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Abstract

In previous work with M.C. Fernandes, we found a Lie algebroid symmetry for
the Einstein evolution equations. The present work was motivated by the effort to
combine this symmetry with the hamiltonian structure of the equations to explain
the coisotropic structure of the constraint subset for the initial value problem.
In this paper, we extend the notion of hamiltonian structure from Lie algebra
actions to general Lie algebroids over presymplectic manifolds. Application of this
construction to the problem in general relativity is still work in progress.

After comparing a number of possible compatibility conditions between an an-
chor map A — T'M on a vector bundle A and a presymplectic structure on the base
M, we choose the most natural of them, best formulated in terms of a suitably cho-
sen connection on A. We define a notion of momentum section of A*, and, when A
is a Lie algebroid, we specify a condition for compatibility with the Lie algebroid
bracket. Compatibility conditions on an anchor, a Lie algebroid bracket, a mo-
mentum section, a connection, and a presymplectic structure are then the defining
properties of a hamiltonian Lie algebroid. For an action Lie algebroid with the triv-
ial connection, the conditions reduce to those for a hamiltonian action. We show
that the clean zero locus of the momentum section of a hamiltonian Lie algebroid
is a coisotropic submanifold. To define morphisms of hamiltonian Lie algebroids,
we express the structure in terms of a bigraded algebra generated by Lie algebroid
forms and de Rham forms on its base. We give an Atiyah-Bott type characteri-
zation of a bracket-compatible momentum map; it is equivalent to a closed basic
extension of the presymplectic form, within the generalization of the BRST model
of equivariant cohomology to Lie algebroids. We show how to construct a group-
oid by reduction of an action Lie groupoid G x M by a subgroup H of G which
is not necessarily normal, and we find conditions which imply that a hamiltonian
structure descends to such a reduced Lie algebroid.

We consider many examples and, in particular, find that the tangent Lie alge-
broid over a symplectic manifold is hamiltonian with respect to some connection
if and only if the symplectic structure has a nowhere vanishing primitive. Recent
results of Stratmann and Tang show that this is the case whenever the symplectic
structure is exact.
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CHAPTER 1

Introduction

We introduce in this article a notion of hamiltonian Lie algebroid over a presym-
plectic manifold. The definition consists of three conditions, each of which general-
izes a standard condition in the case where a Lie algebroid is the action Lie algebroid
g X M associated with an action of a Lie algebra g on a presymplectic manifold M.

Recall that an action of a Lie algebra g on a presymplectic manifold (M,w) is
called hamiltonian when the following three conditions are satisfied:

(1) the action of g leaves w invariant;
(2) there is a momentum map u : M — g* for the action;
(3) w is equivariant for the infinitesimal coadjoint action of g.

To express these conditions in terms of the action Lie algebroid A = g x M,
we first notice that the action is encoded in the anchor p : A — TM. Next,
the momentum map can be considered as a section of A*; thus, for a general Lie
algebroid we will look for a “momentum section” of A*. To express conditions (1-3)
above in terms of the action Lie algebroid, though, we need to restrict attention to
constant sections of A, which correspond to elements of g.

In a general Lie algebroid, which may not even admit a trivialization, there
is no natural notion of constant section. Instead, we will add to our structure a
vector bundle connection D on A. When D is the product connection on g x M, the
constant sections are the horizontal ones. In general, we have only sections which
are “horizontal at a given point,” so we may attempt to impose our conditions
point-wise. It is more useful, as we will see, to express conditions (1-3) by formulas
involving D, applied to general sections. The other ingredients in these formulas
are w, p, and the A*-valued 1 form + defined by (y(v),a) = w(v, p(a)) for vector
fields v and sections a of A. Starting with D, we get a dual connection on A*, and
from there a degree-1 operator (which we also denote by D) on the graded vector
space Q°(M, A*) of A*-valued differential forms on M.

We can now make the following definitions, which reduce, for an action Lie
algebroid with the trivial connection, to the usual definitions for Lie algebra actions.

DEFINITION 1.1. Let (A, p,[, ]) be a Lie algebroid over a presymplectic mani-
fold (M,w). With D and v as defined above:

(H1) A is presymplectically anchored with respect to D if
Dy =0.
(H2) A section p € T'(A*) = Q°(M, A*) is a D-momentum section if
Du=r.
(H3) A D-momentum section p is bracket-compatible if
(dp)(a,b) = =(v(pa),b)

1



2 1. INTRODUCTION

for all sections a and b of A, where d is the Lie algebroid differential, a
degree-1 differential on the graded algebra T'(A®A*).

A Lie algebroid together with a connection D and a section u of A* satisfying (H1)
and (H2) is called weakly hamiltonian. It is called hamiltonian if it satisfies
(H1)-(HS3).

Note that (y(pa),b) = w(pa, pb), which shows that the right hand side of con-
dition (H3) is always antisymmetric in a and b.

In Chapter 2, we arrive at a version of the condition (H1) in terms of local
sections, choosing one from among several possible notions of what it should mean
for a Lie algebroid to be compatible with a presymplectic structure. This choice is
based partly on examples, but we see in Chapter 3 that the definition has a very
natural formulation in terms of connections.

In Chapter 4, we introduce the notion of D-momentum section for a Lie alge-
broid presymplectically anchored with respect to a connection D, and we define in
Section 4.2 what it means for a momentum section to be compatible with a Lie al-
gebroid bracket. (Until this point, the bracket on sections of A is irrelevant, and we
assume simply that A is provided with a connection and a bundle map A — T'M.)

We reach in Chapter 5 one of the original goals of our work, which is to show
that, like the zero set of the momentum map for a hamiltonian Lie algebra action,
the zero locus of the momentum section of any hamiltonian Lie algebroid is coiso-
tropic. It turns out to be useful here to express bracket-compatibility in terms of a
torsion tensor T : A2A — A associated to the connection D.

Having established the definitions and some properties of hamiltonian Lie alge-
broids, we proceed in Chapter 6 to study a wide range of examples. After dealing
with the rather simple case of bundles of Lie algebras (where p = 0), we move to
the other extreme case, where p is an isomorphism, so that A is (isomorphic to)
the tangent Lie algebroid. We will see that T'M is presymplectically anchored with
respect to a connection D exactly when the presymplectic form w is parallel with
respect to an “opposite connection” D. Such a connection exists if and only if w has
constant rank. In fact, it is known that the connection can be chosen so that its tor-
sion takes values in the kernel of the map -, which is here the map @ : TM — T*M
associated to w. When w is symplectic, the torsion can thus be made zero. For our
purposes, though, when it comes to finding bracket-compatible momentum sections
(which are in this case 1-forms on M), it will be essential to admit connections with
nonvanishing torsion. We come to some surprising conclusions, including the result
that the tangent bundle of a symplectic manifold has the structure of a hamiltonian
Lie algebroid if and only if w = du for a nowhere vanishing 1-form p. This raises
a question of symplectic topology: for which exact symplectic structures does a
nowhere vanishing primitive p exist? We give some classes of examples for which
it does exist (such as the cotangent bundles of noncompact manifolds); we know of
no example for which it does not.

To further develop the theory of hamiltonian Lie algebroids, we introduce and
study in Chapter 7 a notion of morphism, using a bicomplex which provides a unified
framework for the various structures that make up a hamiltonian Lie algebroid. The
section ends with the example of transitive Lie algebroids.



1. INTRODUCTION 3

Our original motivation came from previous work on the Einstein evolution
equations for a gravitational field in a spacetime free of matter, which are a hamil-
tonian system on a symplectic phase space P of Cauchy data. Because the cor-
responding lagrangian functional is degenerate, the initial conditions must belong
to a constraint subset C C P. It is known that the constraint subset is coiso-
tropic and has conic singularities, geometric properties which are characteristic of
the zero level sets of momentum maps for hamiltonian actions of Lie algebras (see
e.g. [OR04]). But the constraint functionals cannot actually be the components
of a momentum map. When their Poisson brackets are written as linear combi-
nations of the constraint functions themselves, the coefficients are functions on P
rather than constants, as would be the case with the momentum components of a
hamiltonian action of a Lie algebra action on P.

In [BFW13], with Marco Cezar Fernandes, we found a Lie algebroid over
an enlarged space P’ mapping onto P, with a natural trivialization for which the
bracket relations among constant sections match the bracket relations among the
constraint functions. What was missing was a connection between our Lie algebroid
and the symplectic geometry of P which would be analogous to that of a hamiltonian
action of a Lie algebra. The present paper begins to fill that gap by introducing
a notion of hamiltonian Lie algebroid for which the zero set of what we call the
momentum section is coisotropic. So far, though, we have not succeeded in finding
the required presymplectic structure which is compatible with the Lie algebroid.

Chapter 8, independent of the earlier material, is closely related to the appli-
cation to general relativity. It is easy to see that, if a group G acts on a set M,
and that H is a normal subgroup of G, then the action descends to an action of
G/H on M/H. We show that, even if H is not normal, if it acts freely on M,
then the action groupoid G x M still descends to a groupoid over M/H (which is
the action groupoid G/H x M/H when H is normal). This result holds for Lie
groupoids® when the action is free and proper. In any case, the reduced groupoid
is Morita equivalent to the original one. The example of interest for the Einstein
equations is that where G is the group of diffeomorphisms of a space time S, ¥ is a
distinguished hypersurface in S, M is the space of Lorentz metrics on S for which
Y is spacelike, and H is the subgroup leaving 3. pointwise fixed; we give more de-
tails in Example 8.13. Then, in Chapter 9, we discuss the reduction of hamiltonian
structures from action groupoids to their reductions.

In Chapter 10, the central result is an extension to Lie algebroids of the theorem
of Atiyah and Bott [ABB84] that equivariant momentum maps for a symplectic
action of a Lie algebra g on (P,w) (i.e., maps which make the action hamiltonian)
correspond to extensions of w to closed basic elements in a Weil algebra whose
cohomology is, under a properness assumption, the equivariant cohomology for a
group action which integrates the g-action. For Lie algebroids, the usual Weil
algebra is replaced by the one introduced by Mehta [Meh09]. We show that, in
this setting, bracket compatible momentum sections for presymplectically anchored
Lie algebroids (i.e., sections which make the Lie algebroid hamiltonian) correspond
to closed basic elements in this more general Weil algebra. This takes considerable
effort, including developing a Cartan calculus extending that from Chapter 7 in

IThe corresponding result for Lie algebroids was obtained by Lu [Lu08]. See Chapter 12 for
further discussion.
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order to give suitable definitions of what it means for Weil algebra elements to be
closed and basic.

The paper ends with Chapter 11 on open questions of varying degrees of diffi-
culty, followed by a discussion of previous work related to ours.
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CHAPTER 2

Anchored vector bundles over presymplectic
manifolds

2.1. A review of presymplectic geometry

All manifolds will be assumed to be finite dimensional and second countable,
which implies that the space I'(M, E) of smooth sections of a finite rank vector
bundle E over a manifold M is finitely generated as a C°°(M)-module. (We will
need this assumption for the proofs of Propositions 2.7 and 3.2.) For convenience,
we will also assume that our manifolds are connected.

A presymplectic form on M is a closed 2-form w € Q2(M). We denote by
w:TM — T*M, v — t,w the associated map of vector bundles. When the rank
of @ is constant, we will call w regular.! As usual, when w is nondegenerate in
the sense that @ is an isomorphism (equivalently, the characteristic distribution is
zero), we call w symplectic.

Given a subspace V' C T,,M, the subspace {v € T,,M|w(v,w) = 0 for all
w € V} will be called the presymplectic orthogonal of V' and will be denoted
by V+. The subspaces (T,, M)+, which form the kernel of @, will be called the
characteristic subspaces.

The characteristic distribution of all characteristic subspaces will be de-
noted by TM+, where we omit the parentheses to lighten the notation. For regular
w, TM™ is integrable because w is closed; the leaves form the characteristic fo-
liation. The local leaf spaces (and the global one, if the foliation is globally a
fibration) then inherit symplectic structures which pull back to w. We will call
these reduced spaces of (M,w). In the regular case, any presymplectic structure
descends to symplectic structures on these reduced spaces.

A subspace V in any presymplectic space will be called symplectic if the induced
2-form is symplectic (equivalently, if V' N V* is the zero subspace). For instance,
any complement of (7}, M)+ in T, M is symplectic. When V' C T}, M is contained
in V1, i.e. when the pullback of w to V is zero, V is called isotropic. When V'
contains V1, V is called coisotropic. Note that, since the characteristic subspace
(T, M)+ is contained in V* for any V, every coisotropic subspace must contain
the characteristic subspace.

V is called lagrangian when it is equal to its presymplectic orthogonal. A
subspace is lagrangian if and only if it is the sum of the characteristic subspace and
a lagrangian subspace of a symplectic complement.

1Unlike some authors, we will not reserve the term “presymplectic” for the regular case.

5



6 2. ANCHORED VECTOR BUNDLES OVER PRESYMPLECTIC MANIFOLDS

REMARK 2.1. Since V44 = V for any subspace of a symplectic space, it is
immediate that a subspace is isotropic if and only if its symplectic orthogonal? is
coisotropic. In the general presymplectic case, we have only V4 C V. It does
follow from this inclusion that V-t = V1 and from there that V is isotropic
if and only if V1 is coisotropic, and that V being coisotropic implies that V= is
isotropic. But V' can be isotropic without V being coisotropic. For instance, if
S is any complement of the characteristic subspace C, the latter being assumed
nonzero, then S+ = C, which is certainly isotropic. But S does not contain its
presymplectic orthogonal C, so it is not coisotropic.

Passing from vector spaces to manifolds, we call a submanifold N of M (co)iso-
tropic if all of its tangent spaces are (co)isotropic in TM. For instance, the leaves of
the characteristic foliation of a coisotropic submanifold C' (that is, the foliation tan-
gent to the characteristic subbundle (T'C)*) are always isotropic. Since coisotropic
subspaces contain the characteristic subspaces, every (closed) coisotropic subman-
ifold is a union of characteristic leaves. Thus, coisotropic submanifolds correspond
to certain subsets of the reduced space; when there is a nice reduced manifold, these
subsets are coisotropic submanifolds of it.

A vector field v € X (M) for which ¢,w is closed, i.e. for which the Lie derivative
L, w is zero, is called presymplectic. When, additionally, ¢,w is exact, v is called
hamiltonian; any function f for which df = ,w is called a generator for v, and
the pair (f,v) is called a hamiltonian pair. Not every f belongs to a hamiltonian
pair; when it does, it is called a hamiltonian function.

For two hamiltonian functions f and g, the Poisson bracket {f, g} := w(v,w),
where (f,v) and (g, w) are hamiltonian pairs, is well-defined, i.e. it does not depend
on the choice of the hamiltonian vector fields v or w. The Poisson bracket equips
the vector space of hamiltonian functions with the structure of a Lie algebra.

REMARK 2.2. Note that a hamiltonian function, since its differential df is in
the image of W, must be constant along each leaf of the characteristic foliation of
M. If the characteristic foliation is not simple, then, non-constant hamiltonian
functions may be scarce or even nonexistent.

When w is symplectic, every function f belongs to a unique hamiltonian pair
(f,vf). Note that the map C*°(M) — X (M), f — vy is an antthomomorphism of
Lie algebras. On the other hand, to be consistent with the usual definition of Lie
algebroids, we define an action of a Lie algebra g on a manifold M to be a map of
vector bundles p : g x M — T'M that induces a homomorphism of Lie algebras also
denoted by p: g — X(M). This will make it necessary to introduce minus signs at
some points, e.g. in Proposition 4.6.

2.2. A hierarchy of compatibility conditions

The most basic compatibility condition for an action p : g — X(M) of a Lie
algebra on a presymplectic manifold is that the vector fields p(a) be presymplectic
for all @ € g. We will often think of the action as a vector bundle map gx M — T'M,

2We will sometimes replace the adjective “presymplectic” by “symplectic” when the ambient
space is symplectic.
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which we will also denote by p.? From this point of view, if we consider g x M simply
as a vector bundle A, the condition that the action be symplectic is expressed in
terms of the trivialization of A in which the elements of g correspond to the constant
sections of A. (Note that this condition does not involve the Lie bracket.) As a
first step toward a notion of hamiltonian Lie algebroid, we have to find a suitable
condition on a Lie algebroid anchor p : A — T'M when A is not equipped with a
chosen trivialization.

We will next identify five reasonable compatibility conditions on an anchor
p: A — M, ordered by decreasing strength, all of which are satisfied by the anchor
of an action Lie algebroid associated to a presymplectic action of a Lie algebra: the
first is that T'(M, A) be generated by sections that are mapped to presymplectic
vector fields; the second is that the I'(M, A) be locally generated by sections that are
mapped to presymplectic vector fields (in which case subsets of the generators give
local frames around each point of M); the third is that the ideal generated by the
1-forms tpew, a € T'(M, A) be differential, i.e. closed under the exterior derivative
d; the fourth is that the presymplectic orthogonal of the image of the anchor be
involutive. We will show that the last three conditions are equivalent if the anchor
has constant rank, and we will give examples to show that all four conditions are
mutually inequivalent. We will see that the first three conditions imply that A is
equipped with a natural class of linear connections in terms of which the conditions
can be formulated in a natural way; this formulation will then play a fundamental
role in our theory. The fifth condition is that the hamiltonian functions that are
constant on the leaves of the characteristic distribution p(A) are closed under the
Poisson bracket.

Until Section 4.2, we will make use only of the anchor p: A — T'M and not of
the bracket on sections of A. Therefore, we need now only the following structure,
weaker than that of a Lie algebroid.

DEFINITION 2.3. Let A — M be a smooth vector bundle. A map of vector
bundles p : A — TM is called an anchor for A. A smooth vector bundle together
with an anchor is called an anchored vector bundle. An anchored vector bundle
will be called regular if the rank of its anchor is constant.

DEFINITION 2.4. For an anchored vector bundle A over a presymplectic mani-
fold M, the map v:=wop: A—T"M, a— tyqw will be called the w-dualized
anchor (or simply “dualized anchor”). When v has constant rank, we will call the
anchored vector bundle presymplectically regular.

Since no bracket is involved, any linear map from a Lie algebra g (or any vector
space, for that matter) to the vector fields on M gives the trivial bundle g x M the
structure of an anchored vector bundle over M.

DEFINITION 2.5. Let (A, p) be an anchored vector bundle over the presymplectic
manifold (M,w). We will consider the following compatibility conditions on p and
w:

(C1) There is a set S CT(M, A) of sections generating T' (M, A) as a C*°(M)-

module such that pa is a presymplectic vector field for every a € S.

3Given a map ¢ : A — B of vector bundles over M, we will notationally distinguish between
the value ¢(a) of ¢ at a € A and the composition ¢ o a of ¢ with a section a € I'(M, A). If no
confusion can arise we will also write, more succinctly, pa for ¢ o a.
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(C2) Ewvery pointm € M has a neighborhood U with a local frame {ay, ... ,a.} C
T(U, A) such that pay,...,pa, are presymplectic vector fields.

(C3) The algebraic ideal of QM) generated by {va|a € T'(M,A)} is closed
under the de Rham differential.

(C4) The presymplectic orthogonal p(A)* is an involutive distribution in the
sense that its space of sections is closed under the bracket of vector fields.

(C5) For every open set U C M the vector space of all hamiltonian functions
on U that are annihilated by p(A) is closed under the Poisson bracket.

REMARK 2.6. Recall that there are two natural notions of involutivity for a
family {7;} of 1-forms on M: (i) The ideal in Q(M) generated by the ~; is closed
under the de Rham differential; (ii) the space of vector fields that are annihilated by
all 7; is closed under the Lie bracket. The difference between these two notions is the
difference between (C3) and (C4). To make this paper reasonably self-contained,
we include below proofs for the well-known facts that (i) implies (ii) (Proposition
2.7), that (i) and (ii) are equivalent when the annihilator is regular (Proposition
2.9), and that in the non-regular case (ii) does not imply (i) (Example 2.10).

PROPOSITION 2.7. We have the following implications between the compatibility
conditions: (C1) = (C2) = (C3) = (C4) = (C5).

PRrROOF. Assume (C1). Since the sections in S are a generating set, we can
choose for any m a subset {a1,...,a,} of S whose values form a basis of the fibre at
m. It follows that these sections are a frame when restricted to some neighborhood
of m. The vector fields pas, ..., pa, are presymplectic, so (C2) holds.

Assume (C2). Let {U,} be a collection of open sets covering M such that every
Uy has a local frame {ap,...,a,r,} that is mapped by p to presymplectic vector
fields, i.e. all of the 1-forms 7ya, are closed. Since we assume all manifolds to be
second countable, we can assume without loss of generality that the cover {U,} has
locally finite intersections. By Ostrand’s theorem from dimension theory [Nag65,
Theorem II1.6, p. 22] we can find a finite open cover {Vy,...,V,,11} of M, where
every V; is the disjoint union of open subsets of the sets in {U,}. Over every V,
there is still a frame {aq1,...,aq -} that is mapped by p to presymplectic vector
fields. Let {xq : V; — [0,1]} be a partition of unity. Then the finite collection
S = {xqqx} of sections generates the C°°(M)-module I'(M, A). Moreover, d(y o
(Xqtqk)) = d(Xq Yaqk) = dXq N Yaqr (N0 summation over g), which shows that the
ideal generated by the 1-forms va is closed under the de Rham differential, so (C3)
holds.

Assume (C3). Tt suffices to check the involutivity of a distribution locally, so let
U C M be an open set with a local frame {a1,...,a,.} C (U, A). Let vx := va.
Property (C3) means that dvy; = Q{C A+; (summation over j) for some matrix of 1-
forms Qi, 1 < j,k <r. By definition, two vector fields v, w lie in the presymplectic
orthogonal of p(A) if 1,7x = 0 = 1,7y, for all k. A short calculation shows that

Lw,w)Vk = (EU by — lw Ev)’)’k = _Lw[/vd’yk = —lwly (Q-]]g A ’yk)
= 0, LTk — LS, Lok
= O7

so (C4) holds.
Assume (C4). Let (f,v) be a hamiltonian pair over U. We have p(a) - f =
Lo df = w(v,p(a)) for all a € A, so that f is annihilated by p(A) if and only
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if v takes values in p(A)L. Let (g,w) be another hamiltonian pair for which g is
also annihilated by p(A). Then ({f, g}, [v,w]) is a hamiltonian pair which satisfies
pla) -{f,9} = w([v,w],p(a)) =0 for all @ € A, where in the last step we have used
that p(A)* is involutive. This shows that (C5) holds. O

COROLLARY 2.8. Let p be a presymplectic action of the Lie algebra g on the
presymplectic manifold (M,w). Then the compatibility conditions (C1)-(C5) are all
satisfied for the action Lie algebroid A =g x M.

PROOF. The constant sections corresponding to any basis of g form a basis
of the C°°(M)-module T'(M, A) which is mapped to presymplectic vector fields, so
(C1) is satisfied. By Proposition 2.7 this implies the other compatibility conditions.

O

PROPOSITION 2.9. For a presymplectically regular anchored vector bundle over
a presymplectic manifold M, conditions (C2), (C8), and (C4) of Definition 2.5 are
equivalent.

PROOF. Assume (C4). If p is the constant rank of the dualized anchor ~, the
involutive distribution given by the presymplectic orthogonal of p(A) has constant
dimension n — p, n = dim M, so it is integrable by the Frobenius theorem. Let
(xt,...,2" Pyt ... yP) : U — R™ be a local foliation chart, where 2% are coor-
dinates along the leaves and 7’ are transverse coordinates. Then the dy’ span the
range of v, so we can find a local frame {a!,...,a"} C (U, A) such that ya; = dy*
for 1 < k < p and the a for kK > p form a basis of the kernel of v. We conclude
that the anchor maps the local frame to presymplectic vector fields. This shows
that (C4) implies (C2). By Proposition 2.7, this implies (C3). O

Proposition 2.9 tells us that, in the symplectic case, (C2), (C3), and (C4) are
equivalent near points where the anchor p itself has constant rank. We will now give
examples to show that, even in the symplectic case, the conditions are inequivalent
without the regularity assumption, and that (C2) does not imply (C1), even in the
regular symplectic case.

EXAMPLE 2.10. Let M = R? with the symplectic form w = dx A dy. Let
A = R x M be the trivial line bundle and p : A — TM the anchor taking the
constant section a = 1 to the vector field po 1 = z% + ya%. On the one hand,
the symplectic orthogonal of p(A) is a distribution which is 1-dimensional on a
open dense subset, so it is involutive. On the other hand, yo01 = zdy — ydx and
d(yo1) = 2dz A dy, which is not of the form a A (yo 1) for any o € Q' (M). We
conclude that A satisfies (C4) but not (C3).

EXAMPLE 2.11. Once again, let M = R? with the symplectic form w = dz A dy
and A =R x M. Now let the anchor p: A — TM take the constant section a = 1
to the vector field po 1 = (y% - xa%) — (22 + yQ)(x% + ya%). This yields the
1-form v o 1 = zdz + ydy + (2% + y*)(ydz — xdy) = rdr — r*d6, where (r,0) are
the usual polar coordinates. Its differential is

d(yo1) = —4r3dr A df = 8r2df A (3rdr — T4d9) =aA(yol),
for a = 8r2df = —8(ydx — xdy). This shows that (C3) holds.

If (C2) were satisfied, there would be a nowhere vanishing function f defined
near the origin such that f(vyo1) is closed, hence exact. The kernel of + is spanned
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by the vector field £ = % + 27’3%. It is easy to see from this expression that the
trajectories of &, which are the integral manifolds of v o 1, spiral away from the
origin, so any function g for which dg = f(7y o 1) must be a constant equal to its
value at the origin. This is a contradiction, which shows that (C3) does not imply

(C2).

EXAMPLE 2.12. Let M = T*S' = S x R be the cylinder with the canonical
symplectic form w = dpAdz. Let A = M xR with the anchor p : A — T'M mapping
the constant section a = 1 to the vector field po1 = % — z%, whose trajectories
spiral toward the zero section z = 0 as they repeatedly circumnavigate the cylinder.
Since a symplectic vector field must be area preserving, the contraction property
shows that p o 1 is not symplectic. The same problem must hold for a positive
or negative, hence for any nonvanishing multiple of a. So condition (C1) is not
satisfied for this Lie algebroid.

Since p o 1 is nowhere vanishing the symplectic orthogonal of p(A4) is a 1-
dimensional distribution, so it is regular and involutive. It follows from Proposition
2.9 that this example satisfies condition (C2), which therefore does not imply (C1).

REMARK 2.13. We can extend the argument that the last example does not
satisfy (C1), showing that the only section of A taken by p to a symplectic vector
field is the zero section. Any section is of the form f1 for some smooth function f.
This section is taken by v to f(vyo 1), where v o1 = dz + zdp. For the section to
be mapped to a symplectic vector field, we must have

Ozd(f(701)):df/\(701)+fd(701):(%—z%—f)dgp/\dz,
which is equivalent to
_of _ of _
(Pol)'f—% Zaz—f-

This equation implies that, along each trajectory of po1, f is either identically zero
or grows exponentially. One such trajectory is the zero section, along which f must
be periodic, so we see that f must vanish there. On the other hand, we see that
any solution f must blow up along the zero section if it is nonzero somewhere, so
the only symplectic field in the image of p is identically zero.

The following equivalence is already contained in the work of Libermann [Lib83|
on symplectically complete foliations.

PROPOSITION 2.14. Let (A, p) be an anchored vector bundle over a symplectic
manifold such that p is reqular and p(A) involutive (e.g. if p is the anchor of a Lie
algebroid). Then conditions (C4) and (C5) are equivalent.

PROOF. Since p(A) is regular and involutive, we can find in a neighborhood
of every point local coordinates (x!,..., 2P, y!, ..., y?) such that p(A) is spanned
by %, cey %. The hamiltonian vector fields generated by (y*,...,y9) are a local
frame of the distribution p(A)*. If the space of functions that depend only on the
y-coordinates is closed under the Poisson bracket, then the distribution spanned by
their hamiltonian vector fields is involutive. We conclude that (C5) implies (C4).

