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Sheet 5

Hand in on Thursday, 15th November, prior to the lecture.

Exercise 1

Let V' be a finite dimensional real vector space and R C V a root system. Fix two roots
«, B € R. In this exercise we analyse the possible angles between a and 3. Recall from the

lectures that we may equip V' with a positive definite bilinear form (—, —) such that each
reflection s, is orthogonal with respect to this form. We also saw that we have
vV (O,/, ﬁ)
=2 . *
(0, 0) =22 ()

a) Let ¢ denote the angle between o and . Show the relation
(", B)(8Y @) = 4dcos ¢

Conclude that (", 8)(8Y,a) € {0,1,2,3,4}. (Hint: Use (x) together with the fact
that, in an Euclidean space, we have (v, w) = ||v|| - ||w]|| - cos ¢, where ¢ denotes the
angle between v and w.) (1 point)

b) Show that, if & and [ are not proportional, we have
¢ €{r/2,m/3,2n/3, /4,37 /4,7/6,57/6}.
What can be said about the ratios of the lengths of o and § in each case? (1 point)

c¢) Describe (Ra + RS) N R and deduce that any rank 2 root system is isomorphic to
Ay x Ay, Ay, By or Gy (as claimed in lectures). (1 point)

d) Show that («", ) > 0 and « and [ are not proportional then §— « is a root.(1 point)

Exercise 2

Let R C V be a root system. Show that the set RY = {a" | & € R} is a root system in V*.
(We call RY the dual root system to R). (4 points)



Exercise 3

Let R C V be a reduced root system and A := {ay,...,a,} C R be a basis of R with
associated Cartan matrix A := (o) (a))1<i j<n-

(a) Show that for each positive root 8 (relative to A) there exists a sequence iy, ..., i in
{1,2,...,n} such that each partial sum a;, + ... + oy, (for 1 < j < k) is a root, and
B=ai+ ... +a,. (2 points)

(b) Describe an algorithm to reconstruct the set of roots from A and A. (2 points)

Exercise 4

Given any of the pairs (V,R) in the list below, prove that R is a root system in V,
construct an explicit basis and compute the corresponding Cartan matrix and Dynkin
diagram. (4 points)

Ay V=3 jae, e R" | S0 1a; =0} Ri={e;—e; | 1 <i#j<n}.
D,: V:=R" R:={fe;xe; | 1<i#j<n}
B,: V:=R" R:={te;,xe; £e; | 1 <i#j<n}.

Cp: V:=R" R:={+2¢;,+e;, te; | 1 <i#j<n}



