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Abstract. We give an introduction to slice knots and the equivalence relation of concordance.
We explain some connections between slice knots and 4-manifolds, e.g. exotic smooth structures
on R4 and the exactness of the topological surgery sequence. We also introduce filtrations of the
knot concordance groups.
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Overview

Slice knots were first defined in 1958 by Fox and Milnor and have since become a flourishing field
of study. While they were originally considered in the context of resolving singularities of surfaces
in 4-manifolds, numerous other connections to questions in 3- and 4-manifold topology have been
discovered. A notable highlight: every knot which is topologically slice but not smoothly slice
gives rise to an exotic smooth structure on R4.

The goal of these lectures is to provide an overview of the history of slice knots, as well as the
related notion of knot concordance, leading up to recent developments. The latest version of
these notes can be found at www.tinyurl.com/slicenotes.

Exercises. You will find many exercises in these lecture notes. Green exercises are usually
straightforward and should be attempted if you are seeing this material for the first time.
Prerequisites are courses in introductory geometric and algebraic topology. Orange exercises are
for those who are already comfortable with some of the terminology; they may require nontrivial
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input from outside this mini-course. Red exercises are challenge problems. Open problems will
be marked as such, and do not intersect with the exercises, to my knowledge.

Conventions. The sections below roughly correspond to the lectures in the mini-course. Some
details and exercises were not mentioned in the lectures. Smooth concordance of knots is denoted
by ≃Diff , and topological concordance by ≃Top. Homeomorphism of manifolds is denoted by the
symbol ≈, while diffeomorphism is denoted by ∼=. 1

Acknowledgments. I am grateful to the organisers of Winterbraids XI for an excellent confer-
ence, especially considering the Covid-19 pandemic, and to the attendees of the conference for
their lively participation and many questions.

1. Slice and ribbon knots

Recall that a knot K : S1 ↪→ S3 is trivial or the unknot if and only if it bounds an embedded
disc in S3. We will often conflate a knot and its image, and it will be important that both S1

and S3 are oriented. See Figure 1 for some examples of knots. Here, by definition, a knot is
trivial if it can be deformed via an ambient isotopy to the round unit circle S1 ⊆ R3 ⊆ S3. For
more on classical knot theory, see e.g. [Fox62,Rol90,Liv93].

Figure 1. The two knots on the left are trivial. The three knots on the right
are not trivial, and are respectively called the right-handed trefoil, the left-handed
trefoil, and the figure eight. The left-handed trefoil is obtained from the right-
handed trefoil by changing the orientation of the ambient S3.

Slice knots are, in some sense, generalised trivial knots – we still ask for the knot to bound an
embedded disc, but it has the freedom of an additional (half-)dimension.

Definition 1.1. A knot K ⊆ S3 = ∂B4 is smoothly slice if it bounds a smoothly embedded disc,
called a slice disc in B4.2

We begin by discussing a number of elementary ways to construct new slice knots from a given
slice knot. Let K : S1 ↪→ S3 be a knot. The knot obtained by reversing the orientation of S1 is
called the reverse of K, denoted by rK. The knot obtained by reversing the orientation of S3 is
called the mirror image of K, denoted by K. The left-handed trefoil is the mirror image of the
right-handed trefoil. Both trefoils are isotopic to their reverses. The figure eight is isotopic to
both its reverse and its mirror image.

Proposition 1.2 (Exercise 1). Let K be a knot. Show that K is slice if and only if rK is slice
if and only if K is slice.

1Check whether all are used.
2In 1958, Fox and Milnor called these null-equivalent knots, in unpublished work. Fox adopted the term slice

knot, proposed by Edward Moise, in [Fox62].
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Given knots K, J ⊆ S3, we can form their connected sum by taking the (oriented!) connected
sum of pairs (S3, K)#(S3, J); see ??.

Proposition 1.3 (Exercise 2). If K, J ⊆ S3 are slice, then so is K#J .

By ambient Morse theory, we can isotope any slice disc so that the level sets with respect to the
radial function on B4 are generically links (i.e. an embedding of a disjoint union of circles), and
have finitely many singularities. Since we are considering a disc in a 4-manifold, there are only
three possible types of singularities: minima, saddles, and maxima. See Figure 2 for a picture
and [?morsetheory-reference] for more on Morse theory.

