were given in [GZ23,
section A.6]. Following the same proof mutatis mutandis and inserting the integers A and X',
produces the definition of the g-series given in Equations (20) and (23) below and concludes
the proof of Theorem 1 O

The corresponding series are given as follows. We define H/\jfj(q) for |[¢f < 1and j =0,1,2
by:

H+ = Z x m pA,J, )7 H)T’,j (Q) = <_1)X Z T)\’,nPX,jm(Q)a (20)
with
( ) qm(2m+1)+)\m ( ) qn(n+1)+)\’n ( )
@) = 7—7——— Tvauld) = —5— 21
(¢ 9)2.(0; @)2m (4 9)2 (45 @)2n
and

Prom(@) =1, paim(q) =4m + A+ 1—2E"(q) — 2E7™(q),

m m 1
Pram(@) = Pram(0)® — 2B (q) — 4B (q) — 5E:(a).
Pyon(@) =1, Puialg) =20+ X + 1= 2E"(q) - 251" (q),
1 n n 1
Puzn(@) = Prean(@)® + 1255 (0) = 5 = 25" (g) = 45" (0) + 3&:(a).

(22)

and for j = 3,4,5 by:
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_ /8 o0 _(2m+1)(m+1)+A(m+1/2) o n(n+1)+A'n
HT _ ( 1))\‘]1 q HE, — g T
Aa(@ (1 —q'/2)2 = (%% )% (@ D)2m+ ¥4l nz::() (=4 9)7(55 D)2n
sl (2m+1)m+iAm B _1)x’ —1/8 ©  _n(n+2)+N (n+1/2)
o+ q o _( q q
rald) = Z (=492, (¢ )2m 3.0 (1—q1/2)2 = (¢*/%,9)2(q; @) 2n+1 (23)
(2m+1) (m~+1)+A(m+1/2) -1/8 o0 n(n+2)+N (n+1/2)
+ q _ . 4 q
His(@) = (1 +ql/2 z::() ~4%/%.9)% (4 @)2m+1 a0 = (1+q71/2)2 nz::(, (%% 03 (65 D)2nt1
Here, £ (q) and & (q) denote the Eisenstein series of weights 1 and 2
=1—-4 Elq)=1—-24 24
e Sole
and
-1, s(m+1)
s q
B0 =Y (25)
s=1

are some series that appear in the factorization of one-dimensional state integrals [GK17].
When (A, X') = (0,0), this factorization can be connected to that in [GK15, eq. (52)] (see
Appendix A below).

3.3. The linear ¢-difference equation. In this section we prove Theorem 2. We will use
elementary telescoping summation than the more advanced methods of [WZ92].
We begin with the case j = 0 and |¢| < 1, hence

. . 1 20 miemt1)+xm
old) = Hiple) = ZO 26 @)2m
Since (¢;¢)m = [11~,(1 — ¢*), we have
q)\ i m(2m+1)+Am Z q" m(2m+1)+A(m+1) _ i q'(m;l)(me.l)Jr/\m
—~ (¢ %@ Dom =, (@ Dam A= (@001 (4 D2m—2

% qm(2m+1)+)\m (1 o qm)Q(l o q2m—1)(1 o q2m)
m=1 (q’ q)%’b(q7 q)2m q4m71

Since 1 — ¢™ = 0 when m = 0, we can replace the summation in the above equation from
m =0 to m = oo. Since

(1—q¢™)(1— ¢ 1) (1 —¢™)

q4m71

— q174m_2q173m_q72m+2qlfm_'_2q7m_q_2qm+q2m7 (26)

we obtain

m(2m+1)+>\m

oo
)\H;\i—o )\ Z q) (q174m _ 2q173m _ q72m + 2q17m + 2q7m —q- 2qm + qu)
— 2m

Hy_, 0( ) + 2qH§_3,o(Q) — Hy,0(q) — 2+ 29)HY_, o(q9) — ¢Hy o(q) + 2H} o(@) + HY50(q) -