The opposite direction was proved in Proposition 2.7. O

The following example shows that the condition in Proposition 2.14 that w is
non-degenerate is necessary:
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EXAMPLE 2.15. Let M = R? with the presymplectic form w = dx A dy. Let
A = M x R with the anchor p : A — TM mapping the constant section a = 1
to the vector field ( := po 1l = a% + za%. The anchor, the presymplectic form,
and hence the dualized anchor are all regular. We will now show that this example
satisfies (C5) but not (C4).

The presymplectic orthogonal p(A)~ is a regular distribution which is spanned
by the vector fields ¢ and 7 := %. Since [¢,n] = —6%, this distribution is not
involutive (in fact, it is a version of the standard contact structure on R?), hence,
A does not satisfy (C4).

Let us now determine the hamiltonian pairs (f,v) such that f is annihilated by
p(A), that is, by (. We have already seen in the proof of Proposition 2.7 that this
is the case iff v takes its values in p(A)*. Every vector field in p(A)* is of the form
v = g + hn for some g,h € C°°(M). The condition for v to be locally hamiltonian
is

0=di,w

= d[g(dy — zdx)]
=dg A (dy — zdzx) — gdz AN dzx

= (g—g _Z%) dx A\ dy + (g—z%) dr Ndz — %aly/\dz7
which is satisfied if and only if g = 0. It follows that all hamiltonian pairs are of
the form (f, hn) where f is a locally constant function. We conclude that the real
vector space of hamiltonian functions annihilated by p(A) is the space of locally
constant functions, which is trivially closed under the Poisson bracket so that (C5)
is satisfied.

The next example, a variant of Example 2.15, shows that the condition in
Proposition 2.14 that p(A) be involutive is necessary as well.

EXAMPLE 2.16. Let M = R* with the symplectic form w = dz A dy + dz A dw.
Let A = M x R? with the anchor p : A — T'M mapping the constant sections (1,0)

and (0, 1) to the vector fields ¢ := po(1,0) = 6%4—2'% and 7 := po(0,1) = %. The
distribution spanned by ¢ and 7 is lagrangian, so that p(A)* = p(A). A calculation
analogous to the one in example 2.15 shows that all hamiltonian pairs (f,v) for
which f is annihilated by p(A) are of the form ( ,%%), where f is a smooth

function of the coordinate w only. We conclude that (C5) holds but not (C4).






CHAPTER 3

Compatibility via connections

It turns out that connections provide a basis-free way of interpreting some of
the compatibility conditions above; this interpretation will lead us to choosing (C3)
as our preferred condition.

3.1. A brief review of connections

Although much of the material in this section is standard, we include it for the
convenience of the reader and to set forth the notation which we will be using.

3.1.1. Ordinary connections. A linear connection on a vector bundle A
over a manifold M may be given in terms of a covariant derivative D : T'(M, A) —
QY (M) ®T(M, A), satisfying D(fa) = df ® a+ f Da for every function f and every
section a of A. For every vector field v € X (M), we denote by Dya := t,Da the
covariant derivative in the direction of v.

The connection D on A induces a dual connection on A*, also denoted by D,
which is defined by

d{u, a) = (Dp,a) + (i, Day ,
for all sections p € T'(M, A*) and a € T'(M, A). The dual connection extends to a
degree 1 operator on the graded vector space

QF (M, A*) =T (M, \*T*M @ A*),

of A*-valued differential forms,! as follows: Q(M, A*) is a graded module over the
graded algebra Q(M) with

aN(Bep)=(@NB)@u,

for all a, 8 € Q(M) and p € I'(M, A*), where the tensor product of sections over
M is always understood to be the tensor product over C°°(M). The covariant
derivative extends by the graded Leibniz rule

(1) D(a®p) ==da® p+ (—1)"E*a A Dpu
to an R-linear operator on Q(M, A*), which is well-defined since
D(fa®p) = (df Ao+ fda) @ u+ (—1)%8%a @ Dy
= (-1t aANdf) @ pu+da® fu+ (—1)*%a® Dy
=da® fu+ (-1)"*“a @ D(fp)
=D(a® fu)

lof course, there is a similar extension of the original connection to the A-valued forms, but
we will not be using it in this paper.

13
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for all f € C*°(M). The covariant derivative in the direction of a vector field
v € X(M) extends to the graded vector space Q(M, A*) by a Cartan type formula,

D, :=1,D + D, = [tyy, D],

where the bracket denotes the graded commutator. The directional covariant de-
rivative satisfies

(2)
Dy(a® p) = 1y (da® p+ (—1)*a A D) + diya ® p+ (—1)48“*,a A Dp
=L,a®@u+a® Dyu,

where we have used that o A Dyt = a ® Dy . The extended curvature operator is
defined by the usual expression

(3) R(’U, w) = [Dv, Dw] — D[U7w] .
Using Eq. (2), we see that
R(v,w)(0 @ ) = a @ R(v,w)p,

that is, the curvature operator is Q(M)-linear. Identifying a section p € T'(M, A*)
with the O-form 1 ® p € QY(A*) and using that D,u = t,Dpu, we obtain for the
action of the curvature operator

R(v, w)p = (to Dty D — 14y Dy D — 13y ) D)
= (LU(Dw — twD) — (Dy — D)ty — L[v,w])D/J
= butoD* 1t + (14 Dy — Doty — Lw,w]) D+ Dyt D
= LvaD2u,

where the second term vanishes due to Eq. (2) and the the third term for degree
reasons. We see that, on u € Q°(M, A*) = I'(M, A*), the curvature operator acts
by the square of the covariant derivative. When we apply D? to a general form we
obtain

D*(a® p) = D(da® p+ (—1)%*a A Dp)
=d*a®@p+ (—1)48Tda A Dy
+ (=1)%e>da A Dy + (—1)29°8 2 A D%y
=aAD%yu,

which shows that D? is Q(M)-linear. It follows that D? = 0 iff D%y = 0 for all
w € T'(M, A*), which is the case iff the connection D has vanishing curvature.

3.1.2. Associated Lie algebroid connections. Let (A, p) be an anchored
vector bundle. An A-connection on a vector bundle E — M is given by a covariant
derivative operator [ELW99, Fer02]

D :T(M, A) x T(M, E) — T'(M, E)
(a,e) — Dge,
which is C*°(M)-linear in A and which satisfies
(4) Do(fe) = fDae+ (pa- f)e.

We call D,e the covariant derivative in the “direction” of a. When A is the tangent
bundle, with p the identity, an A-connection is just an ordinary connection.
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For later use in Chapter 7 and Chapter 9, we recall here a construction [CF03,
Sec. 1.2] which takes an ordinary connection D on an anchored vector bundle A to
an A-connection D on TM. When A is TM as well, this produces what is known
in differential geometry as the “opposite connection” (see e.g. [dLR&89, p. 129]), so
we will use this term as well in the general case.

DEFINITION 3.1. Let (A,p) be an anchored vector bundle over M. For any
connection D on A, we define an A-connection D on TM, called the opposite
connection, by

(5) Dav = [pa,0] + p(D,a)

for every section a of A and vector field v. It is straightforward to check that D
satisfies the defining relation (4) of an A-connection.

In addition to the anchor, we need a Lie algebroid bracket on A to generalize
some other constructions with connections like the following: For any A-connection
D on a Lie algebroid A the Lie algebroid torsion is defined as [Fer02]

(6) T(a,b) = Dyb — Dya — [a, b].

for all a,b € T'(M, A). T is an A-valued 2-form on A.
To any ordinary connection D on F we can associate an A-connection by com-
position with the anchor

ﬁae = Dy.e.
When FE = A, we obtain an A-connection on A. The Lie algebroid torsion of D is
(7) T(a,b) = Djob— Dypa — [a,b].

From here on, we will simply refer to this Lie algebroid torsion as “the torsion” of
D.

3.2. Induced connections

We return now to the setting where w is a presymplectic form on M, which
combines with the anchor p of the anchored vector bundle A to give the dualized
anchor vy = @op: A — T*M as introduced in Definition 2.4. Let {a1,...,a,} €
I'(U, A) be a local frame and

Ve = YOk -
where we recall that vap = v o ax. Properties (C2) and (C3) can be described
in terms of the Pfaffian system {v1,...,7-}. In view of Proposition 2.9 we shall
not assume that this Pfaffian system is regular. Property (C3) holds if there are
1-forms Qz € QY (U), 1 <i,j <r such that

(8) dy; = Q) Ay .
The 1-forms Qf are not unique. For example, we could also choose QZ = QZ +Bf k’yk,
where BJ* are smooth functions with B/* = B

Moreover, the 1-forms €/ depend on the chosen frame. Let {a;} be another

local frame. The frames are related as a; = AZ a; by a smooth matrix function
(Al): U — GL(n,R). Let 4; := ty,w. Then

d¥; = d(Alv;) = dA] Ay + AIQF Ay = QLA A,
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where
Ol g4 A1)\ Ok ( A—1\
O, =dAl(A ); +A§Qj (A7)
This tells us that we can interpret the 1-forms Qi as corresponding to a local
connection D : T'(U, A) — Q'(U) @ T'(U, A) given by
D(Li = Qg ® a]‘ .

We recall that, if {U, — M} is an open cover with a subordinate partition of unity
{xp : Up = [0,1]}, and if D, is a local connection on each Aly,, then D = - X, D,
is a globally defined connection on A. Let the connection 1-forms of D, be denoted
by % € Q'(U,). Then the connection 1-forms of D are given by Q= > Xpﬁﬁ-,p’
so that dy; = > Xpdvi = >, Xp% , Ay = @] Ay, which shows that Q] still
satisfies Eq. (8). We can use this connection to study the compatibility conditions

(C1), (C2), and (C3).
3.3. Connections and the compatibility conditions
Using the natural isomorphisms
Hom(A, T*M) = T'(M,T*M @ A*) = Q' (M, A*),

we can identify the dualized anchor v with an A*-valued 1-form, which, by abuse

of notation, we will also denote by +. If {a1,...,a,} is a local frame of A and
{6',...,0"} is the dual frame, (0%,a;) = (5;-, and ~y; := 7a;, then
(9) Y= ®6.

We can now reexpress condition (C3) in terms of the induced connection.

PROPOSITION 3.2. Let (A, p) be an anchored vector bundle over a presymplectic
manifold. Condition (C3) holds if and only if there is a linear connection D on A
such that

(10) Dy =0.
PROOF. Let v =; ® 6 in some local frame as in Eq. (9). Assume that (C3)
holds. Then dv; is of the form (8) and Da; = Q] ® a; defines a local connection.

The dual connection is given by D#" = —Q% ® 67. The covariant derivative of 7 is
given locally by

Dy =dvy; ®0° —~; A D8
=dy®60" + (i AU ® 6
= (dvi — QU Ay;) @0,

which vanishes due to Eq. (8). By adding the local connections using a partition
of unity, we obtain a globally defined connection D on A which satisfies Dy = 0.
By pairing D~ with a section a of A, we obtain

(Dv,a) = (dy; — 2 A;)(0", a)
= d(via') + i Ada' +v; A ani
=d(yia") +7i A (Da)’
= d(y,a) + (7, Da),

(11)
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where a’ = (0%, a) and

(v, Da) =~; A (Da)" .
Assume now that we have a connection D such that D~y = 0. Since M is assumed
to be second countable, the covariant derivative of a section a € I'(M, A) is given
by a finite sum Da = Y1 | B ®@b; € Q' (M) (M, A). From Dy = 0 and Eq. (11)
it follows that

d<73a> = —<’Y,DCL> = A Zﬁl<gjvbz> = Zﬁz /\’Yai7
1=1 i=1

which lies in the ideal generated by v(I'(M, A)). d

Based on the results above, it is natural to introduce the following terminology.

DEFINITION 3.3. A connection D on an anchored vector bundle (A, p) over a
presymplectic manifold (M,w) is called a presymplectically anchored connec-
tion if Dy = 0, where v € QY(M, A*) is the dualized anchor v = & o p. We will
also say that (A, p) is presymplectically anchored with respect to D.

Thus, condition (C3) is equivalent to the property of being presymplectically
anchored with respect to some connection.

REMARK 3.4. In addition to the ones we have already seen, there are other
natural conditions that are equivalent to Dy = 0. In Proposition 4.12, we will
show that D is presymplectically anchored if and only if the anchor maps sections
of A that are horizontal (locally or at a point) to presymplectic vector fields on M.
In Proposition 6.19, we will see that a regular foliation of a symplectic manifold,
when viewed as Lie algebroid, is presymplectically anchored with respect to some
connection if and only if it is symplectically complete. Finally, Proposition 7.8
expresses the equation Dy = 0 as the invariance Dw = 0 of the presymplectic form
under the parallel transport of the opposite A-connection D on TM. All this has
motivated our terminology and our choice of (C3) as the most natural compatibility
condition.

If Dy =0, then Eq. 11 implies that
(12) deaw = *<’Ya D(l> y

for all sections a € T'(M, A). This shows that, for a presymplectically anchored
connection, every horizontal section of A is mapped by p to a presymplectic vector
field.

PROPOSITION 3.5. Let (A, p) be an anchored vector bundle over a presymplectic
manifold. Condition (C2) holds if and only if every point of M has a neighborhood
U with a flat presymplectically anchored connection D on Aly.

PRrROOF. The proof is analogous to that of Proposition 3.2. Assuming (C2), we
have for every point in M a neighborhood U with a local frame {a;} C I'(U, M)
such that dvy; = 0. This means that we can choose QZ = 0, so that the induced
connection is flat over U.

Conversely, assume that for every point m € M we have neighborhood U with
a flat connection satisfying Dy = 0. Then there is a local frame {a;} of horizontal
sections, Da; = 0. It follows that, dipe,w = dy; = 0. O

From here on, we will use presymplectically anchored connections as our main
tool for studying the compatibility of Lie algebroids and presymplectic structures.






CHAPTER 4

Momentum sections for presymplectically
anchored Lie algebroids

For a presymplectic action p of a Lie algebra g on (M,w), a momentum map is
a linear map g — C°°(M) (often viewed as a map p : M — g*) which maps every
element a of the Lie algebra to a function f for which (f, pa) is a hamiltonian pair.
When w is symplectic, such a map always exists locally. In terms of the vector
bundle A = g x M, the momentum map can be viewed as a section u € I'(M, A*).
However, {u,a) for a € T'(M, A) is a generator for the vector field pa only when a
is a constant section of A. This tells us that a good notion of momentum “map”
for a presymplectically anchored Lie algebroid will have to involve the connection
D on A if it is to generalize the usual notion of momentum map for actions of Lie
algebras.

We will define below the notion of momentum section for a pair (A4, D) and then
motivate the definition by proving that it reduces to the usual notion for Lie algebra
actions when D is the trivial connection. However, for a different connection D,
an action Lie algebroid may have a D-momentum section even when the action
fails to have a momentum map in the usual sense. We will give an example for
this phenomenon and then show that condition (C2) guarantees the existence of
local momentum sections. In the following section, we will begin using the Lie
algebroid bracket structure on A and will investigate conditions for compatibility
of a momentum section with the bracket.

4.1. Momentum sections

So far we have considered the case that v = @ o p is D-closed. A natural next
step is to require that v be D-exact, i.e.

(13) D=~

for some p € Q°(M, A*) = T'(M, A*). We will call such a u a D-momentum
section for A. Note that, since D? # 0 unless the connection is flat, Eq. (13) does
not imply that D~ = 0, which must be required independently. Thus, unlike in
the case of an action Lie algebroid with the trivial connection, the existence of a
momentum section does not in general imply that A is presymplectically anchored
with respect to D, though we will often make this assumption.

When we evaluate Eq. (13) on a section a € I'(M, A) and use the definition of
the dual connection, we obtain

(14) d</u'7a> - <Na Da> = <Dﬂla a> = <73 a> = lpaW,

which makes it explicit how the anchor and the presymplectic structure enter into
Eq. (13). In a local frame {a;}, this relation can be further spelled out in terms of
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the functions p1; = (i, a;), the 1-forms v; = va;, and the connection 1-forms defined
by Da; = Q] ® a;. Eq. (14) now takes the form

Our definition of a D-momentum section is justified by the following propo-
sition, which shows that, for the action of a Lie algebra, it reduces to the usual
notion of momentum map.

PRrROPOSITION 4.1. Let p: gx M — T M be an action of the Lie algebra g on the
presymplectic manifold M. Let D be the trivial connection on A := g x M. Then:
(i) A is presymplectically anchored with respect to D if and only if the action of g
is presymplectic; (ii) when the action is presymplectic, p € T'(U, A*) = C*°(U, g*)
is a D-momentum section if and only if it is a momentum map in the usual sense.

PROOF. (i) Let a € g be viewed as a constant section of A. Since a is horizontal,
Eq. (12) is satisfied iff dipew = 0. (ii) Eq. (14) is satisfied for every a € g iff
d(u,a) = tpew, which is the usual definition of a momentum map. Since D? = 0,
the existence of a momentum section implies that Dy = 0. (]

For a presymplectic action of a Lie algebra g on (M,w), a natural condition
is that it be weakly! hamiltonian in the sense that the presymplectic vector field
associated to each element of g is hamiltonian. This condition is equivalent to the
existence of a momentum map. We therefore make the following definition.

DEFINITION 4.2. A wvector bundle A over M with presymplectically anchored
connection D is weakly hamiltonian when it admits a (global) D-momentum
section. It is locally weakly hamiltonian if every point in M has a neighbor-
hood on which the restriction of A is weakly hamiltonian, possibly with different
connections on different open subsets.

REMARK 4.3. As explained in the proof of Proposition 3.2, a set {D;} of local
presymplectically anchored connections defined on a cover of M can always be
merged by a partition of unity to a global presymplectically anchored connection
D. However, the locally defined D;-momentum section p; will generally fail to be
a momentum section for D.

The following example shows that, even if an action is not weakly hamiltonian in
the usual sense, its action Lie algebroid may be weakly hamiltonian as an anchored
vector bundle, via a D-momentum section in which the constant sections are not
horizontal for D.

EXAMPLE 4.4. We revisit Example 2.12 of a trivial line bundle over the sym-
plectic cylinder (S* x R, dp A dz). In this example v € T'(M,T*M ® A*) is given
by

vy=(zdp+dz)®90,
where 6 = 1 is the constant section of the dual bundle A*.

For the constant section a = 1 of A itself, we have y o1 = zdp + dz and

d(yol) = —dyp A(yo1) so that the induced connection from Section 3.2 is given by

We will reserve the unmodified term “hamiltonian” for those actions having equivariant
momentum maps. Some authors do not use this convention, calling actions with equivariant
momentum maps “strongly hamiltonian.”
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D1 = —dp ® 1. The connection is flat but not trivial, with holonomy group Z. A
local horizontal section is given by a = e®1, which is defined for ¢ € (—m, 7). We
have

Lpaw = € (zdp + dz) = d(ze?),
o pa is a symplectic vector field on (—m, ) X R. Since the connection has nontrivial
holonomy, however, there is no global horizontal section of A (other than the zero
section), so there is also no global symplectic vector field in the image of p.
Let p := 20 € T'(M, A*). The covariant derivative acts on 6§ by D8 = dp ® 0,
so we get

Dpu=dz®@0+z2dp®0=r.

We conclude that p is a D-momentum section.

PROPOSITION 4.5. Let (A, p) be an anchored vector bundle over a presymplectic
manifold satisfying condition (C2). Then (A, p) is locally weakly hamiltonian.

PrOOF. According to Proposition 3.5, there is for every m € M a flat presym-
plectically anchored connection D over some neighborhood U of m. Then there is a
local frame {a;} in T'(U, A) of horizontal sections, Da; = 0. The dual frame {6*} in
['(U, A*) is also horizontal because (6°,a;) = d%. Expressing Dy = 0 in this frame
reads

D(vi®6')=dy®6 =0,
so that dvy; = 0. Choosing U to be contractible, we can find functions p; € C(U)
such that v; = dpu;. Let pu := p;0°. The short calculation:

Dp=du; @0 +uADO =~ 260 =7,

shows that p is a local D-momentum section. O

4.2. Bracket-compatible momentum sections

So far, we have studied anchored vector bundles over presymplectic manifolds.
Now we involve the bracket operation for a Lie algebroid and will define a compat-
ibility condition with presymplectic structures which reduces to the usual equivari-
ance condition for momentum maps of Lie algebra actions.

Up to now, we have used the complex of differential forms with values in A*,
which uses a connection on A but no bracket. When A is a Lie algebroid, we have
in addition the Lie algebroid complex, which encodes all the information in the
bracket as well as the anchor. It consists of the sections of the exterior algebra of
the dual A*, with differential the unique derivation

d:T(M,A°A%) = T(M, AT A*)
of graded commutative algebras that satisfies
(df)(a) =pa- [,
(15) (dp)(a,b) = pa - (u,b) — pb - (u,a) — (u, [a,b]),

for all f € C>®°(M), p € T'(M, A*), and a,b € T'(M, A).
In terms of this Lie algebroid differential, we state our compatibility condition
of a momentum section with the Lie algebroid bracket as follows:
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DEFINITION 4.6. Let A be a Lie algebroid over the presymplectic manifold
(M,w). A D-momentum section p € I'(M,A*) is called bracket-compatible

if
(16) (du)(a,b) = —w(pa, pb)
for all a,b e T (M, A).
Note that, although the condition that g be a momentum section involves
the connection D, the bracket-compatibility condition does not. In particular,

bracket-compatibility is independent of whether A is presymplectically anchored
with respect to D.

REMARK 4.7. Let p* : Q(M) — Q(A) denote the map of differential complexes,
induced by the anchor, from the de Rham complex of M to the Lie algebroid
cohomology complex. In terms of p*, Eq. (16) can be written succinctly as du =
—p*w. A necessary condition for (16) is that p*w be d-closed, but since dp*w =
p*dw = 0, this is always the case.

Eq. (16) is equivalent to the vanishing of
(du)(a,b) +w(pa, pb) = (dp)(a,b) + tpptpaw
= (du)(a,b) + 13 (Dps )
— (du)(@,b) + (i, @) — (1, Da))
= pa - (p,b) — (. [a,0]) = (1, Dppa)

where we have used the defining relation (14) of a momentum section and defi-
nition (15) of the Lie algebroid differential. For an action Lie algebroid with the
trivial connection we thus retrieve the usual notion of equivariance:

(17)

ProPOSITION 4.8. A momentum map M — g* for the action of a Lie algebra g
on a presymplectic manifold M is equivariant if and only if it is bracket-compatible
in the sense of Definition 4.6 when considered as a section of the dual of the action
Lie algebroid g x M, with the trivial connection.

PrROOF. Let pn: M — g* be a momentum map. Elements of g can be identified
with the sections of the action Lie algebroid A = g x M that are horizontal with
respect to the trivial connection D. Inserting a,b € g into (17), we obtain

(dlj‘)(aa b) + w(paa pb) = pa- </1'7 b> - <M’ [av b]> .
The left hand side vanishes iff p is bracket compatible in the sense of Definition
4.6. The right hand side vanishes iff y is equivariant with respect to the g-action

p on M and the adjoint action (ad}u,b) = (u, [a,b]) on g* (see e.g. Sec. 4.5.18 in
[ORO04]). O

Since a Lie algebra action with an equivariant momentum map is called hamil-
tonian, we will extend the terminology to Lie algebroids with the following defini-
tion.

DEFINITION 4.9. A Lie algebroid A over M with a presymplectically anchored
connection D and a bracket-compatible D-momentum section is called hamilton-
tan. It is locally hamiltonian if every point in M has a neighborhood on which
the restriction of A is hamiltonian, possibly with different connections on different
open subsets.
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REMARK 4.10. It is well known that a momentum map p for an action of g on
a symplectic manifold M is equivariant if and only if it is a Poisson map. Less well
known, but also true, is that an equivariant momentum map for a presymplectic
action is a forward Dirac map [BF14]. It is not hard to verify that the converse
is true as well. In fact, a forward Dirac map from a presymplectic manifold to a
Poisson manifold is characterized by the property that the pullback of any function
is hamiltonian, and that the Poisson bracket of two pullbacks is the pullback of
their Poisson brackets.

The following propositions and the torsion formulation in Section 5.1 provide
analogous results for general Lie algebroids.

PROPOSITION 4.11. Let A be a Lie algebroid over a presymplectic manifold
(M,w) and D a flat connection on A. A D-momentum section p is bracket-
compatible if and only if, for all horizontal local sections a,b € T'(U, A) defined
on open subsets U C M, we have

<H’ﬂ [aa b]> = *{<,LL,CL>, <,LL7 b>}a

where the bracket is the Poisson bracket of hamiltonian functions (see Section 2.1).

PROOF. Since a and b are horizontal, ({u,a),pa) and ({u,b),pb) are hamil-
tonian pairs, so that pa - (i,b) = tped(,b) = w(pb, pa) = —{(u,a), (u,b)}. The
proposition now follows from Eq. (17). O

Proposition 4.11 shows that the definition of bracket-compatible D-momentum
sections looks like the usual definition when we evaluate it on horizontal local
sections of the Lie algebroid. When the connection has nonzero curvature, however,
there might not be any horizontal local sections other than the zero section. For
every point m € M, though, there is still a basis of local sections that are horizontal
at m. We can then express the defining relations of hamiltonian Lie algebroids by
relations that hold at every point for all sections that are horizontal at that point.

PROPOSITION 4.12. A Lie algebroid A over a presymplectic manifold (M,w) is
presymplectically anchored with respect to a connection D if and only if

(18) Lpaw]|, =0
for allm € M and all sections a of A that are D-horizontal at m.

PROOF. Assume that A is presymplectically anchored with respect to D. Then
Eq. (12) implies Eq. (18) when a is horizontal at m. Conversely, assume that
Eq. (18) holds. For every point m € M there is a local frame {a;} such that every
a; is horizontal at m. Let a = f'a; be an arbitrary local section. Then

dipaw ‘m = df* A ya; ’m + fidbpaiw ’m
=df' Avai | — f'"(y A Da;)|
=—(yADa)|_,
which is Eq. (12) at an arbitrary point m. (I

PROPOSITION 4.13. Let A be a Lie algebroid over a presymplectic manifold
(M,w). Then p € T(M, A*) is a D-momentum section if and only if

d</‘aa>|m = lpaW |m’
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for all m € M and all a € T'(M, A) that are horizontal at m. The momentum
section is bracket-compatible if and only if

(1, [a’ b]>}m = pa - (p,b) |m
for allm € M and all sections a, b of A that are horizontal at m.

PROOF. The proof is analogous to the proof Proposition 4.12. For the first
part we use Eq. (14), for the second part Eq. (17). O



CHAPTER 5

The zero momentum locus of a hamiltonian Lie
algebroid

One of the most important constructions involving a hamiltonian action of a
Lie group G or its Lie algebra g on a symplectic manifold (M,w) is symplectic
reduction, which proceeds in two steps. In the first step, the symplectic form is
pulled back to the zero locus Z C M of the momentum map. (If Z is not a smooth
embedded submanifold, we can instead consider the clean zero locus Z., i.e. the
smooth points of the zero locus at which a vector is tangent to the submanifold if and
only if it annihilates the differential of the momentum map.) For the second step,
as was observed in [MWT74], Z is a coisotropic submanifold, and its characteristic
distribution is spanned by the fundamental vector fields of the action. It follows
that, if the leaf space Z/g of the induced g-action is a smooth manifold, then
the presymplectic form on Z. descends to a symplectic form on Z./g, which is
then called the symplectic reduction of M. In this section, we will show how this
procedure generalizes to hamiltonian Lie algebroids.

5.1. Bracket-compatibility in terms of torsion

First, we will give an equivalent characterization of the bracket-compatibility
of a D-momentum section in terms of the torsion defined in Eq. (7). To motivate
our characterization, we note that, when D is the trivial connection on an action
Lie algebroid g x M, the torsion is given on constant sections a,b € g by T(a,b) =
—[a, b]. (Note that it is nonzero unless g is abelian.) Thus, the Lie algebroid torsion
can be viewed as a substitute, in the case of any Lie algebroid with connection, for
the (negative of the) fibrewise Lie algebra bracket of an action Lie algebroid, as
well as the fibrewise Lie algebra bracket on the kernel of the anchor. In this general
case, there may be no local horizontal sections, but every element of A is still the
value of a section which is horizontal at its basepoint m. For any two such sections,
we have T'(a(m),b(m)) = —[a, b](m).