Figure 2. The axes schematically indicate B4, where the coordinates x, y, z
describe R3 ⊆ S3 and the coordinate w ≥ 0 indicates the radial direction. (Note
that in the picture this coordinate corresponds to depth, rather than radius, so
that S3 occurs at w = 0.) In both cases we have a knot in R3 ⊆ S3 = ∂B4. On
the left we have a trivial knot, as detected by the embedded disc in S3 shaded
grey. On the right we have a slice knot, with a slice disc lying in B4. The disc
is in a particularly nice position with respect to the radial function on B4. At
most w-slices, the disc appears as a link, i.e. an embedding of a disjoint union of
circles. At finitely many values of w, we see singularities. There are three types
of singularities: minima (red), saddles (orange), and maxima (blue).

Slice discs, once they have been perturbed to respect the radial Morse function as above, can be
described in terms of movies. More specifically, we consider the radial level sets as the radius
increases from 0 to 1, with the latter corresponding to ∂B4 = S3 containing a slice knot K. At
each minimum, an unknot is born, split from every other component. At every saddle singularity,
two portions of a link merge together, or alternatively split apart. At a maximum, an unknotted
component, split from everything else, disappears. See Figure 3 for an example.

We especially like slice discs with only two types of singularities, as in the following definition.

Definition 1.4. A knot K is ribbon if it bounds a smoothly embedded disc in B4 with only
minima and saddles.

Given a link L ⊆ S3, a band B is a copy of [0, 1] × [0, 1] embedded in S3, with {0, 1} × [0, 1] lying
on L, and otherwise disjoint from L. The arc [0, 1] × {1/2} is called the core of B. A band sum
of L along the band B is the result of removing {0, 1} × [0, 1] from L and gluing in [0, 1] × {0, 1}.
When the components of {0, 1} × [0, 1] lie on distinct components of L the result is also called
a fusion of L along B. Note that the core {1/2} × [0, 1] of a band can be an interesting arc in
S3∖ L, and in particular can link with the components of L. A band sum on L along B can be
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Figure 3. Describing a ribbon disc as a movie. At the very bottom, we have two
minima. At a slightly larger radius in B4, the minima give rise to (split) unknots,
i.e. an unlink. The cross sections, until the orange saddle singularity, describe
an isotopy of this unlink. At the saddle singularity, two portions of the previous
unlink touch each other, and at a slightly higher radius we see a ribbon knot.

reversed by performing a dual band move, i.e. removing [0, 1] × {0, 1} from the band sum and
gluing {0, 1} × [0, 1] back in. One notices that the result is the original link L.

From the movie perspective, reading the ribbon disc from the bottom up, we see that any ribbon
knot is a fusion of some trivial link. In other words, it can be obtained from an n-component
trivial link for some n (corresponding to minima) and a collection of n − 1 bands (corresponding
to saddles), by performing the band sums. Alternatively, we could run the movie backwards.
From this perspective, a ribbon knot is a knot where one can add n − 1 bands for some n
(corresponding to the dual band moves described above), so that the result is an n-component
unlink.

The following shows that ribbon knots can be described purely 3-dimensionally. This gives a
straightforward method to detect if a given knot is ribbon.

Proposition 1.5 (Exercise 14). A knot is ribbon if and only if it bounds a disc in S3 with only
ribbon singularities, i.e. singularities of the form shown in Figure 4.
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Figure 4. A ribbon singularity of a disc in S3.

Proposition 1.6 (Exercise 4). For any knot K ⊆ S3, the knot K#rK is ribbon.

From Definition 1.4, one sees directly that any ribbon knot is smoothly slice. The converse is an
important open problem.

Conjecture 1.7 (Slice ribbon conjecture (open), Fox 1960s). Every slice knot is ribbon.

This conjecture has been established for certain families of knots, e.g. 2-bridge knots [Lis07] and
3-strand pretzel knots with odd parameters [GJ11], but there is no general approach to it at the
moment. The subtlety of the conjecture is seen by the following proposition. Specifically, to show
that a slice knot is ribbon it is not a good strategy to prove that a given slice disc is ribbon.