This gives the g-difference equation for H) ;(¢) when j = 0 and |g| < 1. Similarly one proves
the ¢-difference equation for the cases j = 0,3,4,5 and whenever |g| # 1.
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For j =1 and |g| < 1, we have

.\ A @t +am Q)
Hyi(q) = Hy,(q) = ZO G T TaPam(@.
where
Paim(q) = 4m+ X+ 1= 2B (q) — 2B (q).
Hence
qHY 41 (q) +2qH_ 4, (q) — HY 1 (q) — 2+ 29)H{_, , (q) — qH3 (q) + 2H3, 1 () + H 51 (q)
)\ et tam

mZ::O GG Do)

where

I (@) =" """ prcaam(@) — 26" pas1m (@) — P Pa—2,1,m () 27)

+ (24 20)q " Pr-1.1.m(7) — A1 (Q) — 20" Prr1.1.m(0) + P Prv2.1.m(Q)-

. A m(2m+1)+Am
We are going to show that (—1)*> >, mg,\,m
sive relation that

B - B =3 (T ) e = e

—\l-¢ 1-¢

(¢9) = ¢*Hy 1 (q). Noticing the recur-

s=1
we convert py 1,,(¢q) into the following form

. - 20™ 2 2m—1 2 2m
Paim(q) =4m + A+ 1 — 2E£ U(Q) - 2E£2 2)(Q) + 1 _qqm + 1 _qqzm—l + 1 _qq2m

—4(m = 1)+ A+ 1= 2B (g) — 2B (g) 4 fym(g) + 4 29)
:p)\,l,m—l(Q) + fl,m(Q) + 47
where - )
2q™ 2q°™~ 2q°™
Frm(g) = 4 + . (30)

1 — qm 1 — q2m71 1 — q2m
Substituting the (29) into (27), combining the common factors px1m-1(q¢) + fi,m(¢) and
applying the identity (26), we see that

pnle) =D (@) + i)

— (2¢'7°" +2¢7*" — 6(q+ 1)g™™ 4+ 4g + 10¢™ — 64°™) .

Since

(1—q¢™)*(1— ¢ 1) (1 —¢™)
q4m71

fim(q) =2¢" 7" +2¢7*" — 6(q + 1)g™™ + 4q + 10¢™ — 6¢°™,

we conclude that

(1—q¢m)*(1— ¢ ") (1 —¢™)
q4m71

gA,m(Q) = p)\,l,m—l(Q)-
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Therefore

Py

0 q q)2m

m(2m+1 )+Am 0 q(m—l)(2m—l)+)\m

——————m(q) =(=1)* Z T

p)\, m— q
q; Q)m l(qa Q)Qm—2 ! 1( )

m(2m+1)+im
: >\ )\ §

as desired. Similarly one proves the g-difference equation for j = 1,2 and |g| # 1, using the
recursive relation (28) and

(0 D —————pa1m(q) = ¢ H (q),

> s(m—+1) sq°™ 0 m
B (q) — B (g) = (Sq _ ) S S
This completes the proof of Theorem 2. O

3.4. Self-duality. In this section we prove Theorem 3. Throughout this section we assume
lg| < 1 and give the proof for this case only; the proof for |g| > 1 is similar and is omitted.
Our method can be used to give a systematic proof of the self-duality properties of the
g-holonomic modules that appear in the refined quantum modularity conjecture of knot
complements or of closed 3-manifolds.

We first compute the determinant of the Wronskian W, (q). It is well-known (see eg [GK13,
Lemma 4.7]) that it satisfies the first order linear ¢-difference equation

det(Wi1(g)) — gdet(Wa(q)) = 0.
It follows that det(Wy(q)) = ¢*c(q) for some g-series c(q) independent of \. We claim that
det(Wa(q)) = 324" + O(¢*?), (32)

for all sufficiently large natural numbers A, which implies that c(q) = 32¢*'/%. To show (32),
recall that Wy (q) = (H;\r+zj(q))0<ij<5 when |g| < 1. The definition of H} ;(q) implies that