PROPOSITION 5.1. A D-momentum section p is bracket-compatible if and only

if
(19) (1, T(a,b)) = w(pa, pb)

for all sections a and b of A.

25
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ProOOF. The pullback of w by p ® p is given by

1
w(pav pb) = 7(['pbbpaw - Lpabpbw)

2
:%@wum%@——%ADuﬁ»
= %((pr,u, Cl> - <Dpa,uab>)7

where we have used that p is a momentum section. The Lie algebroid differential
of p and the torsion are then related as follows:

(dp)(a,b) = pa - p(b) — pb- p(a) — p([a, b])
— tpad(1,5) — tpud sy a) — ([, b)
= (Dpapt;b) = (Dppht, a) + (1, Dpab — Dppa — [a, b])
= —2w(pa, pb) + (1, T(a,b)) .
Adding w(pa, pb) on both sides yields
w(pa, pb) + (dp)(a,b) = —w(pa, pb) + {1, T(a, b)) .

The left hand side vanishes iff the momentum section is bracket-compatible. The
right hand side vanishes iff Eq. (19) holds. O

5.2. The zero locus of a bracket-compatible momentum section

We arrive now at one of the main goals of our work, establishing that the zero
locus of a bracket-compatible momentum section for a presymplectic manifold is
coisotropic and invariant, as is well-known to be the case for the zero locus of a
momentum map for a hamiltonian Lie algebra action. We first make a couple of
remarks.

Coisotropic submanifolds are usually considered in the context of Poisson man-
ifolds, where they appear as the graphs of Poisson maps and as the source and
target images of lagrangian subgroupoids in symplectic groupoids (see [BRW]).
But they may also be defined in presymplectic manifolds as submanifolds whose
tangent spaces all contain their presymplectic orthogonals. Note that these tangent
spaces must, in particular, contain the characteristic spaces of the presymplectic
form, which are tangent to the characteristic foliation. This means that, at least
locally, the coisotropic submanifolds are the inverse images of coisotropic subman-
ifolds in the (symplectic) leaf space of the characteristic foliation.

The momentum zero locus may be defined in terms of the ideal I of functions on
M generated by the “components” of u; more precisely, I := {{u,b) € C°(M) | b €
I'(M, A)}. The zero locus Z is the set of common zeros of the elements of I.

PROPOSITION 5.2. In a hamiltonian Lie algebroid, the zero locus Z of the
momentum Section is invariant in the sense that every orbit which meets Z is
contained in Z. Moreover, each such orbit is an isotropic submanifold.

PROOF. In a hamiltonian Lie algebroid, the Lie derivative of a function (u,b)
with respect to pa for a section a of A can, by Eq. (17), be expressed as

‘Cpa</u7 b> = <,U,, [a7 b] + pra> elrl.

This shows that I is invariant under the Lie derivative of every vector field in
the image of the anchor. It follows that I and hence its set Z of common zeros



5.2. THE ZERO LOCUS OF A BRACKET-COMPATIBLE MOMENTUM SECTION 27

are invariant under the flow of every vector field in the image of the anchor. We
conclude that every orbit of A that meets Z is contained in Z. By Eq. (19), the
image of the anchor at each point of Z is isotropic. O

Since the zero locus of a momentum section is not necessarily a smooth sub-
manifold, for the coisotropic property we will restrict attention to the clean zero
locus Z.j, which consists of points of smoothness where the tangent space of the
zero locus is the entire zero space of the differential of the momentum section.
The clean zero locus can be identified in algebraic terms as the set of points m for
which there is a neighborhood U on which Z is a smooth submanifold and on which
the defining ideal I is no smaller than the ideal I; O I consisting of all functions
vanishing on Z.

REMARK 5.3. Note that points near which I; = I are not necessarily smooth
points of Z (e.g. when [ is the ideal generated by ¢ + p? in the plane).

THEOREM 5.4. The clean zero locus Z. of the momentum section for a hamil-
tonian Lie algebroid over a presymplectic manifold is a coisotropic submanifold
which is invariant under the Lie algebroid. When the manifold is symplectic, then
the characteristic distribution of Z. is equal to the image of the anchor.

PROOF. Since Z is determined by I, so is Iz, and hence the latter is invariant
under all the diffeomorphisms generated by the image of p. It follows that the
subset where they agree locally is invariant. So is the set of smooth points of Z,
and hence so is Z.

Now let m belong to the clean zero locus. A vector v € T,,M is tangent to
p~1(0) if and only if it annihilates the differential of p. This means that, for all
ae(M, A),

0=uv-{(,a) = t,d{p,a) = 1,({Du,a) + (i, Da))
= w(pa, U) )
where in the last step we have used that p is a momentum section and that u

vanishes at m. In other words, the tangent space is the presymplectic orthogonal
of the image of the anchor:

T (= 1(0)) = p(Am) ™" .

Now we suppose that p is bracket-compatible. By Proposition 5.2, p(4,,) is an
isotropic subspace of T, M, that is, p(A.,) C p(A,,)*t. So the image of the anchor
is contained in the tangent space to the zero locus. Furthermore, since VC W
implies V+ O W+ even when w is degenerate, we obtain Tp,(Za) = p(An)*t 2
(p(Ap) )t = (T Zy)*, and so Z is coisotropic.

When w is non-degenerate, then at every m € Z the characteristic distribution
is T (1~ 1(0)) = (p(Am) )+ = p(As), the image of the anchor. O

Theorem 5.4 shows how symplectic reduction works for a hamiltonian Lie al-
gebroid A over a symplectic manifold: Since the anchor is tangent to Z, the Lie
algebroid can be restricted to Z.. If the leaf space of the characteristic distribu-
tion of A|z,, is smooth, then it is a symplectic manifold, called the symplectic
reduction of A.






CHAPTER 6

Examples

Our definitions of presymplectic Lie algebroids and (bracket-compatible) mo-
mentum sections were motivated by the special case of action Lie algebroids, but
there are many more examples. We present some of them in this section.

6.1. Lie algebra bundles

A Lie algebra bundle is a Lie algebroid A with zero anchor. In this case v = 0,
so that D~y = 0 for every linear connection D, and A is presymplectically anchored
with respect to any D. As momentum section we can choose the zero section,
u =0, which is always bracket-compatible. We conclude that a Lie algebra bundle
is hamiltonian in this trivial way for every choice of connection.

On the other hand, there are obstructions to finding non-zero momentum sec-
tions, and even stronger ones if they are required to be bracket-compatible. For
any connection D on A, p is a momentum section if and only if it is horizontal,
Dy = 0. This implies that, if 4 does not vanish at m € M, then it cannot vanish
anywhere on M. So A* (and hence A) must admit a nowhere-zero section; this is
just a topological condition on the bundle. Conversely, if p is any nowhere zero
section of A, one may use a splitting of A, with one summand the trivial line bundle
spanned by pu, to construct connections on A for which p is horizontal.

Since p = 0 here, the condition (19) for the bracket-compatibility of a momen-
tum section becomes

<1U'7 [a7 b]> =0.

Since all a,,, by, € A, can be extended to sections a, b of A, this equation holds if
and only if ;1 vanishes on the first derived ideal [A,,, A;,] of the Lie algebra A,, for
all m € M. When a fibre A,, is semisimple then [4,,, A;;] = A,,. In that case, a
momentum section p can be bracket-compatible only if it vanishes at m, so that it
must vanish on all of M. Consequently, if some fibre of A is semisimple (or more
generally has a trivial abelianization), then u = 0 is the unique bracket-compatible
momentum section.

REMARK 6.1. Since the vanishing of the anchor implies that v = 0, whatever
w might be, the compatibility conditions here do not depend on the presymplec-
tic structure at all. We will see in [BRW] that, for compatibility with Poisson
structures, the image in T'M of this structure does intervene in the compatibility
conditions.

6.2. Tangent bundles of presymplectic manifolds

The anchor of the tangent bundle Lie algebroid is p = idpas, so the dualized
anchor yisequaltow : TM — T*M, v — ,w, viewed as an element of I'(M, T* M ®

29
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A*) =T(M,T*M ® T*M). The condition Dy = 0 for TM to be D-presymplectic
can be written in the following form:

LEMMA 6.2. The tangent bundle of a presymplectic manifold is presymplecti-
cally anchored with respect to a connection D if and only if

(20) (Dyw)(u, w) — (Dyw)(u,v) + w(u, T(v,w)) =0
for all vector fields u, v, and w.
PROOF. For a general Lie algebroid A over a presymplectic manifold (M,w)
the dualized anchor satisfies
Lty (Y, Da) = Lty (’yi A (Da)i)
= 1o ((tv7:)(Da)" — 7i(Dya)")
= (Lv'Yi)(Dwa)i - (Lw'Yi)(Dva)i
= 1Y (Dya) — tyy(Dya)
= w(pDya,v) —w(pDya,w),
for all vector fields v, w on M and all sections a of A. Using this relation and
Eq. (11), we obtain
tw{ Dy, @) = Loty (D7, a)
(21) = Lty (d(y,a) + (v, Da))
=v-w(pa,w) —w - w(pa,v) — w(pa, [v,w))
— w(pDya,w) + w(pDya,v).
For the tangent Lie algebroid A = T'M the anchor is the identity p = idpyy, so that
we obtain
tw({Dyy,a) = v - wla,w) —w - wla,v) —w(a, [v,w]) — w(Dya, w) + w(Dya,v)
= (Dyw)(a,w) + w(Dya,w) + w(a, D,w)
— (Dypw)(a,v) — w(Dya,v) —w(a, Dyv)
—w(a, [v,w]) — w(Dya,w) + w(Dya,v)
= (Dyw)(a,w) — (Dyw)(a,v) + w(a, Dyw — Dyv — [v,w])
= (Dyw)(a,w) — (Dyw)(a,v) + w(a, T(v,w)) .

Using the antisymmetry of w and denoting a by u to emphasize that it is also a
vector field on M, we obtain condition (20). O

REMARK 6.3. One might have expected the condition for TM be to be presym-
plectically anchored to be Dw = 0, the usual definition of a presymplectic connec-
tion. This fails because, in our situation, the connection D is applied only to the
target of @ and not to the source. On the other hand, we will see in Prop 7.8
below that Eq. (20) has the simple formulation Dw = 0, where D is the opposite
A-connection on T'M as defined in Definition 3.1.

A special case where Eq. (20) is satisfied is when each term vanishes separately,
that is, if the connection satisfies Dw = 0 and if its torsion takes values in the char-
acteristic distribution TM~. In other words, (20) is satisfied for what we may call
a presymplectic connection with torsion in TM=*. In the symplectic case, there is
an abundance of symplectic connections with vanishing torsion on every symplectic
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manifold [Ton61]. In the presymplectic case, there can be a presymplectic con-
nection only when w is regular, since parallel translation along curves shows that
the rank of v, and hence the rank of w, must be the same everywhere. Vaisman
proved in [Vai00] that the regularity of the presymplectic form is sufficient for the
existence of presymplectic connections whose torsion takes its values in 7M. The
conclusion is:

PROPOSITION 6.4. The tangent Lie algebroid of any reqular presymplectic man-
ifold is presymplectically anchored with respect to some connection.

REMARK 6.5. In [BCG™06], connections satisfying Dw = 0 are called sym-
plectic only if they are torsion free. We will follow other authors [MRR91, Ton61]
and not require the torsion to vanish, since this would, as a consequence of Propo-
sition 5.1, preclude the existence of bracket-compatible momentum sections. For-
tunately, as we will see, there is an abundance of connections with torsion which
also presymplectically anchor any tangent Lie algebroid.

Another simple way to prove Proposition 6.4 is to observe that, since w is closed,
the characteristic distribution TM* is involutive. It then follows from Proposition
2.9 that the tangent Lie algebroid T'M satisfies (C3). Moreover, Proposition 4.5
tells us that T'M is locally weakly hamiltonian.

We now study momentum sections. Locally, it is easy to find such sections
explicitly. When the dimension of M is s and the rank of the presymplectic form
is 2r, the Darboux normal form in coordinates (¢, - ,q",p1 - s Pry 21, -+, Zs—2r)
is w = dqg* A dp;, so that

v =dp; @ dg" - dg' @ dp; .
For the trivial connection D in which the coordinate vector fields are all parallel,
we have Dw = 0 and T'= 0. The 1-form

(22) = pidg" — q'dp;
satisfies Dy = -y, which shows that p is a local D-momentum section.

LEMMA 6.6. Let (M,w) be a presymplectic manifold and D a connection on
TM that satisfies Eq. (20). Another connection D' satisfies Eq. (20) if and only if
the difference tensor, the C°°(M)-bilinear map I' : X (M) x X (M) — X (M) defined
by T'(v,w) = Diw — Dyw, satisfies

(23) w(u, (v, w)) = w(v, [(u, w))
for all u,v,w € X(M).
PROOF. Let us denote the tensor on the right hand side of Eq. (20) by
A(u,v,w) := (Dyw)(u, w) — (Dypw)(u,v) + w(u, T(v,w)),
and for D’ by A’. We want to compute the difference A’ — A in terms of T.
A short calculation shows that
(D, w)(v,w) =u-w(v,w) —w(D,v,w) —w(v, D,w)
= (Dyw) (v, w) — w(T(u,v),w) — w(v,T'(u, w))
= (Dyw) (v, w) + w(w,['(u,v)) —w(v,T(u,w)).
Similarly, the torsion T” of D’ is related to the torsion T of D by
T (v,w) = T(v,w) + T'(v,w) — T'(w,v).



32 6. EXAMPLES

With these relations we obtain
Al (u,v,w) — A(u,v,w) = w(w,(v,u)) — w(u,I(v,w))
—w(v,T(w,u)) + w(u,T(w,v))
+ w(u, T'(v,w) — T'(w,v))
= w(w,f‘(v,u)) - w(v,F(w,u)) :
Assume that A(u,v,w) = 0. Then A'(u,v,w) = 0 if and only if the right hand

side of the last equation vanishes. After renaming the vector fields, we obtain
condition (23). O

PROPOSITION 6.7. Let u € QY (M) be a nowhere vanishing 1-form on a regular
presymplectic manifold. If p is basic in the sense that p and du annihilate the
characteristic distribution TM~* (which is always the case when w is symplectic)
then it is a momentum section for some presymplectically anchored connection.

PROOF. Let p € Q'(M) be a nowhere vanishing 1-form. Assume that p anni-
hilates 7M. Then there is a vector field n such that ¢,w = p. Since u is nowhere
vanishing, there is another vector field 7 such that 1 = (u,n) = w(n, nn).

Given an arbitrary connection D, the covariant derivative of u can be expressed
as

(Doptyw) = v p(w) — p(Dyuw)

=v-wn,w) —w(n, Dyw).
If D’ is another connection with D} w — D,w = I'(v, w), then
<D;,U,,U)> - <Dv,u7w> = 70‘](”; F(U7w)) :

Now let D be a presymplectic connection satisfying Dw = 0 with torsion tak-
ing its values in TM~. As we see from Eq. (20), TM is D-presymplectically an-
chored. Since Dw = 0, we have (D,u, w) = w(D,n,w). With this, the condition

(D}, wy = —w(v,w) for g to be a D’-momentum section can be written as the
following condition for T,
by ) +w (v, w)

(
(Dyp,w) —w(n,T(v,w)) + w(v, w)
(Dyn,w) —w(n,T(v,w)) + w(v,w)

(Dyn 4+ v,w) —w(n,T(v,w)).

0 =
(24) _
=w
=w
In addition to this equation, condition (23) for T' must be satisfied for TM to be
presymplectically anchored with respect to D’.
Conditions (24) and (23) can be viewed as conditions for the 3-form C'(u, v, w) :=
w(u,T'(v,w)) given by
(25a) C(n,v,w) —w(Dyn+v,w) =0
(25b) C(u,v,w) — C(v,u,w) =0.
Our strategy to find a C satisfying both conditions is the following: We start from
C = 0. In the first step, we eliminate any non-vanishing term on the left hand side
term of (25a). In the second step we symmetrize C' in the first two arguments in

order to satisfy (25b). This will lead to a new non-zero term on the left hand side
of (25b). So we must repeat this procedure until both conditions are satisfied.
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In the first step let

Cy (u,v,w) := w(u,n) w(Dyn + v, w),

which satisfies (25a) because w(n,7) = 1. The symmetrization of C; is given by
Co(u,v,w) := Cy(u, v, w) + C1 (v, u, w)

= w(u,n) w(Dyn + v, w) + w(v,n) w(Dyn + u, w) ,

which satisfies (25b). However,
Ca(n,v,w) —w(Dyn + v,w) = w(v, ) w(Dyn + n,w),
so that (25a) is not satisfied by C3. The non-vanishing term can be cancelled by
setting
Cs(u,v,w) = Ca(u,v,w) —w(u,n) w(v,n) w(Dyn +n,w) .

The additional term is manifestly symmetric in u and v, so that C5 satisfies both
(25a) and (25b). We conclude that T'M is D’-presymplectically anchored with
momentum section p = t,w if ' satisfies
w(u, T(v,w)) = Cs(u, v, w)
= w(u, 1) w(Dyn + v, w) + w(v, n) w(Dyn + u, w)
—w(u,n) w(v,n) w(Dyn + n,w)
= w(u,w(Dyn +v,w)t — w(v,n) w
+ w(v,n) w(Dyn,w) .

(Dpn+ n,w)i + w(v, R)w)

The remaining question is whether a I' satisfying this equation exists, which
is not immediately clear since w may be degenerate. A sufficient condition is that
Cs(u,v,w) vanishes for all w € TM* and v,w € TM. For u € TM* we have
C3(u,v,w) = w(v, ) w(Dyn,w), which vanishes for all v,w € TM if w(Dyn,w) = 0.
Therefore, we it suffices to show that ¢,w = 0 implies w(D,n,w) = 0.

So let u, w be vector fields with t,w = 0. We get

bwludp = u - p(w) —w - p(u) — p([u, w))
=u-wn,w)—w- whn,u) —wn, u,wl)
(Dyw)(n,w) + w(Dyn,w) + w(n, Dyw) — w(n, [u, w])
= w(Dyn,w) + w(n, T(u,w) + Dyu)
w(Dyn,w) + w(n, Dyu)
w(Dyn,w) +w - wn,u) — (Dyw)(n,u) — w(Dyn,u)
w(Dyn,w),

where we have used that Dw = 0 and T = 0. By assumption ¢,dy = 0, so
that w(Dyn,w) = 0 as well. This shows that a map I' : TM x TM — TM
satisfying w(u,['(v,w)) = Cs(u,v,w) exists. The conclusion is that TM is D’-
presymplectically anchored and that p is a D’-momentum section. (Il

REMARK 6.8. The converse of Proposition 6.7 is not true: Let M be a presym-
plectic vector space with Darboux coordinates (¢,p,z). TM is presymplectically
anchored by the trivial connection for which dq, dp, and dz are horizontal. Then
= pdq — qdp + dz is a nowhere vanishing momentum section that does not
annihilate the characteristic distribution TM~ spanned by a%.
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In the symplectic case the existence of a global weakly hamiltonian momentum
section turns out to be equivalent to a simple topological condition:

THEOREM 6.9. When (M,w) is a symplectic manifold, the following are equiv-
alent:

(i) TM is weakly hamiltonian.
(ii) M is either non-compact or compact with non-negative Euler characteris-
tic.

Proor. We will first show that (ii) implies (i).

If M is non-compact or compact with zero Euler characteristic, then there is
a nowhere vanishing section of T*M. It follows from Proposition 6.7 that TM is
weakly hamiltonian.

Suppose now that M is compact with positive Euler characteristic k. We may
construct a vector field with index k as follows. Let U7 be a disc in M with Darboux
coordinates (q',...,q", p1,...,pn), and let D; be the connection on T M|y, for
which the coordinate vector fields are horizontal. The 1-form p = p;dq’ — ¢*dp; of
Eq. (22) is a momentum section with respect to the trivial connection given by the
Darboux coordinates. The vector field n satisfying ¢,w = p is the negative Euler

vector field n = —¢° 821- —p 821‘ which has a zero of index 1 at the origin (since M

has even dimension). We repeat this construction to get vector fields of the same
form on Darboux coordinate discs Us, ..., U, with disjoint closures. The vector
field we thus obtain on U := U; U...U U has total index k. We can extend this
vector field to a vector field & with non-degenerate isolated zeros on all of M. By
the Poincaré-Hopf theorem the restriction of the vector field to M \ U must have
index 0. The index of a non-degenerate zero is £1, so that we must have the same
number of zeros of index 1 as of index —1. Since M is assumed to be connected,
so is M \ U, so we can pairwise cancel the zeros of positive and negative index
by modifying them along paths connecting the elements of a pair. The result is a
vector field v which is the negative Euler vector field of the Darboux coordinates
on Uy, ..., U and nowhere vanishing on M \ U.

Using Proposition 6.7, we can find a connection D’ over a neighborhood of
M\ U such that y := t,w is a D’-momentum section over M \ U. By construction,
 is also a D;-momentum section over every U;. Since the condition (13) for p to
be a momentum section does not involve derivatives of the connection, we can use a
partition of unity to merge D’ with the trivial connections D; on U; to a connection
D on all of M with respect to which p is a momentum section.

For the converse direction, we let n be the unique vector field such that p = ¢, w.
Let « be a zero of n. The condition for p to be a D-momentum section can be
expressed in terms of n as

W(Dvna ’LU) = w(*’t}, w) + (DUW)(TL, w) )
for all w, which is equivalent to
Dyn=—v+ cD_l(Lanw) .

When we evaluate this equation at x, the second term on the right hand side
vanishes, so that we obtain

D, n=—v,.
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This shows that the derivative of n at any zero x is —1, so that x is an isolated
zero with index 1. Since this is true for every zero of n, the Poincaré-Hopf theorem
implies that if M is compact the Euler characteristic cannot be negative.

O

We now move on to bracket compatibility. Recall that a vector field n on (M, w)
is called a Liouville vector field when £,, w = —w. (Some authors do not use the
minus sign in the definition.)

PROPOSITION 6.10. Let (M,w) be a manifold with a non-zero regular presym-
plectic form. The following are equivalent:

(i) There is a Liouville vector field on M that is nowhere tangent to TM=.
(ii) There is a nowhere vanishing 1-form p € QY (M) that annihilates TM*
and satisfies dp = —w.

These equivalent conditions imply:

(iii) The tangent Lie algebroid of M is hamiltonian.

PROOF. Assume (ii). Choose a complement C' to TM~ in TM. The restriction
we of w to the vector bundle C' is nondegenerate, and the pullback map from
(TM+)° to C* is an isomorphism. Since p annihilates TM* it can be viewed as a
section of (TM)°; since i is nowhere zero, it pulls back to a nowhere zero section
ue of C*. Hence there is a (unique) nonzero section n of C' C T'M for which i, we =
ue. Now let v € TM be decomposed as ve + vy, where vg € C and v, € TML.
Then (inw)(v) = (inw)(ve +v1) = (inw)(ve) = (inwo)(ve) = polve) = p(v)
(with the last equality due to the fact that p annihilates TM*). So i,w = p, and
hence n is a Liouville vector field. Moreover, since u = t,w is nowhere vanishing,
n is nowhere tangent to TM=*. So (ii) implies (i).

Next, assume (i). Since the Liouville vector field n is nowhere tangent to
TM*, y = t,w is nowhere vanishing. By definition, p annihilates TM=*. Since
dp = L, w = —w, the differential dy annihilates TM* as well. So (i) implies (ii).

Assume (ii). Then we can apply Proposition 6.7 which states that there is a
connection D such that (T'M, D, 11) is a weakly hamiltonian structure for TM. Since
dp = —w, the momentum section is bracket compatible. So (ii) implies (iii). O

REMARK 6.11. If (iii) of Proposition 6.10 holds, there is a hamiltonian D-
momentum section u € Q(M) which is bracket-compatible, du = —w. By Eq. (19)
and the assumption that w is nowhere zero, u must be nowhere vanishing. However,

we could neither prove nor disprove that there is always such a p that annihilates
TM*.

REMARK 6.12. In the case that w = 0, every tangent Lie algebroid is hamilton-
ian with momentum section x4 = 0 and any connection D, so that (iii) always holds.
However, since TM~+ = T M, every (Liouville) vector field is tangent to TM~ and
every 1-form p annihilating TM= is zero, so that (i) and (ii) are never true.

COROLLARY 6.13. The tangent Lie algebroid of every presymplectic vector space
is hamiltonian.

PrOOF. Once again, we use the Darboux coordinate system

1 s
(q syt q P 3Py R, ,25—27‘)7
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in which w = dg* A dp;, so that the 1-form pu = p’dg; + dp; is nowhere vanishing,
annihilates TM+ = Span{a%l, e %}, and satisfies duy = —w. We conclude
that (ii) of Proposition 6.10 holds. O

COROLLARY 6.14. The tangent Lie algebroid of every regular presymplectic
manifold is locally hamiltonian.

In the symplectic case, Proposition 6.10 takes the following simpler form:

PROPOSITION 6.15. For every symplectic manifold (M,w) the following are
equivalent:

(i) There is a Liouville vector field on M that is nowhere zero.
(ii) There is a nowhere vanishing 1-form p € QY(M) such that dp = —w.
(iii) The tangent Lie algebroid of M is hamiltonian.

PROOF. Since w is symplectic, we have TM~+ = 0, so that the conditions in
Proposition 6.10 for the Liouville vector field not to be tangent to TM~+ and for
p to annihilate TM+ are vacuous. Moreover, by Remark 6.11 condition (iii) now
implies (ii), so that all three conditions are equivalent. O

REMARK 6.16. The tangent bundle of a symplectic vector space has the struc-
ture of an action Lie algebroid TR?™ = R?" x R?", where R?" is the commutative
Lie algebra acting freely by the coordinate vector fields of Darboux coordinates.
The action is by hamiltonian vector fields, but the action is only weakly hamil-
tonian. (A bracket-compatible momentum section for the trivial connection would
have to map the basis of the Lie algebra to 2n functionally independent, Poisson
commuting functions. However, a maximum of n such functions may exist for a
completely integrable system.) We conclude that the connection of a hamiltonian
structure, which is guaranteed to exist by Corollary 6.13, cannot be the trivial one
which is customarily attached to an action Lie algebroid. In fact if, for a connection
making the Lie algebroid hamiltonian, there is any subbundle of 7'M on which both
the curvature and the torsion vanish, its rank may not exceed n.

We will see below that the tangent bundle of any exact (hence noncompact)
symplectic manifold is hamiltonian. Since the proof of that fact depends on a deep
result in symplectic topology, we present next a class of symplectic manifolds whose
tangent Lie algebroids are more easily proven to be hamiltonian.

PROPOSITION 6.17. If a manifold Q is non-compact or compact with zero Euler
characteristic, then the tangent Lie algebroid of M = T*Q is hamiltonian.

PROOF. Let 6 be the canonical 1-form on T*(Q, which satisfies df = —w. Let
n be the unique vector field satisfying ¢p,w = 6. In local Darboux coordinates
0 = p;dqg’ so that n = *piaipp which is a negative Liouville vector field, £, w = —w.
We cannot apply Proposition 6.15 yet, because n vanishes on the zero section of
the bundle 7 : T*Q — Q.

Since @ is non-compact or compact with zero Euler characteristic, there is a
nowhere vanishing vector field £ € X(Q). Let X be the hamiltonian vector field
on T*Q) generated by the function f defined as 6 for each cotangent vector 6. In

local coordinates, we can write £ = £%(q) 6?;“ so that f = p;&* and, hence,

o 9 9
o Pogiopt

X=¢
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Let n’ := n+X. Since X is a hamiltonian vector field, it satisfies £Lx w = 0, so that
Lyw=Lyw+ Lxw = —w. Moreover n’ projects by T'w to &, which is nowhere
vanishing. Hence, n’ is nowhere vanishing as well. From Proposition 6.15 it now
follows that T'M is hamiltonian with momentum section y = t,/w. [

For the general case, to prove that the tangent Lie algebroid of every exact
symplectic manifold is hamiltonian, we apply recent results of Tang, Stratmann,
and Karshon/Tang. This work, inspired by the application to Lie algebroids, is also
of considerable independent interest in symplectic topology.