Proposition 1.8 (Exercise 20). There exist slice discs that are not ambiently isotopic (rel
boundary) to any ribbon disc.

So far we have worked strictly in the smooth setting. We can however loosen this restriction
slightly. We will need the following definition.

Definition 1.9. An embedding φ : (F, ∂F ) ↪→ (M, ∂M) of a surface F in a 4-manifold M is said
to be locally flat if for all x ∈ F there is a neighbourhood U of φ(x) such that (U, U ∩ φ(F )) is
homemorphic to either (R4,R2), in the case that x ∈ Int F and φ(x) ∈ Int M , or to (R4

+,R2
+), in

the case that x ∈ ∂F and φ(x) ∈ ∂M .

The above gives rise to a slightly weaker notion of sliceness.

Definition 1.10. A knot is topologically slice if it bounds a locally flat disc in B4.

It is straightforward to see that any smoothly slice knot is topologically slice. Via a deep result
of Quinn [Qui82, Theorem 2.5.1; FQ90, Theorem 9.3], a locally flat slice disc admits a tubular
neighbourhood, i.e. we could define a knot K to be topologically slice if it bounds a disc ∆ in
B4, admitting a neighbourhood ∆ × D2.

Remark 1.11. We motivated slice knots by saying that they generalise trivial knots. Certainly
the trivial knot is topologically slice. We should however be careful not to be too general. Given
any knot K ⊆ S3, the coned disc cone(K) ⊆ cone(S3) = B4 is an embedded disc bounded by K
in B4. See Figure 5. As shown in the following proposition, this disc is not in general locally flat.

Proposition 1.12 (Exercise 5). Let K ⊆ S3 be a knot. The coned disc cone(K) ⊆ cone(S3) = B4

is locally flat if and only if K is the trivial knot.
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Figure 5

The following result of Freedman and Quinn gives a powerful method to construct topologically
slice knots.

Theorem 1.13 ([FQ90, Theorem 11.7B; GT04]). If the Alexander polynomial ∆K(t) = 1, then
K is topologically slice.

As a consequence of the above theorem, the (untwisted) Whitehead double of any knot (Figure 6)
is topologically slice, since it has Alexander polynomial one. On the other hand, many such
knots are not smoothly slice.

Figure 6. Whitehead doubling. On the left we have a knot Wh+ in a solid
torus V . Given an arbitrary knot K, the (positive clasped, untwisted) Whitehead
double of K, denoted by Wh+(K), is obtained by the image of Wh+ under a map
identifying V with a tubular neighbourhood of K, so that the longitude of V is
sent to the Seifert longitude of K. The negative clasped Whitehead double is
obtained using a knot Wh− in V , obtained from Wh+ by changing both crossings.
Whitehead doubling is a special case of the satellite construction on knots.

Theorem 1.14. There exist knots that are topologically slice but not smoothly slice, e.g. the
positive clasped untwisted Whitehead double of the right-handed trefoil knot.

The above was first shown by Casson and Akbulut, in independent unpublished work. The first
published accounts are by Gompf [Gom86] and Cochran-Lickorish [CL86], using Donaldson’s
diagonalisation theorem [Don83].

However, for many examples of Whitehead doubles, it is still open whether they are smoothly
slice. For the next question, let L denote the left-handed trefoil and let 41 denote the figure
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eight. Let Wh±(K) denote, respectively, the positive or negative clasped, untwisted Whitehead
double of a knot K.

Question 1.15 (Open). Is Wh+(L) or Wh±(41) smoothly slice?

It is not difficult to see that if the knot K is smoothly slice, then so is Wh±(K) (Exercise 6).
The converse is an interesting open question.

Conjecture 1.16 (Open). Wh±(K) is smoothly slice if and only if K is smoothly slice.

As mentioned earlier, Donaldson’s diagonalisation theorem was used to show that the positive
clasped untwisted Whitehead double of the right-handed trefoil knot is not smoothly slice. This
is a relatively subtle sliceness obstruction, since e.g. it does not obstruct topological sliceness.
There are numerous other slicing obstructions, including many topological sliceness obstructions.
We will return to this topic in ??, where we will explain a method to arrange them in order of
strength, in some sense. We defer that discussion to first describe some connections between
slice knots and 4-manifold topology.