Hy,(q) = Ry ;(a) + O(¢™?), (33)

where Rj{, (@) and R, ;(q) are given by

A\ q)\+3
Ry ;(q) = (-1) (pA,j,O(Q)+pA,j,1(1_ ) j=0,1,2,

¢)*(1+q)
1/8 14+X2/2
_ x4 q

R)t?;(q) - (_1) (1 - q1/2)2 1 . q 9

e &l

+ _
R)\,4<q) =1 + (1 + q)3(1 _ q)27
1/8 1+2/2
q q

Rjﬁ(‘]) =

(1+4¢'2)? 1—¢q’
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and
B _ N q/\+2 o
)\,](q> - (_]‘) P)\ajao(q) +P)\,j,1(q) (1 _q)4(1+q) I j _0’1727
—-1/8 A2
_ q q
Ry4(q) = (1 ,
)\,3<q> ( ) (1 . q—1/2)2 1— q (35>
q)\+2
R (q) =1+ ,
ald) (1+q)*(1 - q)?
-1/8 22
- _ q 4q
R)\,S(q> - (1 +q_1/2)2 1 — q
Thus,
Wi(g) = Ralq) + O(¢*?), (36)
where R,\(Q) = (R)\Jri’j (Q))Ogi’jggy Since
det(Wi(q)) + O(¢*?) = det(Rx(q)) + O(¢*?) = 32¢ /4 + O(¢*?) (37)

Equation (32) follows. It is noteworthy that the Eisenstein series £ (¢) which appear in the
entries of Ry(q) cancel upon taking the determinant. The same happens in the entries of the
matrix (45) below.

This concludes the proof of (9). We next prove the orthogonality property (10) following
the method of [GW, Sec 2.5]. By the g-difference equation (11), we have

Wisi(q) = AN QW) Wosoi(g™) = AN g)Worlg™), (38)
where
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1
—q —2¢ 1 2(1+q) g+ -2
and
-2 q 2(1+q) 1+¢% —2¢ —q
1 0 0 0 0 0
- N 0 1 0 0 0 0
AO‘aQ) :A(_/\_ 1,q 1) b= 0 0 1 0 0 0
0 O 0 1 0 0
0 O 0 0 1 0
Consider
—-12 8 —4 2 0 0
8 —4 2 0 0 0
-4 2 0 O 0 2
Qra=1 4o 4 ¢ o 2 —4
0 0 0 2 —4 8 + 2¢*2
0 0 2 —4 8+2¢" —12 —4¢ 2 — 4¢3
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It is casy to see that the matrices A, Q and A (all with entries in the polynomial ring
Qg™ ¢*]) satisfy

AN )QN, AN +5,9) = Q(A+1,q). (40)
Note that all matrices above are invertible, with determinants
det(A(N,q) =¢q,  det(A(Xq)=q,  det(Q(X,q) = —64¢°">*. (41)

Using (38) and (40), we see that
T

War(@) ' QA +1,9) (Wors(e™) ™) = Wa(@) ' QN @) (Woas(eH ™),
hence Wi(q)'Q(A, ¢) W_x_s(¢™)™)" is independent of A. The claim is that we have

003 0 0 O

010 0 0 0

- -\ 100 0 0 0
W)\(Q) IQ()‘aQ) (W—)\—Ez(q 1) 1) =D = (2) 00 —1 0 0 (42)

000 0 3 O

000 0 0 -1

Since we have seen that the left-hand side of (42) is independent of A, it suffices to show
that

_ - I\T
Wala) QA q) (W-r—s(a™)™!)" = D+ 0(¢"?), (43)
for any sufficiently large A € N. Equation (36), together with (9) gives that
i) QO g) Worss(a™H) ™) +0(6™?) = Ra(@) ' QN q) (Roass(@) ™)' +0(0V?) (44)
and an explicit calculation shows that

Ry(@)'Q(\q) (Ras(a ™)) +0(a¥?) = D+ 0(¢*?) (45)

where R_y_5(¢~') "' 4+0(¢"/?) can be computed by multiplying the adjugate of R_y_5(¢~")+
O(¢?) with the inverse of its determinant (36). Equation (43) follows.
This concludes the proof of Theorem 3. O