To find a nonvanishing primitive of an exact symplectic manifold, the first step
is to begin with any primitive and to modify it by adding the differential of a
function so that the new primitive X is transversal to the zero section. (See for
example, Lemma 3.4 of [KT21], for a proof.) The zeros of this new primitive are
then isolated. Under the usual assumption that M is separable, there are at most
countably many zeros. In [Str20a], Stratmann constructs a primitive with further
special features and then pushes them out to infinity one at a time in such a way
that there is a limiting primitive with no zeros.

Another general approach, which we proposed in a previous draft of this paper,
is to remove rays containing the zeros of A, either one at a time or all at once,
showing the the resulting manifold is still symplectomorphic to M. This has been
carried out by Tang in [Tan20], with some conditions on the behavior at infinity
of M, and then in general by Stratmann in [Str20b] and by Karshon and Tang in
[KT21].

The conclusion follows:

THEOREM 6.18. The tangent Lie algebroid of a symplectic manifold is hamil-
tonian if and only if the symplectic structure is ezxact.

6.3. Regular foliations

Let F be a regular foliation of a manifold M. The tangent spaces to the leaves
form the integrable distribution T'F C T'M, which can be viewed as a Lie algebroid
over M with the embedding of T'F into TM as anchor and the commutator of
vector fields as Lie bracket. Let w be a symplectic’ form on M. We recall that
the foliation F is called symplectically complete if the symplectic orthogonal
(TF)* is an integrable distribution [Lib83]. When this is the case, the foliation
integrating (T'F)+ will be denoted by F*, so that (TF)*+ = TF*L.

PROPOSITION 6.19. The tangent Lie algebroid T'F of a regular foliation F of a
symplectic manifold M is symplectically anchored if and only if F is symplectically
complete.

PROOF. (C4) from Section 2.5 is the condition that p(A)t = (TF)* is invo-
lutive, which by Frobenius’ theorem is equivalent to (TF)L being integrable. In
other words (C4) is equivalent to F being symplectically complete. Proposition 2.9
tells us that in the regular case (C4) is equivalent to (C3) which is equivalent to A
being presymplectically anchored. [

1We will restrict our attention here to the nondegenerate case in order to avoid issues arising
from the interaction between F and the characteristic foliation of w.
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Let us now turn to momentum sections. In a first step, we observe that w :
TM — T*M induces an isomorphism from the normal bundle NF+ := TM/TF*
to the dual of the tangent bundle of F, given by

0: NF* =S TF
<97T(U)7a> = w(v,a)
for all v € TM and a € TF, where 7 : TM — NJF* denotes the canonical

projection. As is the case for the normal bundle of any foliation, we have the Bott
connection on NF+*, which is the flat T F*-connection given by

Dym(w) := m([v, w])

for all v € T'(M,TF*) and w € X(M). The isomorphism § maps the Bott connec-
tion to a T F*-connection on T*F, which we will also call the Bott connection.

PROPOSITION 6.20. Let F be a symplectically complete foliation of (M,w).
Then the Bott connection on T*F = NF* is given for v € I(M,TF*) and p €
(M, T*F) by

<Dv;u'7 a> = OJ([U, w]7 a) )

where w € X (M) is a vector field such that {(u,a) = w(w,a).

PROOF. This follows immediately from the definition of the isomorphism 6. [

PROPOSITION 6.21. Let D be a symplectically anchored connection on the tan-
gent bundle TF of a regular foliation of a symplectic manifold. Then the dual
connection on T*F restricted to the direction of TFL is the Bott connection.

Proor. From Eq. (21) we deduce that the condition for the connection D on
TF to be presymplectically anchored is

0=v ww,a)—w- wv,a) —w(v,w],a)

(26) — w(w, Dya) + w(v, Dya),

for all v,w € X(M) and a € I'(M,TF).

Let now p € I'(M,T*F) be given by (u,a) = w(w, a) for some vector field w.
Then (Dyp,a) = v - (i, a) — (4, Dya) = v - w(w, a) — w(w, Dya). With this we can
write Eq. (26) as

(27) (Dyp,a) = w([v,w],a) + w - w(v,a) —w(v, Dya).

For v € I'(M, TF?1) the last two terms on the right hand side of Eq. (27) vanish, so
that we obtain (D,u,a) = w([v,w],a). This is the Bott connection of Proposition
6.20. 0

PROPOSITION 6.22. Let F be a symplectically complete foliation of M. Let
u be a mowhere vanishing section of T*F. If u is horizontal with respect to the
Bott connection, then it is the momentum section for some symplectically anchored
connection on TF.

PrOOF. We follow the strategy of the proof of Proposition 6.7. Let n be a
vector field such that (u,a) = w(n,a). Since p is nowhere vanishing, there is an
n € I'(M,TF) such that (u,n) =w(n,n) = 1.



6.3. REGULAR FOLIATIONS 39

Let D be a symplectically anchored connection on T'F, which exists by Propo-
sition 6.19. Using Eq. (27), we see that p is a D-momentum section if and only
if

B(v,a) := (Dyp, a) + w(v,a)
=w([v,n],a) + w(v,a) + n-w(v,a) — w(v, Dya)
vanishes for all v € X(M) and a € T'(M,TF). Tt is easy to check that B(v,a) is
C°°(M)-linear in both arguments, so that B can be viewed as a bilinear function
on TM xTF.

By assumption, p is annihilated by the covariant derivative of the Bott connec-
tion of Proposition 6.20, which means that w([v,n],a) = 0 for all v € T'(M, TF™).
Since the last three terms of B(v,a) also vanish for v tangent to TF*, it follows
that B(v,a) = 0 for all v in TF+. We conclude that for every a € TF there
is an B(a) € TF such that B(v,a) = w(v, B(a)). This defines a bundle map
B:TF —»TF.

We will now construct a symplectically anchored connection D’, such that pu is
a D’-momentum section. The new connection is given by D! a = Dya + T'(v,a) for
some bilinear bundle map I' : TM X TF — TF. From Eq. (26) we deduce that
D' is symplectically anchored, if and only if

(28) w(v,M(w,a)) =w(w,T(v,a))

for all v,w € TM and a € TF. Moreover, the condition for u to be a D’-momentum
section is equivalent to

(29) w(v,I(n,a)) = B(v,a).
Let T' be defined by
I'(v,a) := B(v,a) 7 + w(v,7)B(a) — w(v,n) B(n,a) 7.
Then we have
w(w,F(v,a)) = B(v,a) w(w,n) + w(v,n) B(w,a) — w(v,n) B(n,a) w(w, )
= w(v,F(w,a)) ,

so that Eq. (28) is satisfied. This shows that D’ is symplectically anchored. For
w = n we obtain

w(v,I(n,a)) = B(v,a)w(n,n) + w(v,n) B(n,a) — w(v,n) B(n,a) w(n,n)
= B(v,a),

so that Eq. (29) holds as well. This shows that y is a D’-momentum section. O

The compatibility of a momentum section p with the bracket of the Lie alge-
broid A = T'F can be written as dpu = —p*w. For (i, a) = w(n,a) we can write the
Lie algebroid differential as

dyu=dp*ipw=p*di,w=p"Lw.
It follows that the condition of bracket compatibility is equivalent to
(30) P (Lrw+w)=0.

We thus arrive at the following sufficient conditions for T'F to be hamiltonian. As
expected, they reduce in the case where T'F = T M to the ones found above.
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PROPOSITION 6.23. Let F be a regular foliation of the symplectic manifold
(M, w).
(i) TF is symplectically anchored if and only if F is symplectically complete.
(il) TF is weakly hamiltonian if, in addition to (i), there is a vector field n
that is nowhere tangent to F* and a symmetry of F*, i.e. T(M,TF*) is
closed under the Lie bracket with n.
(iii) TF is hamiltonian if, in addition to (i) and (ii), the pullback of L, w+w
to F vanishes.

PRrROOF. Statement (i) is Proposition 6.19. For (ii) we first observe that if n
is nowhere tangent to F=*, then y := p*i,w is nowhere vanishing. Moreover, the
Bott connection of y is given by (D,u,a) = w([v,n],a), for v € T'(M,TF'), so
that D,u = 0 iff [v,n] lies in T'(M,TF") for every v. In that case we can apply
Proposition 6.22. Statement (iii) follows from Eq. (30). O

6.4. Lie algebroids of rank 1

By supp p we denote the support of p viewed as a section of A*@TM — M. In
other words, supp p is the closure of the open set of points m € M where p(A,,) # 0.

PROPOSITION 6.24. Let (A, p) be an anchored vector bundle of rank 1 over the
symplectic manifold M, symplectically anchored with respect to D. If suppp = M,
and p is a D-momentum section, then D is flat, and the support of u is M as well.

PROOF. Let pu be a D-momentum section. It follows from the defining prop-
erties of a D-momentum section p that 0 = D%y = uR, where R is the curvature
2-form. This shows that R must vanish on the open set of all points where p is
non-zero and so, by continuity, R must vanish also on the closure of U, that is, on
the support of u.

If p is zero on an open set U C M, then v = Dy vanishes on U, so that p
also vanishes on U, since w is nondegenerate. This contradicts the assumption that
supp p = M, and so the support of ; must be all of M. ([

COROLLARY 6.25. Let A be a Lie algebroid of rank 1 over a symplectic manifold
M with supp p = M. Then A is locally hamiltonian if and only if (C2) holds.

PRrROOF. Assume A is locally hamiltonian, then Proposition 6.24 and Proposi-
tion 3.5 imply (C2). The converse statement was proved in Proposition 4.5. O

PROPOSITION 6.26. Let A be a vector bundle of rank 1 that is symplectically
anchored with respect to the connection D. If A has a D-momentum section, then
the curvature of D vanishes at the singular points of the anchor.

PrOOF. Let m € M be a singular point. Assume that there is an open neigh-
borhood U > m on which the D-momentum section y vanishes. Then v = Dy =0
on U which implies that p = 0 over U, so that the rank of p is constant 0. This con-
tradicts the assumption that m is singular, so that no such neighborhood exists. It
follows that every neighborhood of m contains a point at which p does not vanish.
Thus, we can find a sequence (m;) converging to m with p,,, # 0. We conclude
that m lies in the support of u, so that R must vanish at m. [

As corollary to the last statement we obtain an obstruction to the existence of
a local momentum section in the neighborhood of a singular point m. If the con-
nection D has nonzero curvature at m, then there cannot be a local D-momentum
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section. This still leaves open the much more difficult question of whether there
can be another connection D’ for which A is D’-symplectic, such that there is a
local D’-momentum section.






CHAPTER 7

The category of hamiltonian Lie algebroids

To further develop the concept of hamiltonian Lie algebroids, we will now
introduce and study the notion of morphisms. This will lead to a unified framework
for the various structures that make up a hamiltonian Lie algebroid. The theory
developed here will be used in the example in Section 7.4 on transitive Lie algebroids
and in Chapter 9, where we study important classes of hamiltonian structures on
quotients of Lie algebroids, as well as in Chapter 10, where we give a cohomological
interpretation of hamiltonian Lie algebroids.

Stating the definition of a morphism of Lie algebroids directly in terms of
the anchor and the Lie bracket is rather cumbersome. (See [HM90] and refer-
ences therein.) The most succinct definition is in terms of the graded vector space
N(A) = T'* (M, AN12A*) of exterior forms on A and the Lie algebroid differential d
[Vai97]: A morphism of vector bundles ¢ : A — A over a map ¢o : M — M is
called a morphism of Lie algebroids if its pullback ¢* : QI(A4) — QI(A) is a
map of differential complexes; i.e. dyp* = <p*(~i.

EXAMPLE 7.1. When A = TM and A = TM are tangent Lie algebroids,
and ¢ = Ty is the tangent map of a smooth map ¢o : M — M, then ¢* is the
usual pullback of differential forms along g, which always intertwines the de Rham
differentials.

A connection on A induces a dual connection on A*, which is given by maps
DP : QP (M, A*) — QPTL(M, A*) between the spaces

Q7 (M, A7) = D(M, APT* M @ A%) 2 Q7 (M) S (a1 2 (4)

of A*-valued differential forms. (Note, that the while the tensor product of vector
bundles is fibre-wise over R, the tensor product of the spaces of sections is over
the ring of smooth functions. We omit the subscript in the former case.) In order
to formulate the connection and the hamiltonian Lie algebroid structure within
the same algebraic framework and study their compatibility with vector bundle
morphisms we are, therefore, led to the bigraded algebra

(31) OP9(M, A) == QP (M) @ oo (1) QU(A) .

We will show that the Lie algebroid structure, the connection, and the momentum
section can all be simultaneously encoded either as derivations or as elements of
Q%*(M, A). This leads to a conceptually clear and useful notion of morphisms of
hamiltonian Lie algebroids.

43
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7.1. Lie algebroid with a connection in terms of derivations

The bigraded ring Q2** (M, A) can be viewed as ring of functions on the bigraded
manifold T'[1,0]M & A[0, 1],

OP4(M,A) = O(T[1,0]M & A[0,1]), 4
=T(M,\PT*M ® NTA%).

We may think of the elements of this bigraded algebra as exterior forms on the
vector bundle TM @ A, as A*T*M-valued forms on the vector bundle A, or as
A® A*-valued differential forms on M. The point of view of graded manifolds is
explained in Chapter 10.

As we will now show, the anchor, the connection, and the Lie algebroid bracket
can all be encoded as derivations on Q(M, A). Any derivation § of an algebra is
uniquely determined by its action on a set of generators. (M, A) is generated by
functions f € Q%9(M, A), differential 1-forms 7 € Q19(M, A), and Lie algebroid
1-forms 6 € Q%1(M, A). The derivation laws on these generators read

6(fg) = (6f)g + f(d9)
(32) 5(fr) = (6f)7 + f(67)

6(f6) = (/)0 + f(06),
Every linear map satisfying these relations is a local (first order differential) oper-
ator. Since, locally, Q(M, A) is freely generated as a graded commutative C*°(M)-

algebra, any linear map ¢ defined on functions and 1-forms that satisfies (32) ex-
tends uniquely to a derivation of Q(M, A).

7.1.1. Interior derivative and anchor. An important space of derivations
on the algebra of exterior forms on a vector bundle is given by the insertion of
sections of the vector bundle as the first entry of the forms. These operations can
be viewed a bigraded map

¢: (M, T[1,0]M @ A[0,1]) — Der(Q(M, A))
X—x,

called the interior derivative, where Der(2(M, A)) is the space of bigraded deriva-
tions on Q(M, A). When X = v is a vector field on M, so that deg(v) = (—1,0),
then ¢, is a derivation on Q(M, A) of bidegree (—1,0), which acts by ¢,7 = (7,v) on
7€ QLO(M, A) and by 1,0 =0 on § € Q%1 (M, A). When X = a is a section of A,
then ¢, is a derivation of bidegree (0, —1), which acts by t,7 = 0 and ¢,0 = (6, a).
In both cases tx f = 0, so that the derivation property (32) is satisfied trivially.

It is useful to extend the interior derivative Q(M, A)-linearly to a map

LM, A) @cee vy T'(M,T1,0] & A[0,1]) — Der(Q(M, A))
PX — tppx = (P pixy).
This map can be applied to an anchor A — T'M, which can be viewed as an element
p € QU (M, A) @coo(ary T(M, T[1,0]M).

We thus obtain a derivation ¢, of bidegree (—1,1). Let us make the definition of
this derivation explicit:
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DEFINITION 7.2. Let (A, p) be an anchored vector bundle over M. The anchor
gives rise to a bidegree (—1,1) derivation ¢, of (M, A) defined by

f =0, (,7,a) =tpT, ,0=0,
for all f € Q%O(M, A), 7 € QLO(M, A), 6 € Q%L(M, A), and all sections a of A.

7.1.2. Connection and Lie algebroid structure. A connection on A gives
rise to a bidegree (1,0) derivation on Q(M, A) defined by

Df:=df, Dr:=dr, D#:=D@,

where df and dr is the de Rham differential and D@ the covariant derivative. The
derivation property (32) follows from the derivation property of the de Rham dif-
ferential and the Leibniz rule (1) of the connection.

Let D be the A-connection on TM defined in Eq. (5). As is the case for every
A-connection, D gives rise to a dual A-connection on T*M, also denoted by D,
which is defined implicitly by

(33) pa - (T,v) = (D1, v) + (T, D,ﬂ}) ,

for every differential 1-form 7 € QY(M) and vector field v. When A is a Lie
algebroid, the dual A-connection extends to a derivation on Q(M, A) defined by

Df:=df, Dr:=Dr, D#:=db,

where df = 1,df and df is the Lie algebroid differential, and D7 the covariant
derivative of the A-connection. The derivation property (32) follows from the
derivation property of the Lie algebroid differential and the Leibniz rule (4) of
the A-connection.

We recall from Section 5.1 that every connection D induces an A-connection
D. Tts torsion T defined in Eq. (7) can be viewed as an A-valued exterior 2-form
on A, i.e. as an element

T e QO’Q(Mv A) ®C°°(I\/I) F(Mv A[Oa 1])7
so that ¢p is a derivation of bidegree (0, 1), defined by
LTfZO, LTTZO, LT9 = <6‘,T>

7.1.3. Commutators of the derivations. We have the three bigraded de-
rivations

tp € Der(Q(M, A))_11
D € Der(Q(M, A))10
D € Der((M, A))o.1,

which encode the anchor, the connection, and the Lie algebroid bracket.

The bigraded commutator of a pair of bigraded derivations is again a bigraded
derivation. Therefore, these three derivations generate a bigraded Lie subalgebra of
the graded Lie algebra of all derivations on Q(M, A). For example, we have already
seen in Section 3.1 that [D, D] = 2D? = 2(id ®R) acts as the curvature operator
on elements of Q%!(M, A), which extends to a derivation on Q(M, A). And the
derivation ¢, is of total degree 0, so that [¢,,¢,] = 0.

The following result will be used in the proofs of Proposition 7.6 and Theorem
10.8:
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PROPOSITION 7.3. The differential D can be expressed as
(34) D= [y, D] +ir.

PROOF. Since D, [1,, D], and tr are all derivations on Q(M, A) and are thus
uniquely determined by their action on the generators of Q(M, A), we only need to
show that Eq. (34) holds when applied to functions f € Q%°(M, A), to differential
1-forms 7 € Q10(M, A), and to exterior A-forms 8 € Q%1(M, A).

We start with a function f:

(([tp: D) +11) f ) = (tpdf ,a) = pa- f = (df,a)
= (Df,a).

Next, we consider a differential 1-form 7, for which we have
Lo DT = 1,dT .

Before we compute Dt,7, we observe that, in the definition of the dual connection
of D, there appears an additional sign: for every differential 1-form 7, section a of
A, and vector field v on M we have

(DgT,v) = toDaT = Lyt DT = —141, DT
—(Dr,v®a).

With this relation, we obtain

(DipT,v ® a) = (Dyt,T, a)

=v- (1,7,a) — (1,7, Dya)
(Ly T, pa) + (1, Ly pa) — (1,7, Dya)
— (L4 7, pa) — (7, [0, pa] + p(Dy0))
(L, Loy T,a) — (1, D,0)
(1p(tod + duy)T, @) — (T, Dyv)
{tp
(
(tpd

LotpdT,a) + pa - (T,v) — (1, Dav)
Ly Lpd’T a) + (Dg1,v)
—Drv®a),

where we have used the definition of the dual connection, the defining Eq. (5)
of the opposite A-connection D, Cartan’s magic formula, and that Loly = bulp
because ¢, is of total degree 0. Subtracting the two terms of the commutator yields
[tp, D]T = DT — 177, where we have used the condition 177 = 0 in the definition of
Lr

Finally, we turn to an exterior 1-form 6 on A. In order to apply Eq. (34) to 6
we first observe that

lpa = [Lav LP] )
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which can be checked by letting the derivation [i4,¢,] act on the generators 7 and
6. Using this relation, we obtain

([tp, D18)(a,b) = tpta(tyD — Diy)0 = tptat, DO
= (tblpa — Lalpb + Lptpla) DO
= (Dyab,b) — (Db, a)
=pa-(0,b) — pb-(0,a) — (0, D,b) + (6, Dypa)
= pa-(0,b) — pb-(0,a) — (0, [a,b])
+ (0, [a, b]) — <97Dpab> + (0, pra>
= (df)(a,b) — (0, T(a,b))
= (D6)(a,b) — (e16)(a,b)

for all sections a, b of A. This finishes the proof. O

7.2. Morphisms of anchored vector bundles with connections

A morphism ¢ : A — A’ of vector bundles is given explicitly by a commutative
diagram of the form

AN

| ]

M2
The morphism induces a pullback operator
90* : Q(M/a A/) — Q(Mv A) 5

which is the bigraded linear map defined by ¢*(7 ® 0) = piT @ ©*0, where piT
is the usual pullback of the differential form 7 on M’ along (g, and where ©*@ is
given by the commutative diagram

Aoy ,
NIA* +————— NTA™*

A

M—2" s\

A smooth map of (not necessarily linear) fibre bundles with (Ehresmann) con-
nections is said to be compatible with the connections if its derivative maps
horizontal vectors to horizontal vectors (or, equivalently, the map takes horizontal
paths to horizontal paths). For a map of vector bundles with linear connections,
this compatibility can be expressed in terms of the covariant derivatives as follows:

PROPOSITION 7.4. Let (A, D) and (A’, D') be vector bundles with connections.

A morphism ¢ : A — A’ of vector bundles is compatible with the connections if and
only if Dp* = p*D’.

While the statement of this proposition is folklore knowledge, we could not find
a proof in the literature, so we give one here:



48 7. THE CATEGORY OF HAMILTONIAN LIE ALGEBROIDS

PROOF. Ty : TA — T A’ maps horizontal vectors to horizontal vectors if and
only if the horizontal lifts h : TM Xy A —TA and h' : TM' x ;0 A" — T A’ of the
connections satisfy
(35) TSOI h(Um, am) = h/(T<p0 Vo, P1 (am))

for all m € M, vy, € T,, M, and a,, € A,.

The decomposition of a tangent vector ¢ € T, A into its horizontal and vertical
part is given by

al = WTra,am), at=a—al,

where m : A — M is the bundle projection. Since A is a vector bundle, we can
identify the vertical part of @ with an element in A,,. The dual connection is defined
by requiring that paring a (locally or at a point) horizontal section 0!l of A* with a
horizontal section all of A yields a constant function (4!, all) on M. For a tangent
vector v, € T,, M represented by the smooth path ¢t — v, € M, we have

U - (01, all) = %<9”(%)7a”(%)>t:0
=0.

For arbitrary sections 6 and a it follows that the derivative of (0, a) depends only
on the horizontal components of the derivatives of # and a, so that we obtain

Um - (0,a) = ((TOvy) ", a(m)) + (0(m), (Tavy) vp) .

Using this relation, we can write the derivative in the direction of v,, € T,,M of
the pairing of the pullback of a section 6’ of A™* with a section a of A as follows:

Um - (970, a) = v - (0 0 0, 01 0 @)
= ((TO' Tpo vm) ™, p1(a(m))) + (0 (wo(m)), (Ter Tavm) ")
= (Drgy o, 05 p1(a(m)))
+ (0 (po(m)), Tpr Ta vy, — B (Tpo v, p1(a(m))))
= Lvm<go*D’9’, a> + <9’(cp0(m)), Ty Tavy, — b (Tgoo Urns gol(a(m)))> ,

where we have used that the vertical part of the derivative of a section is its covariant
derivative, (T0' T V)t = Drpye,, 0, and that ¢ being a morphism of bundles
implies T’ Ty1 Tav,, = TooTnTavy = Ty vym. On the other hand, we can
express the derivative in terms of the covariant derivatives as

Um - (@"0',a) = (Dy,, "0, a) + (970, D, a)
=(D,, ¢*0 a) + <0’(<p0(m)),T<p1 (Tavm — h(vm,a(m)))> )
Subtracting the last two equations we obtain
Ly, <(<,0*D’ — Dp*)o, a> = <9’(<p0), I (T<p0 U, wl(a(m))) — T1 (v, a(m))> ,
which holds for all sections 6, a, and all vectors v,,,. We conclude that ¢*D’ = D™
if and only if Eq. (35) holds. O

PROPOSITION 7.5. Let (A, p) and (A’,p’) be anchored vector bundles. A mor-
phism ¢ : A — A’ of vector bundles is compatible with the anchors, Typg o p =

p' o To1, if and only if L™ = ©*1,.
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ProOF. Evaluating the condition Ty o p = p' o 1 at a € A and pairing it
with a differential 1-form 7 € Q'(M’), we obtain the equivalent condition

(tpp" T a) = (977, pla)) = (1, T'pop(a)) = (1,0’ (p1(a))) = (tp'T, p1(a))
= (¢ a).

This shows that the compatibility is equivalent to ¢,0*7T = ¢* 1,7 for all differential
1-forms on M’. By the derivation property of ¢, and ¢y, t,0*T = ¢*1,7 then
holds for differential forms of all positive degrees. Since ¢, and ¢, annihilate all
functions in C*°(M) and C*>°(M’), as well as all exterior A-forms in Q(A) and
Q(A’), respectively, we conclude that ¢,¢* = ¢*1, holds when applied to all forms
in Q(M, A). O

PROPOSITION 7.6. Let (A, D) and (A’,D’) be Lie algebroids with connections
and ¢ : A — A’ a morphism of vector bundles that is compatible with the connec-
tions. Then ¢ is a morphism of Lie algebroids if and only if Dp* = ¢*D’.

PROOF. Assume that ¢ is a morphism of Lie algebroids. This means that for
every function and every exterior A-form 6 € Q(A) we have Dp*0' = dp*0' =
¢*d'0' = ¢*D'¢’. In particular, for every function f’ € Q°(A’) = C>=(M’) we have

Lp@*df/ LdeO*f/ _ d(p*f/ _ @*D/f/
= QO*L[)’dfla

which implies that ¢,0* = ¢*1,,. Proposition 7.3 implies that D acts on differential
forms by the commutator [¢,, D]. Since ¢* intertwines the interior derivatives of
the anchors and by assumption the connections, it follows that D¢*r’ = ¢*D'7’
for all 7/ € Q(M’'). Differential forms and exterior A-forms generate Q(M, A),
which implies that the relation Dy* = ¢*D’ holds when applied to any element of
Q(M, A).

Conversely, assume that Dp* = o*D’. Since D acts on exterior A-forms by
the Lie algebroid differential, it follows that dp*6’ = p*d’¢’ for all ' € Q(A’). We
conclude that ¢ is a morphism of Lie algebroids. (Il

7.3. Morphisms of hamiltonian Lie algebroids

The structure of a hamiltonian Lie algebroid (A, w, D, i) can be interpreted in
terms of the bigraded ring (M, A) as well. The presymplectic 2-form, the dual
anchor, and the momentum section are elements

we WM, A, yeQ" (M A), peQ®(M, A).

The connection is given by the derivation D of bidegree (1,0) and the Lie algebroid
structure by the derivation D of bidegree (0,1). Moreover, the anchor is encoded
in the derivation ¢,.

PROPOSITION 7.7. The conditions in Definition 1.1 for A to be presymplecti-
cally anchored with respect to D, for p to be a momentum section, and for p to be
bracket-compatible can be written as

(36) Diyw =0, Dp=—t,w, and Dp = —31,0,w,

respectively.
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PROOF. We must explain the minus sign in the second equation and the factor
% in the third equation, which are a bit surprising. By Eq. (9), the dualized anchor
v, viewed as an A*-valued 1-form on M, can be written in coordinates as

Y= ® 6 = plwasda’ @ 0°
as an element of the graded algebra (M, A). By definition, ¢, is the graded
derivation on Q(M, A) that is given by its action on local generators as
Lpdz® = p0', 1,00 =0.