2. Exotic smooth structures on R4

By definition, a smooth structure on a topological manifold M is a maximal atlas of charts on
M such that the transition maps are smooth. A priori a given topological manifold can admit
finitely many (including none) or infinitely many smooth structures. The study of this question
forms the field of smoothing theory. Notably, the sphere S7 has 28 distinct smooth structures
up to orientation preserving diffeomorphism [Mil56,KM63], and it is open whether S4 has more
than one smooth structure. The following result shows that Euclidean spaces are well behaved
assuming n ̸= 4.

Theorem 2.1 ([Moi77, Sta62]). For n ̸= 4 there is a unique smooth structure on Rn, up to
diffeomorphism.

In contrast there are uncountably many smooth structures on R4 [Tau87], some of which arise
from knots, as we see in the following theorem.

Theorem 2.2 ([Gom85, Lemma 1.1]). Given K which is topologically slice but not smoothly
slice there exists an exotic smooth structure on R4.

Proof. For any knot K we have the 0-trace, which is by definition the smooth 4-manifold obtained
by adding a 0-framed 2-handle to B4 along K ⊆ S3, and then smoothing corners.

Lemma 2.3 (Trace embedding lemma, Exercise 15). Let K ⊆ S3 be a knot. The 0-trace X0(K)
admits a smooth (resp. locally collared) embedding into R4 if and only if K is smoothly (resp.
topologically) slice.

Let K be a knot which is topologically slice but not smoothly slice. Then there is a locally
collared embedding φ : X0(K) ↪→ R4. Then the image φ(X0(K)) inherits a smooth structure
from X0(K) since it is homeomorphic to the latter. Note that R4∖ Int φ(X0(K)) is a connected,
noncompact 4-manifold. Now we need the following powerful result.

Theorem 2.4 ([Qui82, Corollary 2.2.3; FQ90, Theorem 8.2, Section 8.7]). Let M be a connec-
ted, noncompact 4-manifold. If desired, fix a smooth structure on any collection of connected
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components of ∂M . There is a smooth structure on M extending the given smooth structure on
(a subset of) ∂M .

Using the above theorem we extend the smooth structure on φ(∂X0(K)) to the rest of R4∖
Int φ(X0(K)). This produces a smooth structure on R4, and we denote the corresponding smooth
4-manifold by R. Note that R ≁= R4, where the latter has the standard smooth structure, since
this would imply that K is smoothly slice, which would be a contradiction. Therefore, R is an
exotic R4. □

Definition 2.5. Let R4
std denote R4 with its standard smooth structure. A smooth 4-manifold

which is homeomorphic to R4
std, but not necessarily diffeomorphic to R4

std, is called an R4-
homeomorph. An R4-homeomorph which is not diffeomorphic to R4

std is called an exotic R4.

Definition 2.6. Let R be an R4-homeomorph. The manifold R is said to be small if it admits
a smooth embedding R ↪→ R4

std. It is called large otherwise.3

The exotic R4s produced in the proof of Theorem 2.2 are necessarily large. The known construc-
tions of small exotic R4s also involve knots and links, as we now describe.4

Let L be a ribbon link with ribbon discs {∆i}. Consider the complement B4∖⋃
∆i. If we glue in

2-handles along the meridians of the components of L, we will get back B4. However, we could
instead glue in Casson handles along those meridians. Casson handles are approximations of
(open) 2-handles, which were proven by Freedman to be homeomorphic to D2 × Int D2. It is also
known that each Casson handle is contained in D2 × D2, compatibly with the attaching region.
Let RL denote the result of gluing in Casson handles to B4∖ ⋃

∆i along the meridians of L, and
then removing all the boundary. Then it is straightforward to see that RL is an R4-homeomorph,
and it can be sometimes shown that it is not diffeomorphic to R4 with its standard smooth
structure. The R4-homeomorphs produced by this construction are called ribbon R4s. See the
papers of deMichelis-Freedman and Bizac̆a-Gompf. The latter paper shows how to construct
explicit (but necessarily infinite) handle diagrams for ribbon R4s. All known small exotic R4s
are ribbon R4s.