4. STATIONARY PHASE OF THE DESCENDANT STATE INTEGRAL

4.1. Stationary phase. In this section we compute the stationary phase of the state integral
around its critical points. This is a well-known method of asymptotic analysis that can be
found in many classic books (eg., [Olv74]). For convenience, we define a renormalized version
of the descendant state integral (3) given by

SN NN SV
Z200 (1) = (@95 2050 (7). (46)
Throughout this section, we will use the notation
= 2miT, T =0b%, (47)
and determine the asymptotic expansion of Z((i;‘;? 7»(7) as = 0.

It turns out that there are 6 critical points «
(@®—a—-1)(a®*+2a* —a—1)=0 (48)
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in two Galois orbits of the cubic number fields with discriminants —23 and 49, respectively.
After a change of parametrization of these number fields (to match with the conventions
of [GZ], these critical points are given by

a=-¢(+&8,  £-&+1=0 (49a)
a=-1-n P+ -2n—-1=0. (49b)
The next theorem computes the stationary phase expansion of Z ((i’;‘;) 7 (1) at each critical

point.

2mi) log o

Theorem 5. The stationary phase of ZA((iQ)\;)n(T) is gien by e & D@ (B, where

o0
Vo,0(e)

R A
SO R) = et O\ h),  BINR) = e > (@, A (50)

ViA(«) prd

and
%70(04) = 2L12(—Oé) — LiQ(Oé72>,

Ala) = —2a° +120° — 2a* — 16a — 10,

and cp(a, A) € Q(a)[A] are polynomials in \ of degree 2k with coefficients in Q(«) with
co(a, N) = 1 given explicitly by a formal Gaussian integration.

(51)

We have computed 400 coefficients of the above series for A = 0 and 40 coefficients for
general \. Since there are two number fields involved, we present the asymptotic series

®@) (X, h) separately for each field. For a as in (49a), we have

Vo,0

)\7
5) (A 1) — oren Ll T 3> 2 (3 21 17)
d (A’h)_\/i(—6§2+10£—4)(1+<< 465 92§+92 A+ 16° 92£+46 A

(52)
293 , 127 681 9
T R161° T 21165 8464>h+ Ot ))’
and for a as in (49b), we have
ore i 1 1 1 1 1 3
% (o) _ : o A 2 L2 L 9
Py Vi(—4n% + 21 — 2) <1+< <28n T 28> o (28n T 14> A (53)
Lo, 1, 17 2
te" 1" 168>h+0(h )) .
We can give more terms when A = 0. For « as in (49a), we have
V0,0
. 3 293 127 681
) (0,h) = ¢’ 1—|—( £+ §— )h
Vi(—6£2 +10¢ — 4) 8464 2116° 8464 50

65537 , 50607 2535 \ ., 5
- n n
- <62295045 6220501° 778688) + 0l )>’
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and for « as in (49b), we have

(0.1 e Ly (2B, 12T, 81,
i 127 - 2) 8164° ' 2116° 8464

(55)

65537 20607 2535
— h? + O(h?
* (62295()46 6229504g * 778688) +0( )>’

4.2. Formal Gaussian integration. Using the identity (19) we convert the descendant
state integral into the following form,

, ~ 31 . 1p—
Z((ig,s),n(ﬁ) - (%) /]R . By () Py (2 — cp)e )TN gy (56)
—+1 >+

2
_ / Py () 2T (A=Xb~ 1)z dz, (57)
R+i 2 +ie Oy(—22 + cp)

and then apply the approximation [AK14, eq. (65)]

o0

z on—1 Ban(1/2) . R
D, <2_7rb) = exp (ZO h %le_gn(—e )) )

n—

We begin with a change of variables x +— so that

2b7

Oy(z)? c1>,,( : ) ~ exp (Zif” 1Bon 1/2)2L12_2n(—62)>

and

27h (2n)!