Applying ¢, to w = %wagdxa ANdzP =w= %waﬁdacad:cﬁ, we obtain

Lpw = wapdr®i,dr’ = wapdz®p 0" = —pPwapdz® @ 6
= —’y .
It follows that v = —¢,w, so that the condition D~y = 0 is equivalent to D¢,w = 0,
and the condition Dy = 7 is equivalent to Dy = —¢,w.
Using tpq = [ta, tp], we compute for the third condition
thta(Lptpw) = tp(Lpla + Lpa)lpw)
= (thtp)(Latp)w + tplpalpw
= (wtp)tpaw + (tbip)tpaw

= 2w(pa, pb) .
This shows that w(pa, pb) = ($¢,t,w)(a,b). It follows that the condition (dp)(a, b) =
—w(pa, pb) is equivalent to Dy = —L1,0,w. O

For the first condition of Egs. (36), there is an equivalent condition in terms of

D:

PROPOSITION 7.8. An anchored vector bundle A over a presymplectic manifold
(M, w) is presymplectically anchored with respect to the connection D if and only if

Dw=0.

Proor. The dualized anchor is given by v = —¢,w. Using Proposition 7.3 and
that Dw = dw = 0, we get

Dy=—Diw=[D,1)lw=—Dw,
so the left hand side vanishes if and only if the right hand side does. O

The conditions for a map of vector bundles to be compatible with hamiltonian
Lie algebroid structures are now clear.

DEFINITION 7.9. Let (A,w,D,u) and (A" ', D', i') be (weakly) hamiltonian
Lie algebroids over presymplectic manifolds. A map ¢ : A — A’ of vector bundles
is a morphism of (weakly) hamiltonian Lie algebroids if it is a morphism of
Lie algebroids and if the following three conditions hold:

(i) w = @Sw/,
(ii) De* =" D',
(i) p="p'.
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PROPOSITION 7.10. Let (A, D) and A’, D) be Lie algebroids with connections.
Let ¢ : A — A’ be a morphism of Lie algebroids that is compatible with the connec-
tions. Let W' be a presymplectic form on the base manifold of A’, let i’ be a section
of A, and let w := p*w' and p = @*u’ denote their pullbacks.

If (A',W') is presymplectically anchored, then (A,w) is presymplectically an-
chored. If 1/ is a (bracket-compatible) D’-momentum section for (A',w'), then u
is a (bracket-compatible) D-momentum section for (A,w). Moreover, when @1 is
surjective and o a submersion, then the converses of these statements are also
true.

PRrROOF. By Propositions 7.4 and 7.6 ¢ satisfies Dop* = ¢*D’, 1,0* = ¢©*1,,
and Do* = p*D’. Therefore,

Diyw = Do*1yw’ = ¢* D'y’
Dp+ tpw = Do*p/ + 10w’ = " (D't + 1yw)
Dp+ Suptpw = D™/ + 31,0,0"0" = 0" (D'p + L0
If D'vyw’, D'p + 1y’ and D'p’ + 10w on the right hand sides of these
equations vanish, then the left hand sides vanish as well. Moreover, when ¢ is

surjective and g a submersion, then ¢* is injective, so that in the last statement
the “if” becomes “if and only if”. |

7.4. Quotient by the isotropy subbundle

As an application of the results of this section, we will study what happens to
a (weakly) hamiltonian structure on a Lie algebroid when we take the quotient by
its isotropy bundle. We begin with action Lie algebroids.

Let p: g x M — TM be the anchor of an action Lie algebroid over a presym-
plectic manifold. The kernel of the corresponding homomorphism g — X (M) is
an ideal h C g, so the action descends to an action p of the quotient Lie algebra
g := g/b. On the other hand, a momentum map p : M — g* descends to a map
w: M — (g/h)* if and only its image annihilates h under the natural pairing.

EXAMPLE 7.11. Let g be the 3-dimensional real Heisenberg Lie algebra spanned
by the generators @, P, I subject to the relations [Q, P] = I, [@Q,I] = 0 = [P, I].
The action p : g — X (R?) on the symplectic plane (R?,w = dg A dp) given by

p(@)z—a%, p<P>:§q, o) =0,

is hamiltonian with the momentum map p defined by (i, Q) = ¢, (i, P) = p, and
(u, I) = 1.

The kernel of p is the 1-dimensional Lie algebra ideal spanned by I. The action
p descends to an action of the quotient g = g/ker p, which is a 2-dimensional
abelian Lie algebra. Note, though, that the momentum map yu does not descend
to g because it does not annihilate the kernel of p. On the other hand, there is
another momentum map, i/, obtained from p by change of the value on I from 1
to 0, which does descend to a momentum map p’ for the action of g. This map,
which makes the reduced action weakly hamiltonian, is given by (u/, Q +ker p) = ¢
and (', P + ker p) = p. Now neither y/ nor u is equivariant. In fact, the action
of g is not hamiltonian for any choice of momentum map. This is a special case of
Proposition 7.13 below.
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Our example shows that a momentum map for p does generally not descend to
a momentum map for p, but we found (at the possible expense of equivariance) a
different momentum map which does descend. This is a general phenomenon, as
the next proposition shows.

PROPOSITION 7.12. The action p of a Lie algebra g on a presymplectic manifold
is weakly hamiltonian if and only if the induced action of g/ ker p is.

PROOF. Let p: g = X (M) be a weakly hamiltonian action with momentum
map p : M — g*. Denote by ¢ : ker p — g the embedding of the kernel. Since
the hamiltonian vector fields of elements in ker p are zero, the induced map ¢*u :
M — (ker p)* is constant. Choosing some linear projection p : g — ker p satisfying
pi = id, we get a constant map v : p*i*ou : M — g*, which satisfies (v, X') = (i, X)
for all X € ker p. Since v is constant, u’ := u — v is also a momentum map for p.
It satisfies (i, ker p) = 0, so that p/ descends to a momentum map for the induced
action of g := g/ ker p.

Conversely, assume that g is a momentum map for the induced action of g. Let
7 : g — g be the canonical projection. Then 7* o i : M — g* is a momentum map
for p. O

For a momentum map of the induced action of the quotient to be equivariant,
we need an extra condition:

PROPOSITION 7.13. Let p : g — X (M) be a hamiltonian action on a presym-
plectic manifold with equivariant momentum map u. Then the induced action of
g/ ker p is hamiltonian if and only if {u, [g, g] N ker p) = 0.

PROOF. By assumption, the momentum map pu is equivariant, which means
that

(37) op(X,Y) = —w(p(X), p(Y)),

for all X,Y € g, where w is the presymplectic form and where

S(X,Y) = p(X) - (1, Y) = p(Y) - {1, X) — (1, [ X, Y])

is the Chevalley-Eilenberg differential. As we have seen in the proof of Proposition
7.12, another map y’' : M — g* is a momentum map if and only if the difference
v =p — i is constant. (As stated in Section 2.1, M is assumed to be connected.)
Moreover, p’ is equivariant if and only if

0= 0u(X,Y) = —(n,[X,Y))

for all X,Y € g.

Assume that (u, [g, g)Nker p) = 0. Then we can find a constant map v : M — g*,
such that (v, X) = (u, X) for all X € kerp and (v,[X,Y]) =0 for all X,V € g.
The first condition ensures that /' = 7*p for a unique map p : M — g = g/ ker p,
where 7 : g — g is the quotient map. As in the proof of Proposition 7.12, it follows
that p is a momentum map.

The second condition (v, [X,Y]) = 0 ensures that 1 is equivariant. Let § denote
the Chevalley-Eilenberg differential of g and let p : g — X (M) denote the induced
action. As is the case for any Lie algebra homomorphism, 7* commutes with the
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differentials, d o 7* = 7* 0 §. It follows that
5y (w(X), 7(Y)) + w(p(x(X). plr(¥))
(38) =7 (0p)(X,Y) + w(m*p(X), 7p(Y))
= 8(m* ) (X, Y) + w(p(X), p(Y))

for all X, Y € g. The right hand side vanishes because p/ = 7*p is equivariant. Since
7 is surjective, the left hand side vanishes if and only if y satisfies the equivariance
condition (37). We conclude that p is a hamiltonian action.

Conversely, assume that p is an equivariant momentum map for the induced
action p. Let p/ := 7*p. As in the proof of Proposition 7.12, it follows that p’ is a
momentum map. From Eq. (38) it follows that 4’ is equivariant.

The difference v = p — p’ of two momentum maps is a constant map. Since
both u and p’ are equivariant, we also have (v, [X,Y]) =0 for all X,Y € g. Since
(1, X) = (u, (X)) vanishes on ker m = ker p, it follows that (u, X) = (v, X) for all
X € ker p. From (v, [X,Y]) = 0 we conclude that (u, [g, g] N ker p) = 0. O

In the case of Lie algebroids, the kernel of the action is replaced by the (generally
non-regular) isotropy bundle ker p C A. The space of sections of ker p is still a
Lie algebra ideal, so that when ker p is regular, the quotient A := A/kerp is a
Lie algebroid with injective anchor p. Then A can be identified with the regular
involutive distribution p(A) = p(A) CTM.

When do the additional compatibility conditions of A being presymplectically
anchored or (weakly) hamiltonian descend to A? As a first step, we observe that
for a presymplectically anchored vector bundle the kernel of the dualized anchor is
“invariant” under the connection.

PROPOSITION 7.14. If (A, p) is presymplectically anchored with respect to D,
then, for all sections a, {y,a) = 0 implies that {7y, Da) = 0.

PRrROOF. Consider v as an A*-valued 1-form on M. In (11) we have seen that,
for any section a of A, the scalar 2-form (D~,a) is equal to d{vy,a) + (v, Da). If
the connection satisfies Dy = 0, then (y,Da) = —d(v,a), and the proposition
follows. O

If (A, p) is regular and presymplectically anchored with respect to D, then the
kernel of v = @ o p is a vector subbundle of A, and Proposition 7.14 shows that
D induces a connection on it. For D to descend to the quotient Lie algebroid
A, however, we need D to induce a connection on ker p C ker~, i.e. that kerp is
invariant under D. By Proposition 7.14, this happens, for instance, when ker p =
kery, e.g. when w is symplectic.

REMARK 7.15. Suppose that w = 0, so that any connection on A is presymplec-
tically anchored. For a Lie algebroid for which ker p is neither 0 nor all of A, most
connections D on A do not leave ker p invariant, so they do not induce connections
on A.

PROPOSITION 7.16. If (A, p) is a reqular anchored vector bundle over a presym-
plectic manifold, then for any presymplectically anchored connection D on A which
leaves ker p invariant, the induced connection D on A = A/ker p is presymplecti-
cally anchored.
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PrOOF. Let D be any presymplectically anchored connection on A. To define
the induced connection D on A, we set for each section a, Da = w o Da, where
m: A — A is the projection and a is chosen so that a = 7 o a. Since kerp is
invariant under D, the result is independent of the choice of a. To show that D is
presymplectically anchored, we must check that, for any section a of A and vector
field v on M, the ordinary 1-form (D, v, a) is equal to zero.

Viewing the dualized anchors v and v := @ o p as 1-forms on M with values in
A* and A" respectively, we note first that v = yor since p = pow. Now, according
to the definition of the dual connection D on A*-valued forms, we have

(39) <Qvl7 Q) = [’Ud<l7 Q) - <la Q’u Q) .
The pairing of the A*-valued 1-form ~ with the section D,a of A can be viewed as
the composition of the map D,a : M — A with the map v: A — T*M. In terms
of such composition of maps, the second term on the right hand side of Eq. (39)
can be rewritten (without the — sign) as
(v,D,a) =yoD,a=vyomoDya=r0Dy,a
= (7, Dya),
for any choice of @ with a = 7w o a.
Since Dy = 0 by assumption, we have, again by duality,
(7, Dya) = 1yd(7y,a) = tyd(y 0 a) = tyd(yomoa) = t,d(yoa)

= Lvd<17 Q> y
which cancels the first term on the right side of Eq. (39). So D,y = 0, and hence
the connection D is presymplectically anchored. (I

PROPOSITION 7.17. Let (A, p) be a regular anchored vector bundle such that
ker p = ker~y, let D be a presymplectically anchored connection on A, and let (A, p)
be the anchored quotient vector bundle with the presymplectically anchored connec-
tion D from Proposition 7.16. Then p € T'(M,A*) is a D-momentum section for

(A, p) if and only if its pullback p € T'(M, A*) is a D-momentum section for (A, p).
PrOOF. Viewing the section p as a map A — R, we may write the pullback

section as p = p o, where 7 : A — A is the projection. As in the proof of 7.16,
we have, for any section a and choice of section a of A with a = 7 o a,

(Dp,a) = d{p,a) + (1, D a)

where we have used Eq. (11) twice. Using this equation, we conclude that Dy = v
implies that (v,a) = (v,a) = (D p, a) = (Dp,a) for all sections a, so that Dy = 1.
By an analogous argument we see that Dy =« implies that D p = 4. O

It does not follow from Proposition 7.16 that (A, p) being weakly hamiltonian
implies that (A, p) is weakly hamiltonian as well. For it is not clear whether a
momentum section p can be chosen to annihilate ker p, which is the necessary and
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sufficient condition for u to descend to a section of A*. The following lemma gives
a partial answer to this question:

LEMMA 7.18. Let (A, p) be a reqular presymplectically anchored vector bundle
for which ker p = ker~y. If the subbundle ker p has a complement that is invariant
under parallel transport, then a D-momentum section, if it exists, can always be
chosen to annihilate ker p.

PROOF. Let Ay C A be a D-invariant complement of A = kerp, A = A1 &
Asy. There is a corresponding splitting of the dual bundle A* = A} & A3. By
Proposition 7.14 ker p is D-invariant, so that the connection splits as D = D1 + Do
into components acting on A; and As. Let g be a D-momentum section, which
splits as u = p1 + po. For a € ker p, the condition that p is a momentum section
implies (Du, a) = (Daua,a) = v(a) = 0, that is, yy is a Dy-flat section of A3. Since
Doy = 0, it follows that py is a D-flat section of A*, so that us is a D-momentum
section with values in A3 = (ker p)°, the annihilator in A* of ker p. O

REMARK 7.19. Since M is connected, ker p has a D-invariant complement if
each fibre has a complement as a submodule of the representation of the holonomy
group. For an action Lie algebroid with the trivial connection, the holonomy is
trivial, so that such a complement always exists. But in general the holonomy
representation may not be reducible, e.g. when the holonomy group is not compact.

We now suppose that A is a Lie algebroid rather than simply an anchored
vector bundle.

PROPOSITION 7.20. Let (A, p,[, ]) be a reqular presymplectically anchored Lie
algebroid such that ker p = kery. Then a momentum section for the quotient Lie
algebroid A = A/ ker p is bracket-compatible if and only if the pullback momentum
section for A from Proposition 7.17 is bracket-compatible.

PROOF. Since p is a regular homomorphism of Lie algebroids, the quotient
A = A/kerp is a Lie algebroid and the projection 7 : A — A a homomorphism of
Lie algebroids. Assume that y € T'(M, A*) is a momentum section for (A4, p). It was
shown in Proposition 7.17 that the pullback p = 7*p € T'(M, A*) is a momentum
section for (A4, p).

As is the case for any homomorphism of Lie algebroids, the induced pullback
7 Q(A) — Q(A) of exterior forms on A is a map of differential complexes,
m*da = da7m*. Applying this to p, we obtain 7*dap = dan*p = dap. It follows
that (dap)(a,b) = —w(pa, pb) if and only if

b)
(dap)(a,b) = (dap)(woa,mob) = (dap)(a,b) = —w(pa, pb)
= —w(pa, pb),
where a, b are sections of A for which mroa =a and mob =b. [l

Putting together the results of this section, we obtain the Lie algebroid analog
of Propositions 7.12 and 7.13:

THEOREM 7.21. Let A be a reqular Lie algebroid over the presymplectic man-
ifold (M,w) satisfying ker p = ker~y. Assume that A is presymplectically anchored
with respect to the connection D and let D denoted the induced connection on
A = A/ker p. Assume furthermore that the subbundle ker p C A has a D-invariant
complement. Then
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(i) A is weakly hamiltonian with respect to D if and only A is weakly hamil-
tonian with respect to D.

(ii) Assume that A is hamiltonian with D-momentum section u. Then A is
hamiltonian with respect to D if and only if (u, T (A, A) Nker p) = 0.

PRrROOF. (i) By Proposition 7.16 A is presymplectically anchored with respect
to D. Assume that A is weakly hamiltonian with respect to D. It follows from
Proposition 7.17 that A is weakly hamiltonian with respect to D. Conversely,
assume that A is weakly hamiltonian. By lemma 7.18 the momentum section pu
can be chosen to annihilate ker p, so that it is the pullback of a section p of A™. It
follows from Proposition 7.17 that x is a momentum section with respect to D.

(ii) Let g be an equivariant D-momentum section for A. Assume that A
is hamiltonian with bracket-compatible D-momentum section p. It follows from
Proposition 7.17 that the pullback p' = 7*p along the canonical epimorphism
7m:A— Ais a D-momentum section and from Proposition 7.20 that it is bracket-
compatible. Let v := pu — y’. Since both, p and g/ are momentum sections,
Dv =Du— Dp' =~ —~=0. It follows that

(dv)(a,b) = pa - (v,b) — pb- (v,a) — (v, |a,b])
(40) = <V, Dpab> - <V7 pra> - <V7 [a> b]>
= (v,T(a,b))

for all sections a and b of A. Since both p and p/ are bracket-compatible, dv = 0
so that v vanishes on the image T(A, A) of the torsion. Since y' vanishes on ker p
it follows that (u,T(A, A) Nker p) = (v,T(A, A) Nker p) = 0.

Conversely, assume that (u,T(A4, A) Nkerp) = 0. By assumption ker p has
a D-invariant complement C, A = ker p ® C, so that the momentum section has
two components p := v + p/, where v is a section of (ker p)* and p a section of
C*. Since 7 vanishes on ker p, the condition for p to be a momentum section,
Dy = Dv+ Dy’ = v is equivalent to the two conditions Dv = 0 and Dy’ = «y. This
shows that p/ = p — v is a momentum section. Since p’ annihilates ker p it is the
pullback p/ = 7*u along the canonical epimorphism 7 : A — A of a D-momentum
section for A. By Proposition 7.20 u is bracket-compatible iff p’ is. By Eq. (40)
this is the case iff v annihilates T'(A, A). Splitting the image of the torsion as
T(A,A) = (T(A, A)nker p)®(T(A, A)NC) using that v annihilates C' and observing
that on (v, a) = (u,v) for all a € ker p, we obtain (v, T'(A, A)) = (u, T (A, A)Nker p),
which vanishes by assumption. O

7.5. Application to transitive Lie algebroids

An anchored vector bundle (A4, p) over M with surjective anchor can be split as
the direct sum of the isotropy bundle and a subbundle mapping isomorphically by p
to the tangent bundle of M. In Section 7.4 we have studied the role of the isotropy
bundle and in Section 6.2 we have given conditions for the tangent bundle to be
(weakly) hamiltonian. Now we will combine these results and obtain conditions for
transitive Lie algebroids to be hamiltonian.

PROPOSITION 7.22. Ewvery transitive Lie algebroid A over a regular presymplec-
tic manifold M can be presymplectically anchored.

ProOOF. We choose a splitting of the surjective anchor to identify A = ker p &
T M, with the anchor being given by the projection to TM. The quotient bundle of
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Proposition 7.16 can then be identified with the tangent bundle A = T'M and the
quotient anchor with the identity map p = idpps. The dualized anchor v = 1 + 72
is given by the zero section 41 = 0 on ker p and v, = & on TM.

If Dy and D5 are arbitrary linear connections on the subbundles ker p and T'M,
respectively, then the connection on the quotient from Proposition 7.16 is D = Ds.
The condition for A to be presymplectically anchored with respect to D = D1+ Do
is Dy = D1y + Doy, = 0. The zero section v; = 0 is horizontal with respect
to any linear connection D;, which implies that A is presymplectically anchored if
and only if Dy, = 0. We conclude that A is presymplectically anchored if TM is,
which by Proposition 6.4 is always the case. (I

PROPOSITION 7.23. Let A be a transitive Lie algebroid over a symplectic man-
ifold M. If TM is (weakly) hamiltonian then so is A.

ProoOF. Let D = D; + D5 be a direct sum of connections as above. Let pu
be a D = Dy-momentum section for A = TM. According to Proposition 7.17,
W= 1 + po, with g1 = 0 and pe = p, is a D-momentum section for A. According
to Proposition 7.20, u is bracket-compatible iff 1 is bracket-compatible. (I

REMARK 7.24. The proof does not show that A being weakly hamiltonian
implies that T'M is weakly hamiltonian, since we cannot exclude the case that A
has only D-momentum sections p that do not annihilate ker p and, therefore, do
not descend to T'M. According to Remark 7.19, this can occur only when ker p
does not have a D-invariant complement. However, we know of no example that
realizes this topological obstruction.

COROLLARY 7.25. Any transitive Lie algebroid over a symplectic manifold that
is either non-compact or compact with non-negative Euler characteristic is weakly
hamiltonian.

PROOF. The statement follows from Propositions 7.22 and 7.23, together with
Theorem 6.9. (]






CHAPTER 8

Reduction of action Lie groupoids and algebroids

If G is a Lie group acting smoothly on a manifold M, and if H is a closed
normal subgroup operating freely and properly on M, so that M/H is a manifold,
then the reduced action is a smooth action. We will show in this section that, under
the additional assumption that H is acting freely on M, we still have a reduction of
the action groupoid G x M to a reduced groupoid over M/H, even when H is not
normal. It is generally no longer an action groupoid, though it does agree with the
action groupoid of the reduced action in the case where H is normal. We will give
examples, show the Morita invariance of the reduced groupoid to the original one,
and describe the Lie algebroid of the reduced groupoid. The reduced Lie algebroid
(but not the groupoid) has appeared with slightly different assumptions in [Lu08].

This section is independent of the previous sections of the paper and may be of
interest in itself. In Chapter 9, we will return to our main subject and study how
hamiltonian Lie algebroid structures behave under reduction.

As throughout this paper, we will be working in the smooth category. It should
be noted, though, that there are similar versions in the topological category and
simply in the category of sets (in which case properness of an action is not required
for the existence of a nice quotient space).

8.1. Quotient of an action groupoid by a subgroup

Recall that, if a group H acts on X from the right, and on M from the left,
then X xp M is defined as (X x M)/H, where the (left) action of H is given by
h-(z,m)= (z-h~' h-m). If the action on M is free and proper, then this is is a
smooth fibre bundle over M/H with fibre X, called the associated X bundle to
the principal H bundle M — M/H.

For our purposes, X will be a manifold H\G of left H-cosets, with the usual
right H-action. The associated bundle is the quotient

H\G xg M =(GxM)/(H x H)
with respect to the (left) H x H-action given by (hi, ha)-(g,m) = (highy ', ha-m).

REMARK 8.1. The notation M/H for the orbit space of an H-action is com-
monly used for both left and right actions. An exception is the notation for the
left and right coset spaces H\G and G/H, which leads to the unfortunate equation
M/H = H\G when M = G. We have grudgingly decided to bear with this incon-
sistency rather than fixing it by redefining the well-established notation for either
cosets or group quotients. To get the usual notation K\G/H for a double coset
space, we consider H acting from the right on the left coset space K\G.

PROPOSITION 8.2. Let G be a Lie group acting from the left on a manifold M.
Let H C G be a closed Lie subgroup for which the restriction to H of this action is

59
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free arEd proper. Then there is a unique Lie groupoid structure on [:= H\Gxyg M
over M := M/H such that the quotient maps

Gx M—"—%H\GxyM=T

|

M—" s M/H=M
form a homomorphism of Lie groupoids.

PROOF. Since H is a closed subgroup, H\G is a smooth manifold on which
H has an induced action from the right. Since the action of H on M is free and
proper, M — M/H is a smooth principal bundle, so that the associated H\G-
bundle H\G xg M over M/H is smooth. We will use the notation

[m] :=mo(m), [g,m] :=m1(g,m)
for elements of this quotient. By definition of the group actions, we have [h-m] = [m]
and [h1ghy ', hy - m] = [g,m].

To be compatible with my, 71, and the action groupoid structure, the left and
right anchor maps (sometimes called source or target maps, or moment maps,
depending upon conventions), the identity bisection, and the inverse on the quotient
must be defined as:

llg,m]:==[g-m], rlg,m]:=[m],
Ly = [Lm],  [g,m]™ ==[g7" g -m].
for all g € G and m € M. When m; = g3 - ma, then the multiplication of [g1,m1],
[g2, m2] € T must satisfy

(41)

(91, m1] [g2, m2] = [g192, m2] -

In the general case, when r[g1,m1] = [m1] and [ga - ma] = l[g2, m2] are equal,
we observe that the freeness of the H action on M implies that there is a unique
n(mq,ge - m2) € H such that m; = n(my, g2 - ma2) - (g2 - m2). The multiplication
must then be defined as

(42) [91,m1] [g2, m2] := [g1n(ma, g2 - m2)g2, m2] .
We will now show that the structure maps defined in Eqgs. (41) and (42) satisfy the
axioms of a Lie groupoid.

First, we observe that n(mi,gs - ma) is the image of the the smooth map
n: M x; M — H that maps a pair of elements m and m’ in the same fibre
of M — M to the unique element n(m, m’) € H satisfying m = n(m,m’) -m/. It is
easy to see that 7 satisfies the following relations:
(H1) n(h-m,m’) = hn(m,m’)
(H2) n(m,m) =1,
for all (m,m’) € M xpyy M and h € H. Having a smooth map with these

properties is equivalent to the H-action on M being free (cf. Prop. 3.4 in [Blo08]).
Relations (H1) and (H2) imply

(H3) n(m7 h- m/) = n(ma m/)h71 3

which we will also need.



8.2. EXAMPLES 61

With these relations we can show that the multiplication is well-defined in the
first factor:
[h191h2 ,h2 m1 92,m2 [hlglhg 77 h2 mi,gs - m2)92, m2]
= [h1gih3 " hon(mi, g1 - m2)go, ma]
[hlgﬂ? mi, g2 - m2)92, mz]
[g m1, g2 - m2)92,m2]
where in the second step we have used (H1). For the second factor we get
[91,m1] [h1g2hsy ", ho - mo] = [ 1n(ma, higahy 'ha - ma)higahy ™t o - m2]
= [g1n(ma, g2 - ma)hy 'hagahs ', ha - mo]
= [g1n(ma, g2 - m2)gah3 ', ho - mo]
[ 177(m1792 ~m2)g2,mg] s

where in the second step we have used (H3). Next, we check associativity,

91, ml] ([925 m2] [g?n mS])
g1,m1] [gzﬁ(m2,g3 'm3)937m3]
g1m(ma, gan(ma, gs - m3)gs - m3) gan(ma, g3 - ms)gs, ms]

g1n(ma, g2 - m2)gan(ma, gs - m3)gs, ms|

[
=

=
= [gu
[91 nmai, gz - m2)92,m2] [9377713]
([glaml gz,mz]) lg3, m3],

where we have used that by definition n(mas, gs - m3)gs - ms = ma.

It is a straightforward calculation to check that the left and right anchor maps,
the identity, and the inverse are also well-defined and satisfy the axioms of a group-
oid. For example, for the inverse we have

[highy ' ha - m) ™ = [hag™"hi" haghy " - (o - m)]
= [hag™'hit by - (g - m)]
=g~ 9 -m
=[g,m]™".

Moreover, [g,m] *[g,m] =[g7*,g-m][g,m] = [g7'g,m] = [1,m] = 1}, Verifying
the remaining relations of a groupoid is equally straightforward.

The smoothness of the structure maps is a consequence of the smoothness of
the quotient maps 7y and my, of the map 7, and of the structure maps of G. Since
7o is a submersion it follows that the anchor maps are submersions. ([

REMARK 8.3. Hgh = Hh™'gh = H(Ad;1 g), so that the right regular action
and the right adjoint action of H on G induce the same right H-action on H\G.