- (Z h2”1—32("2%/!2)Li22n(622+3)> |

—22 + 27b = Bon(1/2
<I)b(—233 + Cb) = ¢, (M) ~ exp (Z h2n—1 2 ( / )L12_2n(_e—2z+2wbcb))
n=0

Using the identity

oo .
L o —2z
Lip o (720 = Y Ml T
k=0 )

. _o,1h OoLifnfke_Zz hk
Liy_g,(—e %7"2) :Z = k!( ) (5) '

k=0

we have

Collecting the above equalities up, we obtain

1 2miN
~ exp | Az + z+V(z,h) | dz,
) V2mih / P < h ( ))

(AN
Z(—2,3,7)(h
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where

BQn(1/2) Bgn ]./2) L12 o2m— k( 23) 1
V h h2n 1 21 n h2n+k 1 -
= % (2n) T n;ﬁ 2n)! T

2 1 Bon(1/2) Bon(1/2) Lig_gn_ax(e?) 1
_ B2l 2 iy o (—e?) — p2nt2k—1 L
; o 2Hean(=¢) (n%) (2n)! (2k) 2%

B 1/2) L11 2 Qk( 2z) 1
p2n+2k 2n n—
2 U (2k+ 1) 22

n,k>0

n

_ on—1 [ Ban(1/2) . Bynar(1/2) Liy gn(e”*)
Zh ( oy 2l e)_;(2n—2k)!(2k)! 92k )

. Bon or(1/2)  Li_an(e~2)
+Zh (‘Z 2n—2k)1(2k + 1)1 22841 ) ‘

Therefore, if we define

o0

o Bon_2(1/2) Lij_o,(e7%%)
Vania (2) = = Z% (2n — 2k)!(2k 4+ 1)1 22%+1 7

n (58)
Bon(1/2) . Bon—21(1/2) Li2—2n(€_2z)
Vn = — - 2Liy_ n\ " ) — )
nl2) = =gy 2liz-an(=e) kz_o (2n — 2k)I(2k)1 22
then V(z,h) = > 02 A" 'V, (2), hence
A 4 2miN -
Z0X) (h) ~ ! exp ()\z + z+ Z R, (z)) dz
(—=2,3,7) - n
V2rmih h =
Solving & (2miNz + Vy(z)) = 0, we find that the critical point equation is
(@®—a—-1)(a*+2a> —a—1)=0, (a=c¢e). (59)

The expansion V,(z) = > >°_ (2 —log &)™V, m(log ) at a critical point z = log v thus gives

m=0

Vg o+2miA log o
. A ]
~ ! e h m m
Z((i’;?}ﬂ(h) ~ , / dye'o2? exp | Ahzy + 3 RE Ty Vo + Y BT EY
> 271 =
m>3 n>1,m>0
wi) lo a A
— ¢ . (N R).

(60)
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where the change of variables z — log a + h%y is applied, and

Voo = 2Lig(—a) — Lig(a™?),
%71 = —27Ti)\,,

1 1
Vip= —§Li1(o¢_2) =35 log(1 — o ?),

) o a’?—a+2
Yoz =Lin(—a) = 2io(a™) = —prgsergy mof mal sTat vt dak s, (g
1 Bon(1/2) .. a2) —~  Bayai(1/2)
nam — — 72]—4 —2n—m L n— m ’
Van, ml < (2n)! 12-2 (—a) = (=2)"Liz— ZO 2n — 2k)!(2k)122k
. (72)771 . ) - BQTL—Qk(l/Q)
VQn-f-l,m = - m) L11—2n—m(a )kzo (2n _ 2]{:)!(2]{: + 1)!22k+1'

Note that for n = 1 and m = 0, we have h”’”%ymvn,m = V1. Expand the exponential
in the integrand, collect A’s and use the formal Gaussian integrals, we obtain

A Qe i Vo e
SN h)=——— (1 +0(h — (1 +O(h
) = e (L 0) = e (14 0)
where
2Voo  —2a%(a® —a+2) 5 3 5
A= = = = -2 120 — 2a” — 160 — 10..
o (0= 12(a+1) a’ + 12a a 6 — 10
This concludes the proof of Theorem 5. 0
When o satisfies (49a), we have
1
Vip==log(1—¢%), Voo=-38+2, A=-6+10{—4 (62)

2

whereas when « satisfies (49b), we have
1
Vip = 510g(7]2+77—2), Vog=-1n"=3n+3, A=—-4+2n—2. (63)

Computing out the formal Gaussian integrals in (60), we obtain (53) and (55).

5. ANALYTIC ASPECTS

In this last section we discuss analytic aspects of matrix-valued holomorphic quantum
modular forms. We have already introduced the descendant state integrals which are analytic
functions of 7 € ', as well as the collection of g¢-series Hf(q) which are holomorphic
functions of 7 (where ¢ = ¢?™7) in the upper half plane Im(7) > 0. In this section we discuss
the radial asymptotics of these holomorphic functions as 7 tends to zero in a fixed ray (i.e.,
arg(r7) =0 € (—m, ) is ﬁxed) Naturally, one expects these asymptotics to be given in terms
of the formal power series ®® (X, k) of Section 4, up to some elementary constants.

All results that we report in this section are numerlcal, and void of proofs.



ALGEBRAIC ASPECTS OF HOLOMORPHIC QUANTUM MODULAR FORMS 17

5.1. Asymptotic expansion of the ¢-series. Fixing a ray arg(r) = 6, we first computed
numerically the values of the series (5) when 7 = €/N for N = 800,...,1000 to high
precision in pari using the inductive definition of pg o, (q) and P, (¢) obtained easily from
their definition (22).

We then used Richardson and Zagier’s extrapolation methods which are explained in [GZ]
and in great detail in [Whe23], to extrapolate numerically from this data the coefficients of
their asymptotic expansion. Properly normalized, these are algebraic numbers in a known
number field (one of the cubic fields of (49a)— (49b)) that are known to high accuracy, which
can then be recognized exactly. Having done so, the coefficients that we found ought to
match one of the @(0)(71) series, up to some elementary factors, for some value of o, which
of course depends on the ray.

For example, when arg(r) = 7/5, we found numerically the following relation between

the radial asymptotics of the g-series (5) and the asymptotic series ®, where h = 2mirT and
2miT
q=e"".

124 ~1/24
) = (1) reteom, e - (1) retamen
9 q q
v —1/24
) = (1) Feew e = (1) Feeen
b q q
1/24 1/24
2 T A 5 i oA
mhe) = (1) 2o Hye) = (1) ZeTo(-n
7 q 3T q 67
AVHL L. AVHT L (64)
Hys(q) = (5) S€ 1O Hyylg) = <5) SR ()
; 1/24 - . —1/24 ,
Hi) = (1) 2 e ) = @ (1) 2 aeom
9 q s q
; 1/24 - . ~1/24 _
Hys(q) = ¢ % <g) e TOU(h)  Hyslq) = G5 <§) % B9 (1)
9 q s q
Here o, for j = 1,...,6 are the six roots of the polynomial (48) with the numerical values
o1 = —0.662 — 0.562i, 0y = —0.662 + 0.562i, o3 = 1.325 (65)
corresponding to the field (49a) and
oy = —2247, 05 = —0555, Og = 0802’ (66)

corresponding to the field (49b), respectively.
Note that inserting the asymptotics (64) to the quadratic relation (11), one simply obtains
that 0 = 0.

5.2. Further aspects. As we explained briefly in the introduction, matrix-valued holomor-
phic quantum modular forms are complicated objects with conjectural analytic and arith-
metic properties. In the present paper, we focused on the algebraic aspects of these objects.
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Our paper does not include the following analytic aspects of the matrix-valued holomorphic
quantum modular form of the (—2, 3, 7)-pretzel knot:

e Asymptotics of the state integral as 7 tends to zero in a fixed ray. A detailed analysis
of the corresponding thimbles will surely identify those asymptotics with Z-linear
combinations of the series ¢¥ ®(\, ).

e Borel resummation of the factorially divergent series ®(\, %), and identification of
their Stokes phenomenon in terms of the series H) ;(¢). Without doubt, the Borel
resummation coincides, up to elementary factors, with the descendant state integral
itself.

e Asymptotics of the g-series H, ;(¢) when 7 tends to zero in a fixed ray. This can be
deduced combining Theorem 4 with the asymptotics of the state integrals themselves.