8.2. Examples

EXAMPLE 8.4. In the situation of Proposition 8.2 assume that the closed sub-
group H C G is normal. Then the right action of H on H\G is trivial, so that the
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associated H\G bundle is also trivial. More precisely, the map
p: H\Gxy M — H\G x M/H
lg,m] — (Hg, [m])

is an isomorphism. The left and right anchor maps of the reduced groupoid I are
given in terms of the trivial bundle by I(Hg, [m]) = [g-m] and r(Hg, [m]) = [m], the
groupoid multiplication by (Hgx, [g2 - m])(Hg2,[m]) = (Hg192,[m]). We conclude
that T is the action groupoid of the quotient group H \G acting on the quotient
space M/H.

ExAMPLE 8.5. Let M = G with the usual action of G by left translation, for
which the action groupoid is the pair groupoid G x G. Elements of our reduced
groupoid

H\G xg G=(GxM)/(H x H)
are then equivalence classes of pairs (g1, g2) of elements of G with respect to the
(left) H x H-action given by

(h1,h2) - (91, 92) = (hagihy ', hag).

From the definition of the left and right anchor maps, we have I([g1, g2]) = Hg192
and r([g1, g2]) = Hge in H\G. Thus, any pair (Hg;, Hgs) of objects for the reduced
groupoid is in the image of the morphism [g;95 L 92], and this groupoid is there-
fore transitive. A simple computation then shows that this morphism is uniquely
determined by its image, so that the reduced groupoid is isomorphic to the pair
groupoid H\G x H\G.

EXAMPLE 8.6. Assume that the action of G on M is free but not transitive.
Then we can apply the argument of the last example to each G-orbit and as-
semble the results. The conclusion is that the reduced groupoid is isomorphic to
the “relative pair groupoid” of the fibration M/H — M/G, i.e. the fibre product
M/H X M/H, which is a Lie subgroupoid of the pair groupoid M/H x M/H.

ExXAMPLE 8.7. Assume that the G action is transitive but not necessarily free.
Then M = G/K for some subgroup K of G, and freeness of the H action means
that H intersects each subgroup conjugate to K only in the identity element. The
argument in the free and transitive case (Example 8.5) still shows that the reduced
groupoid is transitive, so it must be the gauge groupoid of a principal bundle B
over M/H.

As for any gauge groupoid, the principal bundle can be recovered up to isomor-
phism as the fibre B = r~1(m) over some point m € M/H, with the left anchor
map as bundle projection and the isotropy group of m as gauge group acting by
right groupoid multiplication. Here, M/H is isomorphic to the double coset space
H\G/K. An isomorphism can be obtained explicitly by mapping the double coset
HgK to the H-orbit H - (g - m) for some point m € M. The total space B of the
principal bundle, defined as the right fibre over Hek, is isomorphic to H\G, the
isomorphism mapping Hg to [g, m]. The bundle projection maps Hg to HgK, so
the gauge group is K.

We conclude that, for a transitive G-action on M, the H-reduced groupoid
is isomorphic to the gauge groupoid of the principal K-bundle H\G — H\G/K,
where K is the stabilizer group of some point m € M. (A different choice of m
has a conjugate stabilizer subgroup, so the gauge groupoids are isomorphic.) In the
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special case where K reduces to the identity, so that M = G, we have the gauge
groupoid of a principal {e} bundle over H\G, which is just the pair groupoid of
H\G, so we are back to our initial example.

For the general case, we can again apply the argument for transitive Lie group-
oids (G-) orbit-by-orbit. The assumption that the H action is free immediately
implies the condition that H has zero intersection with all the isotropy groups, so
there are clearly many examples of this.

8.3. Morita equivalence

In many applications, it is useful to view an action groupoid as a presentation of
the quotient stack of the group action, which is a well-behaved structure even if the
quotient is singular. For example, the equivariant cohomology of a manifold with a
group action is the same as the stack cohomology of the quotient stack. This point
of view leads to the cohomological interpretation of hamiltonian Lie algebroids of
Chapter 10.

A differentiable stack can be viewed as Lie groupoid up to a generalized notion
of isomorphism, called geometric Morita equivalence [MMO3]. The precise state-
ment is that there is an equivalence between the bicategory of differentiable stacks
and the bicategory that has Lie groupoids as objects, right principal bibundles as
1-morphisms, and biequivariant maps as 2-morphisms [Blo08]. (The 2-morphisms
will not play any role in this paper.) Let ' = M and TV = M’ be Lie group-
oids. A T-I"-bibundle is a smooth manifold B together with two smooth maps
lg: B— M, rg: B— M’ together with a left I'-action and a right I"V-action that
commute. A bibundle is called right principal if (g is a surjective submersion and
if the right IV-action is free and transitive on the Ip-fibres. If in addition the left
action is free and transitive on the rp-fibres, then the bibundle is called a Morita
equivalence.

For any morphism 7 : I' — I" of Lie groupoids there is the associated groupoid
bibundle given by

B:i=M x0T
with left bundle map lg(m,~’) = m, right bundle map rg(m,v’) = r(v'), left action
v+ (my') = (I(v),m(7)y'), and right action (m,~) - 75 = (m,7175). The right
action is always principal.

The following result shows that the bibundle associated to the morphism of
Proposition 8.2 from an action groupoid to its reduced groupoid is a Morita equiv-
alence, i.e. an isomorphism of differentiable stacks.

PrOPOSITION 8.8. The morphism of Lie groupoids of Proposition 8.2 is a
Morita equivalence.

PROOF. The bibundle associated to the morphism of Proposition 8.2 is
B={(m,[¢,m]) € M xT | m=hg -m' for some h € H}
with left bundle map I5(m, [¢’,m']) = m, right bundle map rg(m, [¢',m']) = [m/],
and left action of I' = G x M given by
(gvm) : (mv [gla ml]) = (g s m, [gvm] [g’vm/]) .
~ Let (ma, [g1,m}]) and (mo, [g5,m5]) be two elements in the rp-fibre over m €
M = M/H. This means that there are hy, ho,h € H satisfying my = hig) - m/,
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mao = hagh - mh, and h - m)} = m). Now we check that

(haghhgi " hit,ma) - (ma, [g1,m)])

(h292h91 h ! mlv[h292h91 hll’ml][gllvmll])
(h292h ml, h292h91 1h117h191 mnglaml])
(hzgz m27 h292h91 agl 'ml][ghml])
= (
= (

= (m2> [927m2]) »

which shows that the left T-action is transitive on the rp-fibres.
Assume that (g, m) - (m,[¢',m']) = (m,[g’,m']), where m = hg’ - m’ for some
h € H. This is equivalent to the two conditions

g-m=m and [gvm][g/7m/] = [g/’m/}'

The second condition implies that [g,m] = 1;(g .m) = [e, g’ - m/], so that g must
lie in the subgroup H. Since the action of H is free, the first condition g - m = m
now implies that g € e. We conclude that (g,m) = (e,m) = 1,,, that is, the left
I"-action is free. (Il

8.4. The quotient groupoid in a local trivialization

It is instructive, and will be helpful for the computation of the Lie algebroid
bracket, to describe the quotient groupoid in terms of a local trivialization of the
H- principal bundle M — M = M /H. Every such trivialization over an open
subset U C M is obtained by choosing a section o : U — M, ngo = idg. The
trivialization induced by o is given by H x U — M|z, (h,m) ~ h - U(m). The
inverse is M|y — H x U, m — (n(m, omg(m)), ome(m)).

A local trivialization of M — M induces a local trivialization of any associated
bundle. For the bundle 7 : T' — M the induced trivialization is given by

H\Gx U 27|, f|USH\GxU

(43)
(Hg,ﬁ%) — [g,o(fn)] ’ [97 ] (H Ad (m,omo(m)) g, T (m)) ’

Let us assume for simplicity that o is a global section, U~: M. Then the
left and right anchor maps, as well as the identity bisection of I'" are given in the
trivialization by

I(Hg,m) = wo(g . 0(7%)) , r(Hg,m)=m, 1lz=(He,m).
The groupoid multiplication of (Hgi,m1) and (Hgs,ms) satisfying my = 7o (g2 -
o(mm)) is given by
(Hgy,71)(Hga, ) = @1 (®(Hgy,1m1) P(Hgz, ma))
=& ([g1,0(m1)] [g2, 0 (12)])
o ([gan(a (1), g2 - 0 (112)) g2, 0 (M2)])
(H(Adc(gz ma) 91)92, mz)
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where ¢ : G x M — H is defined by
(44) ¢(g,m) =n(g - o(m),omo(g - o(in))).

In geometric terms, ((g,7m) is the vertical component of the action of g on
o(m) with respect to the trivialization induced by o. If we denote the horizontal
component of the action, given by the left anchor map, by

(45) g>m = m (g . a(m)) ,

we can decompose the action on o(m) as

g-o(m)=((g,m) - o(g>m)
into its horizontal and vertical part. The groupoid inverse can now be expressed as

(46) (Hg,im) ™" = (H Ad, 59~ " g>m) .

8.5. Lie algebroid of the quotient groupoid

By definition, the Lie algebroid of a Lie groupoid is the vector bundle that
has left invariant vector fields on the groupoid as sections. Let us review this
construction for the action groupoid I' = G x M.

The I-fibre over m € M is given by [=1(m) = {(k,k~'-m) | k € G}. The action
Lgmy : I"*(m) = 171 (g - m) by left multiplication is

L(g,m)(k7 k_l : m) = (gam)(ka k_l : m) = (gka k_l : m) .

Let TL(gm) : TI"'(m) — TI7*(g - m) denote its derivative. At the identity it is
given by
TL(g»m) (X7 p(X’ m)) = (TL9X7 p(X7 m)) )

where X = %kthzo is the element of the Lie algebra g = T.G of G that is repre-
sented by the smooth path k; € G through kg = ¢ and where

d d
4 X,m) = < (kL ’ =%y
(47) p(X,m) = ()| = )
is the anchor. The minus sign implies that the induced map on sections p : g —
X(G) is a homomorphism of Lie algebras (cf. Section 2.1 for our sign conventions).

Every X € g induces a left invariant vector field on I" given by

vx(g,m) = (TLgX,p(X, m)) ,

t=0

the commutator bracket of which is given by [vx, vy]x(a) = vx,y],- It follows that
A = g x M and that the Lie algebroid bracket of constant sections X, Y € g C
I'(M, A) is given by [X,Y]a = [X,Y],.

We now turn to the quotient groupoid I'. The left fibre [=Y(1m) over m € M is
{lg,97" - m] | g € G} for m € my (). In order to determine the tangent space of
I=1(m) at [e, m], we observe that every every tangent vector of H\G is represented
by a smooth path in G, so that we have the natural isomorphism

Traye(H\G) = T,G/TRyh

(Here and below, g and h are as usual the Lie algebras of G and H, respectively.)
At He € H\G we thus obtain the isomorphism of vector spaces

Tue(H\G) = g/b,
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In light of remark 8.3, we thus obtain that the Lie algebroid of the reduced Lie
groupoid I' = H\G x g M has as vector bundle the associated bundle

A:=g/hxg M — M/H,
where g/b carries the right adjoint action (X 4+ ) - h := Adp-1 X + b.

COROLLARY 8.9. Assume the situation of Proposition 8.2. Let g and b be the
Lie algebras of G and H, respectively. Let g x M denote the action Lie algebroid.
There is a unique Lie algebroid structure on the vector bundle g/ xg M — M/H
such that the diagram

gx M —" sy q/hxy M

| J

M—" s M/H

where T'my is shorthand for the restriction of Tm to g x M C T(G x M), is a
homomorphism of Lie algebroids.

Proor. Follows from the functoriality of the map from Lie groupoids to Lie
algebroids. (Il

The anchor of A is given by
p~([X + b)m]) = AdmTo p(X7 m) )

where p : g x M — TM is the Lie algebra action. Since the H-action is free the
fundamental vector fields of h span the tangent spaces to the H-orbits which are
the fibres of mg, that is, p(g,m) = ker T,,mg. This shows that p is well defined
in g/h. Moreover, for every smooth path k; € G with X = %kth:o, we have
ki (h-m) = h-(h~tkk -m). By differentiating this relation at ¢ = 0 and applying
Tmo, we obtain

p([X,h-m]) = Tmop(X,h-m) =Trg (h-p(Ady-1 X,m)) = Tmo p(Ady-1 X, m)
= ﬁ([Adh*1 X, m]) )

which shows that p is well-defined also with respect to the quotient of the associated
bundle.

The Lie algebroid bracket is more difficult to describe explicitly. Since the
vector bundle A — M is generally not trivial we first have to choose a local triv-
ialization. Every trivialization (43) of the Lie groupoid induces a trivialization of
the Lie algebroid given by
(48)

g/hxf]—>/~1|0 A’U—>9/[)><U

(X +b,m) — [X +b,0(m)], [X+bm]— (Ad;

n(m,omo(m))

X + f],ﬂ'o(m)) .

PROPOSITION 8.10. Assume the situation of Proposition 8.2. Leto : U — M be
a local section of the H-principal bundle M — M and 0 : TM — b the connection
1-form of the induced trivialization (48). In the local trivialization the anchor of A
s given by

(49) p(X +b,m) = Tmop(X,0(1m)),
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and the Lie algebroid bracket by
(50) (X +5,Y +b](m) = [X +0(p(X,0(m))),Y +0(p(Y,0(m)))] +b,
where X, Y € g represent constant sections of A.

PROOF. By definition, the Lie algebroid bracket of A is the Lie bracket of left
invariant vector fields on I'. In a first step we compute the left action of T’ on
vectors tangent to the [-fibres. We do this by representing a tangent vector by a
smooth path 5; € I and then taking the derivative with respect to t.

In the trivialization (48) of T' every smooth path in the left fibre over 7 is of
the form

o= (HK; m) ™ = (H Ad

ity Fo o (R - o (1)

= (H];‘t,kt_l l>ﬁ1) s
for some smooth path k; € G, where we have introduced the abbreviation

ki :== Ad (k;l,m)k

(Recall that k; ' > denotes the result of k; ' acting on 7.)
We will need the following relation satisfied by ¢, as defined in (44).

Cke, by =((Ad k__)kt,k: ')
=C(C( CLm) TGk ) ko)
= (k' > C(keC (ki m), ki o)
:C(k/’;lvm)

where in the last step we have used that ktC(k:t_l, m) -o(k;t >1m) =1 as a conse-
quence of Eq. (46). Using the last equation, we obtain for the left multiplication of
the smooth path by an element of the groupoid,

Liggmye = (Hg,m)Fe = (H(Ad, g, 115 9) K, ki > m)

= (H (Adg(k_1 ~)g)l?:t,k;lwh).

The next step is to take the derivative of the last equation with respect to t.
Assume that kg = e and denote X := %kthzo € g. We begin with

d d 1 - .
dt(k Dm)‘t 0 %Wo(kt 1 -m)|,_, = Tmo p(X,0(1m))
= ﬁ(Xa ’}’h) 9
which is the anchor of A in the local trivialization. Next, we compute
d - _ _ d
il (thd«ktlr >t ok“Ad kot *)(dtkt)t:o

=X.

The next term involves the connection 1-form of the local trivializatign which
is the H-equivariant map 6 : TM +— b defined for vectors at points in o(M) by

7p(9(1)g(m)), O'(ﬁl)) = ”UU(,;L) — (TO’ T’R’Q)UJ(m) s
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where the minus sign on the left hand side is the minus sign in Eq. (47) When
my € M is a smooth path through mg = o(m) representing v, (m) = mt|t —0 €
To(m)M, we can express ¢ as derivative,

Zi1(me omo(m)) |, = 0(vo(m)) -

With this relation we get

d _ - _
Sk olm), omo(k - o(m)],

= 0(p(X,0(m))) .

*C(k_l 7 ‘t 0=

‘We thus obtain

DA 0l = Ty (X, 0(m)) ~ TR, 0(p(X, 0(m))),

Putting everything together, we can compute the derivative of a path in the [-fibre
over m and of its left translation by an element of the groupoid,

Etsy = (X +5,5(X +b,m)

d

dt(
We conclude that the left action of the groupoid on vectors tangent to the [-fibres
is given by

(51) TL(pgm) (X 40, p(X,m)) = (TLyX+TLy0(p(X,0(1m)))+TRgb, p(X, 1)) .

Hg,m)3|,_y = (TLeX + TLy 0(p(X,0(1m))) + TRyb, (X, 1)) .

We can now proceed to calculate the bracket of left invariant vector fields. In
the trivialization (48) a section of the Lie algebroid is given by a map U — g/b,
m— X(m) + b, where X : U — g is a smooth map. For the computation of the
Lie algebroid bracket it suffices to consider constant sections X + h and Y + b for
X,Y € g. The bracket of non-constant sections can be deduced using the Leibniz
rule. The left invariant vector field associated to a constant section X is given by

x(Hg,m) :==TLggm (X +b,5(X,m)).
Using Eq. (51), we can compute the bracket of two such vector fields,
[ox, vy J(Hg, 1) = TLgszg my ([X + 0(p(X, 0(7))), Y + 8(p(Y,0()))], + b,
[POX ), Y70 i) ) -
This shows that the Lie algebroid bracket is given by Eq. (50). (I

REMARK 8.11. When k; € H is a smooth path with X = %kthzo € b, then

0(p(X, o)) = % (571 o), omo(k - o)) g

~ d . _
*C(k 1 |t =0 akt 1|t=o
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where the minus sign comes from the group inverse of the path k; . This shows
that we have a well-defined map

hor : g/bh x M — g
(X +h,m) — X +0(p(X,0(m))),
in terms of which the bracket (50) can be written as
[X +b,Y + b](1h) = [hor(X + b,7m), hor(Y + b, )]s +b.
It is instructive to apply the anchor of the unreduced groupoid to this map,
p(hor(X + b,m)) = p(X, a(m)) + p(9(p(X, 0 (1)), o))
— p(X, (i) - p(X, () + ToTmo p(X, o(m))
=Top(X,m).
This equation can be written as the following commutative diagram:

hor xXo

a/hbx M =" gx M

™ —T7 7T\

This shows that hor is the map that maps (X + h,m) to the element in g that acts
on o(m) by the horizontal lift of the anchor of the reduced Lie algebroid.

REMARK 8.12. In Corollary 8.9 we have used the H-reduction of Lie groupoids
in order to show that there is a unique Lie algebroid structure on A = g/b xyg M
such that g x M — A is a homomorphism of Lie algebroids. This result can be
generalized to situations where the action Lie algebroid g x M does not integrate
to an action groupoid, e.g. when not all vector fields in the image of the action
p:g— X(M) are complete.

It suffices to assume that H-acts freely and properly on M such that (i) the in-
duced h-action is the restriction of the g-action; (ii) the infinitesimal h-equivariance
of the g-action lifts to the global H-equivariance of p : g — X (M), where H acts
by the left adjoint action on g and by the push forward of vector fields on X' (M).
Under these conditions [Lu08, Def. 2.2] it was shown in [Lu08, Lem. 2.3] that the
quotient g x M — A induces a Lie algebroid structure on A.

EXAMPLE 8.13. The Lie algebroid of [BFW13] arises in the following way as
the Lie algebroid of a reduced Lie groupoid. Let S be a manifold representing
spacetime, and let ¥ C S be an embedded codimension 1 submanifold, which will
be the ¢ = 0 slice of the initial value problem. The group G = Diff(S) acts by
pushforward on the manifold M of lorentzian metrics on S. Let H C G be the
subgroup of diffeomorphisms of S that fix all points in 3. Note that H is not a
normal subgroup. G acts by composition on the space of embeddings of ¥ in S. H
is the stabilizer group of the inclusion ¥ C G. It follows that the quotient H\G
can be identified with the G orbit of ¥, i.e. with the space of those embeddings of
¥ in S which extend to diffeomorphisms of S.

The Lie algebra g of G is the Lie algebra of vector fields on S; § is the Lie
subalgebra of vector fields on S that vanish on 3. The quotient g/h can be iden-
tified with the space of vector fields on S supported on ¥, i.e. with sections of the
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restriction of T'S to X. The quotient map g — g/bh is the restriction of a vector
field on S to X.

Now we restrict the action groupoid G x M on its base to the open subman-
ifold My C M consisting of those lorentzian metrics for which ¥ is a space-like
submanifold. The restricted Lie groupoid I's; we obtain in this way is no longer an
action groupoid, since My is not G-invariant. Since My is invariant under diffeo-
morphisms close to the identity, though, the Lie algebroid of I's; is the action Lie
algebroid g x Myx. Moreover, My, is H-invariant, so that our construction of the
H-reduced Lie algebroid can still be carried out as explained in Remark 8.12.

For the next step we will assume that ¥ is cooriented (i.e. with an orientation
on the normal bundle, which can be viewed as choice of a time direction). The
stabilizer group of ¥ is now the group of diffeomorphisms that fix all points in %
and preserve the coorientation, which we will denote by HT. Note that H™ has
the same Lie algebra as H. From the proof of [BFW13, Lem. 2.8], we conclude
that an element of M := My, /H™ has a representative that is given by a unique
gaussian metric on an open neighborhood of ¥. The upshot is that the reduced Lie
algebroid A := g/b X g+ My — M is the Lie algebroid constructed in [BFW13]
by an entirely different approach. It was shown in [BFW13, Prop. 2.6] that, as a
vector bundle, A 2 g/h x M is trivial.



CHAPTER 9

Hamiltonian structures on the reduced Lie
algebroid

We turn to the relation between hamiltonian structures on the action Lie alge-
broid A = g x M and on the H-reduced Lie algebroid A = g/b xg M. The main
result is that a hamiltonan structure on A always pulls back along the projection
¢ : A — A of Corollary 8.9 to a hamiltonian structure on A (Theorem 9.4). How-
ever, unless H C G is a normal subgroup, the connection on A of the pulled back
hamiltonian structure is not the trivial connection (Proposition 9.6).

9.1. Connections on the reduced Lie algebroid

In order to apply Proposition 7.10 to ¢ : A — A, we must find a connection D
on A such that ¢ is compatible with the connections D and D. For this we first
make a few general observations about connections on a vector bundle associated
to a principal bundle.

LEMMA 9.1. Let M — M be a left H-principal bundle, W an H-module, and
m: WxM — W xyg M the quotient map to the associated vector bundle. For every
connection D on W x g M — M there is a unique connection D on W x M — M
so that D = Dr*.

PROOF. Let the structure homomorphism of the left action of H on W be
denoted by L : H — Aut(W) and of the infinitesimal action by A : h — End(W).
Let U C M be a contractible open subset, so that the restricted principal bundle
M| — U has a section ¢ : U — M. This induces a local trivialization W x i M =
W x M like in Eq. (48). In this trivialization, the canonical epimorphism takes the
form

T WxU— W xU
(w,m) — (Li1 w,wom),

n(m,ocmom)

where U := 75 *(U) and where 7 is defined as in Section 8.1. Let 6 : TM — b
denote the connection 1-form of the trivialization, which is given by

d
O(vm) = ﬁn(mtm(mmommo) comomy)|,_

for any smooth path m; € M representing v,, = 1. We thus obtain

d 1 d —1 —1
dt n(mufmomt)whzo - dt n(mo,Uﬂomo)Ln(mtm(mo,oﬂomo)'oﬂomt)w t=0
= —L;(lrnomomo)A(e(mo))w .

It follows that the differential T'ry : TW x TU — TW x TU is given by
Ty ((w,u),v) = (L} w, L2 )(u = XO(vm))w), TTovm) ,

n(m,omom) "’ “n(m,omom

71
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where we have identified TW = W x W.

A linear connection on the trivial bundle W x U — U is given by a map
TUXW =W x W xTU, (U, w) — (w, a(vm)w, vy,), where a : TU — End(W)
is the connection 1-form. Analogously, a connection on W x U—Uis given by a
I-form & : TU — End(W). The covariant derivative of the connection is given by
D, w = t,,dw+ a(vy)w(m). The map 7 is compatible with the connections if
T ((w, a(vm)), V) = ((w, &(TToVm)), TToVm ), which is the case iff

L' )(a(vm) — MO(vm)))w = &(Tmovm)L w

n(m,omom n(m,omom) "

This equation can be solved uniquely for

(52) (V) = A(0(vm)) + Ln(m,aﬂ'om)d(T’]TOvm)L;(%mygﬂom) .
We conclude that for a given connection 1-form & : TU — End(W) there is a
unique connection 1-form a : TU — End(W), such that the two connections are
compatible with 7.

Let now {U;}icr be a good cover of M and {x; : U; — [0,1]} a partition of
unity of M. Then {U; := 7y ' (U;) }ier is a cover of M and {x; := Ximo : Ui — [0,1]}
a partition of unity of M. Let & be a connection 1-form on M. For every i let @&;
be the restriction of & to Ul and «; : TU; — End(W) the connection 1-form given
by (52). Let D; and D; be the covariant derivatives of the connections, in terms
of which the compatibility with 7 reads 7*D; = D;x*. Multiplying D; with the
partition function y; yields

Summing this equation over i, we obtain 7*D = Dr*, where D = > )&[)i is the
covariant derivative of the connection 1-form & and D := ZZ xiD; the covariant
derivative of a connection on W x M — M. This finishes the proof. a

LEMMA 9.2. Let mo : M — M be a left H-principal bundle, W an H-module,
and m : W x M — W xg M the quotient map. Let L : H — Aut(W) and
A b — End(W) denote the representations of H and its Lie algebra b. Let « :
TM — End(W) be the 1-form of a connection on W x M. Assume that « satisfies:

(1) a(vm) = A vm,) for all m € M and vertical v, € ker Tp,mo = h.
(i) a(h-vy) = Lya(vy)L;, " for all v, € TM and h € H.

Then a descends to a unique connection on W x g M.

PROOF. We use the same notation as in the proof of Lemma 9.1. In particular,
¢ is the connection 1-form of the local trivialization of W xy M — M that is
induced by a local section o of the principal bundle M — M. Solving Eq. (52) for
&, we obtain the condition

a(Tmovy) = L} )(a(vm) - A(G(vm)))L;1

n(m,ocmom (m,omom) *

We have to show that this equation can be viewed as a definition for a.
First, we observe that for v,, € kerT,,mo = b we have 0(v,,) = U, so that
a(vm,) — AM0(vm)) = a(vm) — A(vp,) = 0 by assumption (i).
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Secondly, we observe since T'mg(h - vy,) = Tmov, the right hand side evaluated
on h - v, must be independent of h. By construction, # and \ are H-equivariant

O(h - vy) = Adp 0(vs,)
A(Ady X) = Lya(X)L,

so that A(O(h - vy)) = LpA(@(h - v,))L; " By assumption (ii) o satisfies the
analogous equivariance property. We conclude that

&Tmo(h - vm)) = Loy o) (@0 0m) = MO 0m))) LG g ()
= Ly (Lna(ve) Lyt = LpA(0(vm)) Ly YLy L

n(m,omom) " h n(m,omom)

= a(Tmovm),
which shows that & is well-defined. O

COROLLARY 9.3. The trivial connection on W x M is compatible with a con-
nection on W xg M if and only if the infinitesimal action of h on W is triv-
ial. In that case the compatible connection is that of the natural trivialization
WxgM=EW x M.

PrOOF. The trivial connection on W x M is given by the zero 1-form a = 0.
Looking at Eq. (52), we see that a(v,,) = A(vy,) for v, € ker Ty, mp, which is zero
for all v, € b if and only if A = 0. In that case @ must be zero as well. O

9.2. Pullback of the hamiltonian structure on the reduced Lie algebroid
We now have all the technical prerequisites to prove the main result:

THEOREM 9.4. For every (weakly) hamiltonian structure on the H-reduced ac-
tion Lie algebroid g/h x g M there is a (weakly) hamiltonian structure on g x M,
such that the quotient map g x M — g/b xg M is a morphism of (weakly) hamil-
tonian Lie algebroids.

PROOF. The quotient map ¢ : A — A factors as gx M — g/hx M = g/bx g M
through the map 7 to which we can apply lemma 9.1. So if D is a connection on
A, then there is a unique connection D’ on g/bh x M such that 7D = D'r*.

Let o : TM — End(g/h) be the connection 1-form of D’. A connection 1-form
a: TM — End(g) is compatible with respect to the projection g x M — g/h x M
if
(53) a(vm)X +b=a(v,)(X + 1),

for all v,, € TM and X € g. We can obtain such an a by choosing a splitting
i:g/h — g of the quotient map p: g — g/h and setting

O‘(Um)(X) = io‘/(X + b) s

so that a(v,)X + b = pic (v,) (X + b) = ' (v) (X + h).

By construction, the connection 1-form « descends to the connection 1-form
o', which in turn descends to &. We conclude that there is a connection D on A
satisfying Dy* = p*D.

Let @ be a presymplectic form on M and fi a (weakly) hamiltonian D-mo-
mentum section of (A,&). We can apply Proposition 7.10, which states that
(A, o*@, D, p*p) is a (weakly) hamiltonian Lie algebroid. a
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REMARK 9.5. The connection D of Theorem 9.4 is not unique. In fact, the
set of connections that are compatible with a given connection D on A is a vector
space that can be described as follows: The connection 1-form a defined by Eq. (53)
satisfies a(v,,)(h) = 0, so that o can be viewed as an element of Q' (M) ®g® h° C
QM) ® g @ g* = Q1(M) @ End(g), where b° — {¢ € g* | (h) = 0} is the
annihilator of . Moreover, the difference of two connection 1-forms «a; and as
subject to Eq. (53) satisfies (a1 (vp,) — @2(v,))X € h. We conclude that the space
of compatible connections is isomorphic to Q(M) ® h @ b°.

Before we state the next result, we recall that, if H is a normal subgroup, then
the adjoint action of H on H\G is trivial because, for any coset Hg and any h € H,
there is some h’' € H for which gh~! = h/g, and so

h(Hg)h™' = hH(gh™) = hH(Wg) = (hHK g = Hg.

This implies that the adjoint action of H on g/b is trivial as well, so that the
associated g/h bundle has a natural trivialization, g/h x g M = g/h x M.

PROPOSITION 9.6. Let H and G be connected. Then the trivial connection on
g X M is compatible with some connection on g/b xg M if and only if H is a
normal subgroup. In that case the compatible connection is the trivial connection
of the reduced action Lie algebroid g/b x g M = g/b x M.

PrOOF. The trivial connection on g x M descends to the trivial connection
on g/h x M. By Corollary 9.3 the trivial connection on g/h x M descends to a
connection on g/h x gy M if and only if the adjoint action of b on g/h is trivial. This
is equivalent to [g,h] C b, i.e. h is a Lie algebra ideal. If H and G are connected
this implies that H is a normal subgroup.

If H is a normal subgroup, then the H-reduced Lie algebroid is the action Lie
algebroid of the induced action of g/h on M. And by Corollary 9.3 the trivial
connection on g X M descends to the trivial connection of g/h x M. (I

From Proposition 9.6 and Theorem 9.4 we can draw the following remarkable
conclusions:

(a) The equivariant momentum map for a G-action cannot induce a hamil-
tonian Lie algebroid structure on the H-reduced Lie algebroid unless H
is normal.

(b) If the H-reduced Lie algebroid is hamiltonian, then the action Lie al-
gebroid g X M is also hamiltonian but not with respect to the trivial
connection unless H is normal.

In example 4.4 we have already encountered the phenomenon that a Lie algebra
action that is not hamiltonian in the usual sense may have a hamiltonian action
Lie algebroid if we chose a connection other than the trivial one. Observation (b)
tells us that, for action groupoids with a hamiltonian reduction, this is the general
case.



CHAPTER 10

Cohomological interpretation of hamiltonian Lie
algebroids

In their seminal paper [AB84] Atiyah and Bott made the following observa-
tion: The action of a Lie group G or on a symplectic manifold is hamiltonian if
and only if the symplectic form has a closed extension in a complex that com-
putes the equivariant cohomology of the G-manifold M. This yields an insightful
interpretation of the Duistermaat-Heckman formula for the symplectic volume of
an integrable symplectic manifold as a localization formula of a more general type.
In this section we will show that the Atiyah-Bott characterization of the equivari-
ant momentum maps of Lie algebra actions generalizes to the bracket-compatible
momentum sections of Lie algebroids.

10.0.1. Conventions and notation for graded manifolds. We adopt the
following conventions for graded manifolds. All our graded manifolds arise from
graded vector bundles, which are therefore used to denote the graded manifolds.
(By Batchelor’s theorem [Bat79], this is always the case for Zs-graded manifolds;
however, not all Z-graded manifolds arise from graded vector bundles.) The struc-
ture rings involve a dualization of the fibre. That is, if F is a graded vector bundle
over the n-dimensional manifold M with local trivialization E|y =2 U x V over
U C M, the structure sheaf is given by Og(U) = C*°(U) ® S(V*), where S(V*) is
the graded commutative algebra freely generated by the graded vector space V*.
Observe that the graded dualization inverts the degree, the degree k-component
being given by (V*), = (V_i)*.

For degree shifts we use the cohomological postfix notation V[k], whose degree
J component is given by V[k]; = V4. The shifted tangent functor T'[k| shifts only
the degrees of the tangent directions: On a local trivialization we have T'[k]E|y =
U x (R*"[k] @V & V[k]), where R™ is the fibre of TU. The degree shift of a graded
manifold and of its tangent bundle commute, T[j](E[k]) = (T[j]E)[k], so that the
notation T'[j]E[k] is unambiguous. On a local trivialization we have T[j]E[k]|y =
Ux (R*[j] @ V[k] & xV[j + k]).

Besides Z-gradings, we will also consider (Z x Z)-graded manifolds, which will
be called bigraded to mark the difference. (The sign rule is sgn(p,q) = (—=1)PT4.)
We will denote a shift by bidegree (p, ¢) by E[p, q], omitting the inner parentheses.

The global ring of functions on a supermanifold FE will be denoted by O(F) =
Op(M). A vector field of degree k on a graded manifold E is by definition a graded
derivation of degree k of O(FE). In this terminology, the de Rham differential on
Q(M) is a vector field of degree 1 on the graded manifold T'[1]M.

Let A — M be an ordinary vector bundle, i.e. with typical fibre V' concentrated
in degree 0. On a trivialization A 2 U x V over U C M we have the following

75
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structure rings:
Oap(U) =C=(U) @ S(V[1])
(54) Orpjap(U) = C=(U) @ SR™1]* @ V[2]" © V[2])
Orp04)0,1(U) = C=(U) ® S(R"[1,0]* @ V[0, 1]" & V[1,1]") .

The graded commutative algebra generated by the odd vector space V[1]* is the
exterior algebra AV*, the one generated by the even vector space V[2]* is the
symmetric algebra SV*.

10.1. Generalization of equivariant cohomology models to Lie
algebroids

Constructions of models of the equivariant cohomology H((M x EG)/G) of a
G-manifold M proceed by a) constructing a model of the cohomology of M x EG
which is built out of infinitesimal data yet big enough so that we can b) identify a
differential subcomplex that is a model of the cohomology of the homotopy quotient
(M x EG)/G.

For step a) an infinitesimal model of the cohomology of M x EG can be given
in terms of the action Lie algebroid g x M [Meh09], in a way which generalizes to
an arbitrary Lie algebroid A as follows. The Weil algebra of A is defined to be
the graded algebra

W(A) := O(T[1}A[1]),
of functions on the graded manifold T'[1]A[1], which is the graded algebra of differ-
ential forms on the graded manifold A[1]. For the purpose of this paper the most
natural choice for the differential on W(A) is

d:d+£d7

where d is the de Rham differential and Lq is the Lie derivative with respect to
the differential d of the Lie algebroid cohomology of A, the latter considered as a
vector field on A[1]. It is shown in [Meh09] (Corollary 5.16) that this differential
complex is an infinitesimal model of H*(M) = H*(M x EG). By analogy with the
case of a group action it is called there the BRST-model.

Step b) is more difficult. In the case of a group action we want to find the
subcomplex of those elements of the model for M x EG that are the pullbacks of
forms on (M x EG)/G along the bundle projection. To avoid technical subtleties
about infinite dimensional manifolds, consider first a finite-dimensional G-principal
bundle P — B. Let o : g — X(P) be the corresponding infinitesimal action of
the Lie algebra. A form ¢ € Q(P) is the pullback of a form on B if and only if
(i) ta(x)ye = 0 and (i) Lox)p = 0 for all X € g. Forms which satisfy (i) are
called horizontal, forms which satisfy (ii) are called invariant, and forms which
satisfy both properties are called basic.! The space of basic differential forms is a
differential subcomplex. When G is connected and compact, this subcomplex is a
model of the cohomology of (M x EG)/G (see [GS99] and references therein).

In the case of a general Lie algebroid A, we want to generalize the definition of
basic forms to obtain a subcomplex of W(A) which, under assumptions analogous
to compactness and connectedness of the group in the case of action Lie algebroids,

INote that, unlike horizontal and basic tangent vectors, horizontal and basic forms are well-
defined without the use of a connection.
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is a model for the stack cohomology of the stack presented by the groupoid in-
tegrating A. The problem of finding the most general assumptions such that the
basic subcomplex which we will define below models the stack cohomology has been
considered by a number of authors but remains open.? For our purposes, this is
not an issue, though, since we are working with the Lie algebroid itself, the role of
the stack being merely heuristic.

10.2. The basic subcomplex of the Weil algebra

In the case that A = g x M is an action Lie algebroid, the shifted tangent
bundle T[1]A[1] naturally splits as a vector bundle over M

TRJ(M x g)[1] = T[A]M & g[1] & g[2].
Therefore, the Weil algebra factors as a tensor product, with

(55) Wex M= @ W) ey @S g,
k=p+q+2r

which is Eq. (54) for V = g.

REMARK 10.1. We write the action Lie algebroid as g x M with g on the left
to indicate that it is a left action; i.e. the anchor induces a homomorphism of Lie
algebras (see also Section 2.1 on our conventions). In graded manifolds, however,
and for de Rham cohomology with coefficients (as in Chapter 7) it is customary to
place the fibre of a vector bundle on the right. We will follow this convention here,
which is why we have to use the isomorphism of vector bundles g x M = M X g in
the last two equations and in the next equation.

A graded function ¢ € W (g x M) is horizontal if ixe = 0 for all X € g where
the interior derivative ix with respect to X € g is given by inserting X into the
second factor, ix(T®a® ) := (—=1)"lw® (1xa) ® B. The subalgebra of horizontal
functions is then given by

(W(gx Mho), = P Q°(M)® Sg".
k=p+2r

For a general vector bundle A, the tangent bundle T'[1]A[1] is not naturally a
graded vector bundle over M, but it does have the natural structure of a graded
manifold with core M and structure ring W(A) = O(T[1]A[1]). A factorization like
(55) amounts to a splitting of the short exact sequence of graded manifolds,

(56) 0 A[2] T[1JA[1] —— T[1]M @ A[1] —— 0,

by the horizontal lift of a linear connection on A, which in the case of an action Lie
algebroid we have taken to be the product connection on M X g.

REMARK 10.2. A sequence of (non-negatively) graded manifolds with the same
core like (56) is called exact if it induces an exact sequence of vector spaces on all
degree > 0 components of the structure rings. Alternatively, (56) can be viewed as
a short exact sequence of double vector bundles [GSM10].

2For related work see [AA08], [AAC11], [Cra03], [LBM15], [Meh09], [WX91].
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It is useful for our purposes to refine the grading to a bigrading 71, 0]A[0, 1].
(The notation was explained in Section 10.0.1.) The sequence (56) then becomes a
sequence of bigraded manifolds:

(57) 0 —— A[1,1] —— T[1,0]A[0,1] # T[1,0|M & A[0,1] —— 0.

Since the horizontal lift h : TM & A — T A of a linear connection on A is linear
in TM and affine in A it respects the bigrading, so that it is a right inverse of p
in the category of graded manifolds. In other words, h induces an isomorphism
T[1,0]A[0,1] = T[1,0]M @ A0, 1] & A[1,1].

On the rings of functions, the maps p and h induce morphisms
(58) W(A) = O(T[1, 0] A0, 1]) <h—7> O(T[1,0]M & Al0,1]) = Q(M, A) ,

*

p

where (M, A) is the bigraded algebra of Chapter 7. The pullbacks satisfy h*p* =
(ph)* = id. The map

(hp)™ : W(A) — W(A),
is the projection onto the image of p*. The complementary projection id —(hp)*
is the projection onto the kernel of p*, which is a subalgebra of W(A) that is
isomorphic to O(A[1, 1]). We conclude that the choice of a connection amounts to
a factorization of the bigraded Weil algebra

(59)  W(A)e= @ V(M) @0 a TANAY) @ome(ar T(S1A7),
p=j+l
q=k+!
where we have replaced Q(M, A) with its explicit form (31).
For every section a of A[l] the A-interior derivative operator i, on the fac-
torized Weil algebra is defined by the insertion of a into the second factor:

la(t®a®pB) = (1)@ (i,a) @ B.

It will be used to define horizontal and invariant forms in Definition 10.3 below
along with the A-Lie derivative, which is defined as the graded commutator

Lq = lig,d] = iod + dig

where d = d+Lgq is the BRST-differential on W (A). Since d is of bidegree (1,0) and
La is of bidegree (0,1), the A-Lie derivative has components of bidegrees (1,—1)
and (0,0).

DEFINITION 10.3. Let A — M be a Lie algebroid with a connection. A graded
function ¢ € W(A) is called
(i) horizontal if ioo = 0 for all sections a of A,
(ii) #nvariant if L, = 0 for all sections a of A,
(iii) basic if it is horizontal and invariant.

Since i, is a derivation of the same degree (0, —1) for all a, the set of horizontal
elements of W (A) is a bigraded subalgebra. Since L, is a derivation of the same
total degree 0 for all a, the set of invariant elements is a graded (but not bigraded)
subalgebra. It follows that the set of all basic elements W (A) is a graded subalgebra
of W(A). Moreover, for a basic function we have Zacigo = ﬁaga = 0 and ﬁacigo =

cfﬁago = (. This implies the following:
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PROPOSITION 10.4. The set W (A)ypas of basic elements of W (A) is a differential
graded subalgebra of (W (A),d).

REMARK 10.5. There are two bundles in play here. On the one hand, we have
the vector bundle A — M. On the other hand, we have the principal bundle
M x EG — (M x EG)/G and, implicitly, its generalization to differentiable stacks.
Therefore, we have also two notions of “horizontal”. On the one hand, we have
the notion of horizontal vectors of the connection D on A. On the other hand, we
have the notion of horizontal forms of Definition 10.3. We believe that it is always
clear from the context which one is meant, so that we do not distinguish them
linguistically.

10.3. Statement of the main theorem

In the case of action Lie algebroids, equivariant momentum maps can be identi-
fied with closed basic extensions of symplectic forms regardless of whether the basic
subcomplex is a model for equivariant cohomology or not.*> We will now prove that
this statement generalizes to bracket-compatible momentum sections of Lie alge-
broids. Recall from (58) that the projection p: TA — TM ¢ A and the horizontal
lift h : TM & A — TA of a connection induce morphisms p* and h* between the
rings of graded functions.

DEFINITION 10.6. Let A — M be a Lie algebroid with a connection. An ex-
tension of T € Q(M, A) to W(A) is an element T € W(A) of the same total degree
as T such that h*7 = .

REMARK 10.7. Since h*p* = id, every 7 € Q(M, A) has the extension p*r €
W(A). However, p*1 is generally not basic.

THEOREM 10.8. A presymplectically anchored Lie algebroid (A, D,w) is hamil-
tonian if and only if w has a d-closed basic extension to W(A).

While the original result by Atiyah and Bott is more of an observation than
a theorem, the proof of Theorem 10.8 is quite involved. One method of proof is
by lengthy calculations in local coordinates which involve the connection on A, its
curvature, and its torsion. A better and more insightful proof, which we will present
in Section 10.10 below, is obtained by relating the bigraded algebra of Chapter 7
to the Weil algebra W (A).

10.4. The Cartan calculi

By definition, the algebra of functions on the graded manifold A[1] is the graded
algebra of exterior A-forms, O(A[0,1])r = I'(M,A¥A*). The Lie algebroid interior
derivative with respect to a section a € I'(A) is the derivation of degree —1 given
by i,v = v(a) for v € T'(A*). In the terminology of graded manifolds, i, is a vector
field on A[1] of degree —1. Geometrically, we may think of i, as the vector field
constant on fibres of A[1] whose value along each fibre is given by the value of
a at the basepoint in M. In this terminology the differential d of Lie algebroid
cohomology is a vector field on A[1] of degree +1. The Lie algebroid Lie derivative
by a is then defined as the graded commutator L, = [is, d], which is a vector field

SRecall that we require a hamiltonian momentum map to be equivariant with respect to the
action of the Lie algebra.
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of degree 0. Denoting the vector space of graded vector fields on A[1] by X (A[1])
we have along with d € X'(A[1]); the vector fields

i, € X(A[1])1, L, € X(A1])o,
for every section a € T'(A). The subspace spanned by these derivations is a graded
Lie subalgebra of X (A[l]) with commutation relations
[d,d] =0,
[iayib] :Oa [iaad] :La7
[La7 ib] = i[a,b] ) [Laa Lb] = L[a,b] ) [La7 d} = 07

for all a,b € T'(A). We call this graded Lie algebra the Lie algebroid Cartan
calculus or the A-Cartan calculus.

On O(T[1,0]A[0,1]), which is the bigraded algebra of differential forms on
A[0,1], we have the Cartan calculus of the de Rham complex consisting of the de
Rham differential,

d e X(T[1,0]4[0,1])1,0,
together with the interior derivative and Lie derivative which are maps from bi-
graded vector fields on A0, 1] to bigraded vector fields on T'[1,0]A[0, 1],

L X(A[Oa 1]) — X(T[la O]A[Ov ]-D[*la 0] )
L: X(A[0,1]) — X(T[1]A[1])[0,0].
The interior derivative is O(A[0, 1])-linear and so, a fortiori, C*°(M)-linear. The

de Rham differential, interior derivatives, and Lie derivatives also span a bigraded
Lie subalgebra of the derivations on W(A) with commutator relations

[dv d] =0,
[L’Uul"w]:ov [L’Uvd] :E’U7
[‘va‘cw] = lv,w] » [ﬁva ‘Cw] = [’[v,w] ) [Evvd] =0,
for all v,w € X(A[0,1]). Moreover, the Lie derivative satisfies the Leibniz rule
Ly = [tpo,d] = frod— (=117 d 0y,
= (~)"df v+ f Lo,

for every bigraded function f and bigraded vector field v on A[0,1]. We call this
the de Rham Cartan calculus on A[0, 1].

Since the operations d, i,, and L, of the Lie algebroid Cartan calculus are
vector fields in X (A0, 1]), the interior derivative and Lie derivative maps of the de
Rham Cartan calculus on A[0, 1] can be applied to them. We thus obtain for every
section a of A the vector fields

liyy Ly tds Li,, L1, La,d € X(T[1,0]A[0,1])
which have the following bidegrees:
dege, = (—=1,-1), degu, =(—1,0), degia=(-1,1)
deg£;, = (0,-1), degfly, =(0,0), degLq=(0,1)
degd = (1,0).
The subspace of X(T[1,0]A[0, 1]) spanned by these bigraded vector fields is closed

under the commutator bracket. The commutator relations are straight-forward to
compute:
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First, all interior derivatives commute:
(i 3] = [t 0, ] = [6i,,0a] =0,
[tL,stL,) = [tL, s td] = [ta,ta] = 0.
The Lie derivative is a homomorphism of graded Lie algebras:
[La,La] =0, [L;,,L3] =0, [Li,,La] = Lo, ,
[Lr,,La] =0, [Lp,.L3]=L [Lr., L] = Ly, -

The Lie derivative acts on the interior derivative by the adjoint action on the
argument:

i[a,b] Y

(Li, ) =0, [Liu]=1ti,, [Li.w=1u,,
[Lr,sti,] =i, [Lrow] =i, [Lr,,ta =0,
[La,ti,) =tL,, [La,t,] =0, [L4,ta] =0.
The commutator of the interior derivative with the differential is the Lie derivative:
[ti,,d] = Li,, [w,.d]=LL,, [ta,d]=La .
Finally, the de Rham differential commutes with the Lie derivative:

[d,L;,] = d,Lr,] = [d, La] = 0.
10.5. Local bigraded coordinates

10.5.1. Bigraded coordinates. Let {z®} be local coordinates on U C M
and {a; € T'(U,A)} a basis of local sections of A, which together define a local
trivialization of the vector bundle A. Let {#} be the basis of local sections of A*
dual to {a;}, 6"(a;) = 0% Then {z* 6"} are local bundle coordinates of A. We
shall use Greek indices «, 3 to label the coordinates of base manifold M and Latin
indices 1, j, k for the fibre coordinates of A.

We view 2 and 6" as local coordinate functions of the bigraded manifold A[0, 1]
of degrees deg(z®) = (0,0) and deg(8?) = (0,1) that generate the bigraded ring of
functions O(A[0,1))|y = C>°(U)&T'(U, AA*). The corresponding coordinate vector
fields have bidegrees deg(aga) = (0,0) and deg(%) = (0,—1). As it is customary
for graded manifolds, we will denote the coordinate 1-forms dual to the coordinate
vector fields by #® = dz® and 6 = db",

(60) Lo =00, 1o 67 =45

a6k

The functions {z®,6,2* 6"} are local coordinates of the graded manifold
T[1,0]AJ0, 1] of bidegrees

deg(z®) = (0,0), deg(6") = (0,1), deg(i*)=(1,0), deg(6’)=(1,1).

10.5.2. The de Rham Cartan calculus. The action of the de Rham differ-
ential on the local coordinate functions is given by

de® =3, do* =0, di®=0, d§" =0.
Viewed as bidegree (1,0) vector field on T'[1,0]A[0, 1], it can be written as
0 o 0

— 40—
oz g
The interior derivative of the graded de Rham complex of A[1] is given by Eq. (60)
and by zero for all other interior derivatives of graded coordinates. Viewed as

(61) d=i"
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graded vector fields on T[1]A[1] the interior derivatives of the coordinate vector
fields are written as

0 0
L o = ——, L o9 = ——.
oz o« 20F BlL
The Lie derivative £, = iy, d] with respect to the coordinate vector fields is given
by
0 0
Pote =0 Lo = 0p

10.5.3. The Lie algebroid Cartan calculus. In terms of the basis of local
sections of A the Lie algebroid structure takes the form

0
k
lai, a;] = Cij Ok , pla;) = P?a?,

where cfj, p € C°(M) are the structure functions. The Lie algebroid differential
is given in terms of local bundle coordinates by

Y 0 1 o gi 7
(62) d= Gaa— 00]80’“
The Lie algebroid interior derivative is given by i,, 67 = 67 (ay,) = 5%, which can be
viewed as graded vector field
Lo 0
w o0k
For the Lie algebroid Lie derivative defined as L, = [i,, d] we thus obtain

aa ka

J

Lal:pi%fcijﬂ W

10.5.4. The BRST-differential. The de Rham interior derivative with re-
spect to a vector field on A[0, 1] is given by
0 0
Yot T i ‘e opi

For the interior derivative with respect to the Lie algebroid differential we thus
obtain

0 0
63 =20 — — — 919]
(63) TP e T U gk
The de Rham Lie derivative with respect to d is then given by Cartan’s magic
formula,

_ _ aia 7k 1]6 ﬁa za
La=la,d] = P70 50 = 56,00 o5 855 + 9 55
9 o, D 9 10 P
64 — api o i i o« - iJ B pipg
(64 ”eaxa o Y AT
0 0
©0J _ i0J
5ol g —

The BRST-differential in local coordinates is the sum of this expression and the
one for the de Rham differential given in Eq. (61).
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10.6. Parallel projection of derivations

Let p* and h* be the maps of (58). They induce a linear map between the

spaces of bigraded endomorphisms,
65) P :End(W(A)) — End(Q(M, A))
( X+— h*Xp*.

We call P the parallel projection of bigraded endomorphisms.

PROPOSITION 10.9. Let A be a vector bundle with a linear connection. The
parallel projection (65) maps derivations to derivations.

PROOF. Let X be a graded derivation on W(A) and «, 8 € Q(M, A). Then
(PX)(aB) = (h*Xp*)(ap) = b [X((p"e)(p"B))]
= r[(X(p"a)) (" B) + ()X (p*a) (X (p7B))]
= B (X(p*a)) (h*p*B) + (1) X1 (h*pra) b (X (p*B))
= ((PX)a) B+ (-1)"¥ela ((PX)B)
where we have used that ph = id and that |[PX| = |X]|. O

REMARK 10.10. For two derivations X, Y of W(A) we have P(XY) = h* XY p*
which is generally different from (PX)(PY) = h*Xp*h*Yp*, since p*h* is the
projection onto the kernel of A*. When A has non-zero rank then p*h* has a non-
zero kernel, which shows that P does not preserve the Lie bracket of derivations.

10.6.1. Parallel projection in local coordinates. Let
D :T(A) = QY(M) @co(ar) T(A)

denote the covariant derivative of the connection on A. On the basis of local sections
of A the covariant derivative acts as

Da; =V dz® ® aj;,

where Qij € C*°(M) are the connection coefficients. On dual coordinates the
covariant derivative acts by D@ = —ngﬁc“Qj . As we have seen in Section 7.1,
the covariant derivative can be extended to a derivation on Q(M,A). In local
coordinates this derivation is given by
9 , .
— QO et —
e~ LotV 55 -
The covariant derivative and the horizontal lift of the connection are related
by Dya = (Ta)(v) — h(v,a), where Ta : TM — T A is the derivative of the section

(66) D=3

a: M — A. In local coordinates the horizontal lift of v = v"‘a%, to a = a’a; is,
therefore, given by
0 - .0
h(v,a) = v”‘% - ;jvaa]@ .

It follows that the pullback along h acts on the coordinate 1-forms as
(h*&%)(v,a) = v* = i%(v),

(*6") (v, a) = = %0 = =% (v) 6 (a) -
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Moreover, since h(0,,a) = 0,,, the pullback along h preserves the coordinates z
and 6°. We conclude that h* acts on the local generators of W (A) by

h'z® =z, B =0", hTi*=i%, h'6'=-QL;i%.
The projection p : T[1,0]A[0,1] — T[1,0]M & A[0,1] is given p(v,) = (T'7v,a),
where 7w : A — M is the bundle projection. The pullback along p then acts on the
the generators of Q(M, A) = O(T[1,0]M & A[0,1]) by

p*xa:za’ p*i’a:ia, p*eizai.

With the formulas for h* and p* we can compute the parallel projection of the
coordinates,
67)  (hp)'z® =z, (hp)*0' =6", (hp)*i® =%, (hp)*0' = —ngﬁv“@j.

For the parallel projection of the coordinate vector fields we obtain

) =i P() = 7= Pl

10.7. The horizontal subalgebra

According to the factorization (59), the bigraded subalgebra of horizontal el-
ements is isomorphic to the tensor product over C*°(M) of two factors: The first
factor is the image of (M) under the pullback along T'w : T'[1,0]A[0,1] — T'[1,0]M.
The second factor is the algebra of functions on the kernel of p. In local coordi-
nates the first factor is generated by {z%,£%}. The second factor is the image of
the projection id —(hp)* : W(A) — W(A), which is generated as C*°(M)-algebra
by

0= (id —p*h*)0i = 0" + Q%07 .
We conclude that the subalgebra of horizontal functions of W(A) is given on a local
coordinate neighborhood U C M by

W (Aot |, = C*(U) @ R[] = QU) @ R[]

From this we can deduce that the A-interior derivative with respect to a section
a = a'a; of A is given in local coordinates by

io=d" 0 —I—aiQiifcai

% 00 907
In order to give a coordinate free interpretation of i, we observe that when a
is a horizontal section of A, that is, da" + o’ ;2 = 0, then
Li, = |1, d]
= [aiLiai,d]
= —(dai)biai +at L,
. 0

00

“ i

=1lg.
We see that the A-interior derivative with respect to a horizontal section a is the
prolongation of the vertical vector field i, = a’ aCZvi on A to the tangent bundle
T A. This follows the same approach as many other definitions in the paper: The
definition of the interior derivative with respect to a Lie algebra is generalized to
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a Lie algebroid by requiring the usual condition to hold for all horizontal sections.
In order to get a coordinate free expression for 7, that holds for arbitrary sections
a we have to subtract the terms coming from the covariant derivative of a. This
leads to
ta = Li, +UD,ia] >

where D is given by Eq. (66) and where we have implicitly extended the de Rham
interior derivative Q(M)-linearly from X'(A) to Q(M) ®@ceo(ary X'(A), similar to
what we did in Section 7.1.