The paper also not include the arithmetic aspects related to the matrix of Habiro-like
elements. Those can be obtained by the factorization of the descendant state integral (3) at
rational points, following [GK15].

Acknowledgements. The authors would like to thank Zhihao Duan, Jie Gu and especially
Campbell Wheeler for enlightening conversations.

APPENDIX A. COMPARISON OF THE ¢-SERIES WITH [GZ23]

Recall the g-series H; (¢) and Hy (q) for |¢| < 1 from Equations (142) and (143) of [GZ23].
When k =0, 1, 2, the series H,;t(q) coincide with Hgfk(q), whereas when k = 3,4, 5, they are
given by

3/2 > (2m+1)(m+1) 2 el n(n+l)
i = 0% o _d i@ = G5
(D% = (632503 (¢ D2mtr (—La)k = (402 (a9)2n
2m+1) 2 o] n(n+2)
H+ q) = ( q;9 oo HT q) = oo 67
(@ (G393 mX:O ~¢ )3 (3 D2m s (@) ‘1/2 RES Z 5/2,(1)2 (4 @)2n+1 (67)
(_q3/27 q)2 s q(2m+1)(m+1) oo n(n+2)

) = o X g ) = S0 M e

2.(¢; @)2m+1 —

The comparison between the above series with the ones in our paper are given as follows.

Lemma 6. We have:

P A 1) — ot (R
Hiald) = T gmppr gr @ Hosld) = g mmp g, )
Hi(g) = ((qqq;; Hi(g) Hy\(q) = <(q1q§>°°H @ (68)
Hisg) = —L s e g - 0GR

R I N D S VT
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Proof. We need to show the following identities:

(¢** 9)3 (g 6)2 __eEgs
()% Lok 20-g¢/2)2"
(—a:9% (@ @) I
(0% (= Y%q)2  2(1—q1/2)?
(—*%9)%  (G9)% _ e % g\ /818 ]
()% (=% 9%  (1+¢Y2)2(1+ g 1/2)2

The modularity of the Dedekind n-function implies that

1
(q7Q)oo _ e%i (g) 2 L
(@ @)oo q VT
hence
(q1/2. q1/2)oo g2 —\ !
(@D g ( 5) |
Since

(0% 0700 =(¢5 Q)oc(—4; @)

(@":0"%) 00 =(0"% @)oo (@: )0
it follows that
(D (Do 1 (4" 0 (D)oo
(Do (L@ 2(1—=¢"2) (=G Qoo (¢ 0)o0

1 (6% 4" (33 0)%
21 —¢'?) (%) (¢:0)%

_ 1 —Ti 1/16, /o
—me 1q 2T,

Therefore
(% 92% (332 e 2¢/8
(0% (102 2(1—g?)?
The proof for the rest two identities is similar.

T.
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We end this appendix with a remark that the collection of g-hypergeometric series H;E, j(q)

defined and convergent for |¢| < 1 extend to |g| > 1 and satisfy the symmetry

H}tj(qil) = (_1>5jH:)\7j(Q)7 ] = 07 172 (‘Q| % 1)
This extension is possible since
e the terms of (21) satisfy ¢y ,,(¢7") = T_r.m(q),

(71)

e the Eisenstein series &£;(q) and &(q) can be extended to |g| > 1 satistying &£;(q) =

—&;i(q7") for j = 1,2 [GK15, Remark 19],
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e consequently, the terms (22) satisfy py jm(q) = (=1)? Py jm(q ') for j = 0,1,2. This
follows from the identities

_ 1- 51(‘1)
4

0, v 1—&lq)
EQ(q) = o1 (72)

and the recursive relations (28) and (31).

The symmetry for 7 = 3,4,5 is obvious.
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