10.8. Relation to the bigraded algebra of Chapter 7

In Chapter 7 we have constructed two derivations D and D on the bigraded
algebra Q(M, A), which can be viewed as the algebra of bigraded functions on
T[1,0]M @ A[0,1]. These derivations are related to the Cartan calculus on W(A)
as follows:

PROPOSITION 10.11. Let A be a Lie algebroid with a connection. The bigraded
deriwations D and D on Q(M, A) = O(T[1,0|M B A0, 1]) are the parallel projections
D =P(d), D=P(Lq)

of the two components of the BRST-differential.

PRrROOF. P(d) = h*dp* acts on the local coordinate functions as
P(d)z® = h*i®% = &% = Dz®
P(d)z* =0= Dz"

P(d)§" = h*0" = —Q, ;2> = DO" .
We see that the actions of D and P(d) on the coordinate functions are equal. By
Proposition 10.9, P(D) is a derivation. Since two derivations are equal if they are
equal on the generators of an algebra, it follows that D = P(d).

For the second equation we compare the action of D and P(Lq) on the local
coordinate functions. On the one hand, D acts on z® and 6’ as the Lie algebroid
differential,

ayNe] apnit BY21] 1 i j
Da® = p30", DO'=—3 070"
)

Let now v = v* 57 be an arbitrary vector field on M and a = a'a; an arbitrary
section of A. Then

(Dai®, v) = pa - (% v) — (&%, Dyv)
= pa - (¥%,v) — (2%, [pa,v] + p(Dya))
= <£pa j:aav> - <-’if‘a?p(Dva)>
8(aip<") da’ o
_ B e, BT i
- OxP piv <3xﬂ + anﬁj)

= <<iaei)(gfg — 0, )i ),

Di* = (- 00 | P, )alo
€T

from which it follows that
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On the other hand, applying P(Lq) to 2%, %, and 6 using the local coordinate
expression (64), we obtain

P(Lq)x®™ = h* Lgx™ = h*p0" = p&0’

P(L£q)i® = h* Lq i = h*(—%x’ﬁéi - pf‘éi) - (— gf; + p?‘Q%;i)jsﬂQi

. . 1. . 1. .
P(La)0" =" La 0 = 1 (—5eby070") = by 070"

Since the action of D and P(Lq) on the local coordinates of Q(M, A) are equal, we
conclude that D = P(Lq). O

PROPOSITION 10.12. Let v, be the derivation on (M, A) defined in Section
7.1. Then

P, = tap™.
PROOF. In local coordinates ¢, = pf6" 020’ whereas tq is given by Eq. (63).
The relation is now straightforward to check in local coordinates. O

10.9. Some technical lemmas
For the proof of Theorem 10.8, we need the following technical lemmas.
LEMMA 10.13. Let 7 € QP9(M, A) with ¢ > 0. The following are equivalent:
(i) (id—(hp)*)dp*T = 0.

(ii) 7 =0.
ProoOF. In local coordinates 7 = 71472 ---2%0%...0% where A =
(a,...,0p) and I = (iy,...,4,) are multi-indices and 74; are smooth functions

on M that are totally antisymmetric in A and I. Using the Leibniz rule for d, the
antisymmetry of 747 in A, Eqgs. (67), and the definition of n?, we obtain

(id—(hp)*)dp*T = (=1)Pry ™ - $orphgte ... Qe

This vanishes if and only if 747 = 0, that is, if and only if 7 = 0. O

LEMMA 10.14. Let 7 € QP9(M, A) with ¢ > 0. Then dp*t = 0 if and only if
T=0.

PrROOF. If 7 = 0 then dp*r = 0. Conversely, if dp*r = 0 then
(id —(hp)*)dp*T = 0. Lemma 10.13 now implies that 7 = 0. O

LEMMA 10.15. If ¢ € W(A) is of bidegree (p,0) or (0,q), then it satisfies
@ = (hp)“ep.

PRrOOF. If ¢ is of bidegree (p,0) or (0,¢q) then its local coordinate expression

does not contain any factor 6. The relation ¢ = (hp)*¢ then follows from Eqgs. (67).
O
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10.10. Proof of Theorem 10.8

We start by observing that in local coordinates every horizontal extension of w

is for degree reasons of the form
W = twapi®d” + pin'

for some smooth functions p; € C*°(M). Every horizontal element of W(A) which
is d-closed is automatically basic, so that we only have to determine the conditions
for diwo = 0.

The second term of the extension can be written as

pin' = (id —p*h*)d(p;6") = (id —p*h*)dp™
=dp*p—p* Dy,
where 1 := ;0% is an arbitrary exterior 1-form on A. Our goal is now to show that
w=p'w+dp'u—pDu

is d-closed if and only if dw = 0 and p is a bracket-compatible D-momentum section.

Applying d = d + L4 to @ produces terms of bidegrees (3,0), (2,1), and (1,2)

which have to vanish separately for dw to vanish. The three equations we thus
obtain are:

(68a) 0=dp*w
(68b) 0=Lap*'w—dp*Dpu
(68c) 0= La(dp*p—p*Dp)

For Eq. (68a) we use lemma 10.15, which yields
dp*w = (hp)*dp*w = p*Dw = p*dw .

Since p is surjective, its pullback p* is injective so that p*dw vanishes if and only if
dw = 0. We conclude that Eq. (68a) is satisfied if and only if dw = 0.
We turn to Eq. (68b). Using Cartan’s magic formula and Eq. (68a), we can
rewrite it as
0=Lap*'w—dp*Dp = (tqd — dra)p*w — dp*Du

69
(69) = —dp*(tpw + Dp)

where in the last step we have used Proposition 10.12. Applying lemma 10.14 to
Eq. (69), we conclude that Eq. (68b) holds if and only if tpw + Dy = 0. This is
precisely the condition in Proposition 7.7 for p to be a momentum section.

We finally turn to Eq. (68c), which we split into two equations by applying the
complementary projections (hp)* and id —(hp)*. The first equation we obtain is
0= (id —p"h*) La(dp*p — p*"Dp)

= (id—p*h*)(—d Lap*p — Lap*Dp)
= —(id —p*h")(dp™h* Lap*p+ Lap"Dp)
= —(id—p*h*)(dp* Dp + Lap*Dp)

(70)

where we have used Lq d = —d Lq, then applied lemma 10.15 to L4 p*p which is of
bidegree (0,2), and finally used Proposition 10.11. In order to rewrite the second



88 10. COHOMOLOGICAL INTERPRETATION OF HAMILTONIAN LIE ALGEBROIDS

term, we need the relation
dp*iptpw = diglap™w = (tad — La)tap*™w = —(ta La + La ta)p*w
=—-2Lgtap*w,
where we have used dp*w = 0. By substituting ¢,w = —Dpu, we get
Lap*Dp=—Lap tyw=—Latap*w = dp*SipL,w.
Inserting this into Eq. (70), we arrive at the condition
0= (id —p*h*)dp* (Dp + 1p,w) .

By lemma 10.13, this equation is satisfied if and only if Dy + %L,,/,pw = 0. This
is precisely the condition in Proposition 7.7 for the momentum section p to be
bracket-compatible.

We now apply the complimentary projection (hp)* to Eq. (68c) and obtain

0= (hp)" La(dp*p — p*Dp)
=p*h*(—=dLap*p — Lap*Dp)
= —p*h*(dp*h* Lap™p+ Lap*Dp)
= —p"(DD + DD)p,
where we have used the same identitiesvand lemmas as before. Since p* is injective,
this equation holds if and only if [D, D] = 0. We have already established that

dw =0, Dp = —t,w, and D = —1,1,w are necessary conditions for @ to be a
closed basic extension of w. With these three relations we obtain

[D, Dlu = D(=gtptpw) + D(—tpw)
= —5Duytpw — (1pD — DD + 171w
= Lpr + %DLPLPW —lrlpWw,

where we have used Dw = 0, which implies that Dw = (tpD—=Duip—17)w = —Dupw.
We now need the following lemma:

LEMMA 10.16. Every 2-form w € Q*9(M, A) satisfies
(71) tpDw + $Dtptpw — trLpw = Fiptpdw

PROOF. The proof follows from a lengthy calculation. Eq. (71) is an equation
of elements in Q12(M, A), so we can evaluate it on a vector field v and two sections
a, b of A. We consider every summand on the left hand side of (71) separately. For
the first summand we first establish the relation

Lolblalp = Lolb(Lpa + Lpla) = Lo (—LpaL(, + (tpp + Lpbb)La)
= Ly (Lpbla — Lpalb + Lplbla)
where we have used [tq, tp] = talp — Lpla = Lpa. With this relation we compute
A= tytptatyDw = Lyt ppta Dw — Lyt gty Dw
= pa - w(pb,v) — w(D,pb,v) — w(pb, Dav)
— pb - w(pa,v) + w(Dypa,v) + w(pa, Dyv) .
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For the second summand, we recall from the proof of Proposition 7.7 that
Wlaktptow = w(pa, pb). Using the definition (33) of the dual connection of the
A-connection D on TM, we obtain for the second term
B = LvaLaD%Lprw = LbLaLvD%Lprw = LbLaDv%Lprw
= v-w(pa, pb) — w(pDya, pb) — w(pa, pDyb) .
For the third term we use the definition (7) of the torsion,
C = —tylplalTlpw = —LylT(a,b)W
= —w(pDpab = pDyya — [pa, pb], v) .
Using the definition D,a = [pa, v] + pDya of the A-connection (5), the sum of the
three terms can be written as
A+ B+ C = pa-w(pb,v) — pb-w(pa,v) +v-w(pa, pb)
— w(Dypb — pDypa,v) + w(Dypa — pD pa,v) + w([pa, pb], v)
+ w(D4v — pDya, pb) — w(Dyv — pDyb, pa)
= pa - w(pb,v) — pb-w(pa,v) +v - w(pa, pb)
— w([pa, b, v) + w([pb, pal, v) + w([pa, pb],v)
+ w([pa,v], pb) — w([pd,v], pa)
= pa - w(pb,v) — pb - w(pa,v) +v - w(pa, pb)
- w([pa, pb]7 ’U) + w([pa, UL pb) - w([pb, ’U], pa)
= Lylpblpadw .
With the relation
Slalblplp = tpblpa + Lp(tblpa — Lalph) + Slplplbla s
which can be checked by a straightforward calculation, we get
Lolpblpadw = LULaLb%Lprdw.

We thus obtain the relation A + B + C' = tyt4tp5tptpdw, which is Eq. (10.10)
evaluated on v, a, and b. O

From Eq. (71) it follows that [D, D]y = %1,1,dw = 0.

To conclude: We have established that every horizontal extension of w is of
the form p*w + dp*u — p* Dy for some pu € Q'(A) and proved that this extension
is closed if and only if the conditions dw = 0, Dy = —t,w, and Du = —31,1,w are
satisfied. Since (A4, D,w) is assumed presymplectically anchored in the statement
of Theorem 10.8, we conclude that w has a closed basic extension if and only if
(A, D,w) is hamiltonian. This finishes the proof of Theorem 10.8. O

REMARK 10.17. The conditions for a horizontal extension of w to be closed
that we have derived in the proof of Theorem 10.8 are independent of whether the
Lie algebroid is presymplectically anchored or not. So we have actually shown the
following:

ProprosiTIiON 10.18. Let A — M be a Lie algebroid with connection D. A
differential 2-form w on M has a closed basic extension to W (A) if and only if w
is closed and A has a bracket-compatible momentum section.
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REMARK 10.19. The expression [D, D]u that appears in the proof of Theorem
10.8 can be rewritten in more familiar terms as follows:

[D7D] = [D7 [LP7D] + LT]
= [[DvLP]vD] + [va [DaDH + [DvLT]
[_D +LT5D] + [LP’ [DvDH + [DaLT]
= _[D7D] + [LP7[D?D]] +2[D7LT]5
where we have used Eq. (34). Recalling that £[D, D] = D? = R is the curvature
operator defined in Section 3.1 and using [D,t1] = tpr, we obtain
(72) [D, Dy = t,Rpu+ tprp = {iu,0,R + DT) .

ProPOSITION 10.20. Let A be a Lie algebroid with connection D over a presym-
plectic manifold (M,w). A bracket-compatible D-momentum section u satisfies
(73) (.1,R+ DT) =0,
where R is the curvature operator defined in Eq. (3) and T the torsion form defined
in Eq. (7). When, moreover, D is presymplectically anchored, then {(u, DT) = 0.

PROOF. In the last step of the proof of Theorem 10.8, we have shown that
a bracket-compatible momentum section y satisfies [D, D]y = 0. It follows from
Eq. (72) that Eq. (73) holds.

When, moreover, A is presymplectically anchored, then every momentum sec-
tion satisfies 0 = Dy = D?u = Ru. Since R is a tensor, (R(v,w)u,a) =
(1, R(v, w)a) for all vector fields v, w and all sections a of A. (Recall, that we do not
distinguish notationally between the connection on A and the dual connection on
A*, so that R denotes the curvature operator on sections of A as well as on sections
of A*.) It follows that Ry = 0 implies that (u,¢,Ra) = (1, Ra) = 1,(Rp,a) =0
for all sections a of A. With this relation, Eq. (73) becomes (u, DT) = 0. O

REMARK 10.21. Assume that the connection is flat, R = 0, so that the condi-
tion (73) becomes (11, DT) = 0. Let a and b be horizontal sections of A. Then the
covariant derivative of the torsion in the direction of a vector field v is given by

(D,T)(a,b) = D,T(a,b) — T(Dya,b) — T'(a, D,b)
=D, (Dpab — Dypa — [a, b])
= —D,a,b].
If DT = 0, then the bracket of horizontal sections is again horizontal, so that A
is locally an action Lie algebroid. This leaves the possibility that there are more
general hamiltonian Lie algebroids with a flat connection for which D, T is not zero

but in the kernel of pu. (The simplest case of this is where the anchor is zero, in
which case the Lie algebroid is hamiltonian with respect to any connection, with

p=0.)



CHAPTER 11

Open questions, conjectures, outlook

11.1. Hamiltonian foliations

QUESTION 11.1. Viewing a regular foliation as a Lie algebroid with injective
anchor, we obtain the notion of a hamiltonian foliation of a symplectic manifold.
In Proposition 6.23 (ii), we have shown that a symplectically complete foliation F is
weakly hamiltonian if there is a vector field n that is a symmetry of the symplectic
orthogonal foliation F* and is transverse to F. If, in addition, the pullback of
L, w+ w to F vanishes, then F is hamiltonian. Locally, such an n always exists.
What are the global obstructions?

Note that n is the presymplectic version of a Liouville vector field. In the
symplectic case, transversality of n to F= is simply the nowhere vanishing of n. In
this case, that of hamiltonian tangent bundles, the existence of such an n has been
established, as we explained in Section 6.2.

11.2. Obstruction theory

For the action of a Lie algebra g on M the obstructions to the existence of an
equivariant momentum map are the following. The action gives rise to a class in
H'(g) ® H'(M) which must vanish for the action to be weakly hamiltonian. When
it vanishes, the obstruction to it being hamiltonian lies in H?(g) ® H°(M). What
is the obstruction theory for hamiltonian structures on Lie algebroids?

When there is a flat symplectically anchored connection, the first obstruction
can be easily generalized. For a flat connection, the operator D on the bigraded
algebra Q*°*(M, A) of Chapter 7 is a differential. Then the Lie algebroid has a
momentum section if and only if the D-cohomology class of the dualized anchor
[t,w] € Hy' (M, A) is zero.

The failure of a D-momentum section p to be bracket-compatible is given by
the 2-form

©:=Du+ LipLw € Q%2(M, A).

On the edge complex Q0 (M, A) of A-forms, D acts as the Lie algebroid differential
d. Moreover, p : A — TM is a morphism of Lie algebroids, so that the pullback
on forms p* : QPO(M, A) — QOP(M, A) intertwines the differentials dp* = p*d. In
particular, d%Lprw = dp*w = p*dw = 0. This shows that © is D-closed:

DO =d’u+di,,w=0.

91
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Applying the differential D yields

DO = DDu+ D%L/,pr
=D(1pD — Diy+ tr)pp+ D3eptpw
= —Duiytpw + Dipp + D%Lprw
= Dirp — D%Lprw
= Duirp — tptpw
=Durp+vrDp
= [D, 7],

where we have used D? = 0, Dy = —tpw, and lemma 10.16. For a cohomological in-
terpretation of ©, we will make the additional assumption that [D, t7] = tpr, which
is equivalent to the condition that the torsion tensor be D-invariant, i.e. DT = 0.
This implies that © is D-closed. Moreover, we infer from Eq. (72) that [D, D] =0,
so that D = d induces a differential d on the graded vector space of D-cohomology
classes H%'(M ,A) at the edge of the bicomplex. We conclude that © represents a
double cohomology class

(0] € H?(HS® (M, A),d).

This cohomology class is zero if and only if there is a D-closed 1-form v € Q%1(M, A)
such that Dv = Du+ %Lpbpw, which is the case if and only if i’ = u—v is a bracket-
compatible momentum section. We conclude that [[©]] is the obstruction for the
existence of a bracket-compatible momentum section.

The assumptions D? = 0 and DT = 0 are quite strong, since they are equivalent
to A being locally an action Lie algebroid. For instance, they hold for a bundle of
Lie algebras with zero anchor only if the parallel translation given by D gives Lie
algebra isomorphisms.

So the following question remains open:

QUESTION 11.2. What are the obstructions to the existence of a (bracket-
compatible) D-momentum section in the general case?

A small hint as to a general obstruction theory is given in Proposition 6.26,
which states (for the rank 1 case) that non-vanishing curvature of D at a singular
point of the anchor is an obstruction to the existence of a D-momentum section.
A more difficult problem yet is that any obstruction theory formulated in terms of
the bigraded algebra Q**(M, A) will depend on the choice of D. As we have seen
in Example 4.4, when there is a nonzero obstruction to a D-momentum section, it
may still happen that there is another connection for which it does vanish.

11.3. The Poisson case

In Propositions 4.12 and 4.13 we have shown that the axioms for a hamiltonian
Lie algebroid A can be derived from the following simple geometric principle. Given
a connection D on A — M, we require the usual axioms for a hamiltonian action for
every point m € M and all sections of A that are horizontal at m. This principle
can be applied without modification to a Lie algebroid over a Poisson manifold,
which leads to the following definition:
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DEFINITION 11.3. Let (A, p,[, ]) be a Lie algebroid over a Poisson manifold
(M,II). Let D be a connection on A and D the opposite A-connection on TM
(Definition 3.1).

(P1) A is Poisson anchored with respect to D if

DIl =0.
(P2) A section u € T(A*) = Q°(M, A*) is a D-momentum section if
[loDp=p,

where II : T*M — TM s the bundle map associated to I and Dy is
viewed as map from A — T*M.
(P3) A D-momentum section u is bracket-compatible if

(. T(a, b)) =T1({Dp, a}, (Dp, b))

for all sections a and b of A

A Lie algebroid together with a connection D and a section p of A* satisfying (P1)
and (P2) is called weakly hamiltonian. It is called hamiltonian if it satisfies
(P1)-(P3).

Hamiltonian Lie algebroids over Poisson manifolds will be studied in a forth-
coming paper [BRW].

11.4. Hamiltonian Lie groupoids

One of the good properties of a proper hamiltonian action of a Lie group G is
that the singularities of the zero locus Z of the momentum map are conical, i.e. there
is always a local chart in which Z is the zero locus of a quadratic polynomial in
the coordinates. This is a simple consequence of the symplectic version [Wei77| of
Bochner’s linearization theorem [Boc45], which states that the action of G on the
neighborhood of a fixed point can be linearized by a choice of canonical coordinates,
so that the momentum functions generating the fundamental vector fields of this
linear action must be quadratic.

The linearizability of proper group actions generalizes to the linearization of
proper Lie groupoids [CS13, Wei02, Zun06]. For an analogous statement about
the singularities of the zero locus of the momentum section of a hamiltonian Lie al-
gebroid we, therefore, need a suitable notion of hamiltonian Lie groupoid.The result
we would like to be able to prove under reasonable assumptions is the following.

CONJECTURE 11.4. If a hamiltonian Lie algebroid over a symplectic manifold
integrates to a proper hamiltonian Lie groupoid, then the zero locus of the momen-
tum section has only conical singularities.

By analogy with the case of hamiltonian Lie algebroids, it seems that the notion
of hamiltonian Lie groupoid should involve a connection for the submersion given by
the source map, such that each bisection horizontal at a groupoid element g induces
a diffeomorphism of the base which is presymplectic at the source of g. Moreover,
we should assume that the identity bisection is horizontal. Then the linearization
of the connection at the identity bisection will induce a presymplectically anchored
connection on the Lie algebroid.

The notion of momentum section for a Lie groupoid should be simply that for
the Lie algebroid. The condition of bracket compatibility, however, will have to
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be replaced by a global condition on the Lie groupoid, just as the g-equivariance
of a hamiltonian momentum map for a Lie algebra action has to be replaced by
G-equivariance for a Lie group action.

Determining the precise axioms for hamiltonian Lie groupoids and the addi-
tional conditions that make Conjecture 11.4 true is a goal of ongoing work on
generalized hamiltonian structures.

11.5. Structure theory of reduced action groupoids

The construction of Proposition 8.2 to reduce an action groupoid by a subgroup
is quite simple and straightforward. The question of which Lie groupoids arise in
this way, however, is not that simple.

In Proposition 8.8 we have seen that the reduced groupoid is Morita equivalent
to the action groupoid. A proper Lie groupoid is Morita equivalent to an action
groupoid of a compact group if and only if it admits a faithful representation on a
vector bundle of finite rank [Trel0]. But even if this is the case, the Lie groupoid
may not arise by reduction. For example, every transitive groupoid is equivalent
to a gauge groupoid of a principal bundle, which is Morita equivalent to the gauge
group, i.e. to the action groupoid of the trivial action of the gauge group on a point.
However, not every gauge groupoid arises by reduction.

In fact, let P be a right K-principal bundle over M. Then the conditions for
I := Gauge(P) = (P x P)/K to be the reduction of an action groupoid are the
following:

(i) P = H\G is a homogeneous space.
(ii) The right action of K on P = H\G lifts to a left G-equivariant right
action of K on G.

Condition (i) implies that M = H\G/K is isomorphic to the quotient of M := G/K
by an H-action. Moreover, every left G-equivariant isomorphism of G is given by
the right multiplication by a unique element of G, so condition (ii) implies that K is
a subgroup of G which acts by right multiplication. The action of K on P =~ H\G
is free, which implies that K has trivial intersection with all conjugacy classes of
H. All this shows that T is isomorphic to the gauge groupoid of the principal K
bundle H\G — H\G/K. By example 8.7 this is the general form of the reduction
of a transitive action groupoid.

Every Lie groupoid is the union of the transitive Lie groupoids over its orbits.
In the case of an H-reduced groupoid of a G-action on M, the orbit groupoids
are isomorphic to the gauge groupoids (H\G x H\G)/K,, where K, is a smooth
family of subgroups of G that is parametrized locally by a submanifold X C M/H
transverse to the orbits. Joining the orbit groupoids to a smooth manifold, however,
is generally very subtle. For example, the dimension of the orbits and, hence, the
gauge group may not be locally constant. But even in the regular case when the
subgroups K, are all isomorphic to a fixed group K, the embedding of K, into
G may depend on the parameter z. It would be interesting to better understand
the structure transverse to the orbits of reduced action groupoids. For example
the following question is related to the question of hamiltonian Lie groupoids and
relevant for the application to general relativity.
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QUESTION 11.5. How is the linearization of a proper G-action on M around
an orbit related to the linearization of the H-reduced groupoid around the corre-
sponding orbit in M/H.

QUESTION 11.6. Find a hamiltonian Lie algebroid which explains the coiso-
tropic property of the constraint set for the initial value problem of Einstein’s
equations.






CHAPTER 12

Related work

In [LOO00, Ols02], Levin and Olshanetsky defined a hamiltonian algebroid to
be a vector bundle A — M over a symplectic manifold together with an antisym-
metric bracket [ , | on the sections of A and a bundle map h: A -+ M x R, such
that

h([av b]) = {h(a)7 h(b)} ) [aa fb] =f [a7 b] + {h(a)v f} b,
for all sections a, b of A, all functions f on M, where { , } denotes the Poisson
bracket. Since the bracket is not assumed to satisfy the Jacobi identity and since the
map I'(A) — X (M), a— {h(a), } is not C°°(M)-linear, a hamiltonian algebroid is
not a Lie algebroid. In fact, the requirement that h be compatible with the brackets
of all sections precludes the possibility that A is a Lie algebroid in all but trivial
cases.

In [Bos07, Def. 1.30], Bos introduced a notion of hamiltonian action of a Lie
algebroid on a fibre bundle. Let a: A x5; S — T'S be an action of the Lie algebroid
A — M on the bundle S — M. Assume that the bundle S — M is equipped with
a smooth family w of symplectic forms on the A-orbits. The first condition [Bos07,
Eq. (1.8)] for a hamiltonian action is that the pullback of the family of symplectic
forms along the action to a form on the action Lie algebroid A x S is exact in the
Lie algebroid cohomology, du = —a*w, where p € T'(S, A* x5 S) is a momentum
“map”. The second condition [Bos07, Eq. (1.9)] is that d(u, a) = —tq(q)w holds on
the fibres of S — M. To compare this with our notion of hamiltonian Lie algebroids
we consider the case that S = M — M is the trivial bundle, so that A x S = A
and « = p. The family w of symplectic forms on the orbits of A now pulls back to
a Lie algebroid 2-form on A given by (p*w)(a,b) = w(pa, pb) for all sections a and b
of A. The first condition [Bos07, Eq. (1.8)] is our condition (H3) for a momentum
section to be bracket-compatible. The second condition [Bos07, Eq. (1.9)] for the
Lie algebroid action to be hamiltonian is vacuous, since the fibres of S = M — M
are trivial. The upshot is that from the notion of hamiltonian Lie algebroid action
we retrieve only condition (H3).

In March of 2015, we sent an early draft of this paper to Kotov and Strobl, the
authors of [KS15, KS19], who were working independently on related questions.
Our condition (H1) for A to be symplectically anchored appears in [KS19, Eq. (6)]
and in the form of Proposition 7.8 in [KS19, Eq. (52)]. The defining equation (H2)
for a momentum section appears in [KS19, Eq. (7)]. The study of Lie algebroids
over symplectic manifolds satisfying these two conditions, weakly hamiltonian Lie
algebroids in our terminology, was postponed in [KS19, p. 7] to possible future
work.

In [Lu08, Def. 2.4] the following notion of H-quotient of an action Lie algebroid
g x M was introduced by Lu. Let H be a subgroup of a group G that integrates the
Lie algebra g. Let h C g be the Lie algebra of H. Assume further that there is a free
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and proper H-action on M which integrates the action of h, such that the action
map g — X (M) is H-equivariant (see Remark 8.12). Under these assumptions,
it is shown in [Lu08, Lemma 2.3] that there is a Lie algebroid structure on the
vector bundle g/h x g M — M/H such that the projection g x M — g/b xg M is
a homomorphism of Lie algebroids. As we have shown in Corollary 8.9, this is the
infinitesimal counterpart of our construction of an analogous quotient for an action
groupoid.
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