Finally, there is the Freedman-Taylor universal exotic R4, denoted by U , which has the remarkable
property that every R4-homeomorph R admits a smooth embedding R ↪→ U . The construction
of U also involved solving slicing problems for knots and links.

3. The knot concordance groups

So far we have considered sliceness as a generalisation of triviality for knots. Similarly, there is a
generalisation of isotopy, called concordance. Specifically, we have the following definition.

Definition 3.1. Knots K, J ⊆ S3 are said to be smoothly (resp. topologically) concordant if they
cobound a smooth (resp. locally flat) embedded annulus in S3 × [0, 1]; see ??. More specifically,
we consider K ⊆ S3 as lying in S3 ×{1} and J ⊆ S3 as lying in S3 ×{0}, and assert the existence
of a concordance A ≈ S1 × [0, 1] ⊆ S3 × [0, 1], with S1 × {0} mapping to J and S1 × {1} mapping
to K.

Proposition 3.2 (Exercise 7). A knot K ⊆ S3 is smoothly (resp. topologically) slice if and only
if it is smoothly (resp. topologically) concordant to the unknot.

3There are two slightly distinct definitions in the literature. Ours coincides with the definition of Scorpan’s
book [Sco05]. In the book by Gompf-Stipsicz [GS99], a large R4-homeomorph is one which contains a compact
subset that does not embed in R4

std, and an R4-homeomorph is called small if it is not large.
4Stopped editing here.
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Recall that in our definition of knots both S1 and S3 are oriented. Using the standard orientation
of [0, 1], we notice that S3 × {1} inherits the standard orientation of S3 while S3 × {0} inherits
the opposite orientation. Similarly a concordance annulus (homeomorphic to S1 × [0, 1]) induces
opposite orientations on its boundary components.

Under these orientations, we see that if K and J are concordant knots, then the claimed annulus
joins K ⊆ S3 × {1} = S3 to rJ ⊆ S3 × {0} = −S3. The latter knot is by definition rJ = rJ .

When speaking about slice knots we often ignore these orientation conventions, but they are key
to proving the following fact.

Proposition 3.3 (Exercise 16). Knots K and J are smoothly (resp. topologically) concordant if
and only if K#rJ is is smoothly (resp. topologically) slice.

Similar to isotopy, concordance (both smooth and topological) is an equivalence relation. However,
unlike isotopy (Exercise 17), the equivalence classes under concordance form a group under the
connected sum operation.

Proposition 3.4 (Exercise 8). Smooth (resp. topological) concordance is an equivalence relation
on knots. Moreover, the set of smooth (resp. topological) concordance classes of knots forms an
abelian group under the connected sum operation.

Definition 3.5 (Concordance groups). The smooth concordance group, denoted by C, consists of
smooth concordance classes of knots, under the operation of connected sum.

Similarly, the topological concordance group, denoted by Ctop, consists of topological concordance
classes of knots, under the operation of connected sum.

We often conflate a knot K with its concordance class [K]. The following facts about the
concordance groups are straightforward to show.

Proposition 3.6 (Exercise 9). In either C or Ctop, the inverse of [K] is the class of −K := rK.
The identity element in C (resp. Ctop) is the class of the unknot, equivalently the class of any
smoothly (resp. topologically) slice knot.

It is tempting to speculate that since the concordance groups are abelian they cannot be
particularly complicated. This is somewhat of a red herring. There is an algebraic version of
the knot concordance group, called the algebraic concordance group, denoted by AC. This group
has a couple of equivalent definitions, one in terms of Seifert matrices and another in terms of
Alexander modules – see [?what?] for further details. Given the definitions, it is not hard to see
that there is a surjection

Φ: Ctop ↠ AC.

It was shown by Levine [?levinecitation] (see also Stolzfus [?cite]) that

AC ∼= Z∞ ⊕ Z/2∞ ⊕ Z/4∞,

so Ctop is quite large.

Notice that AC has many elements of order two. So do C and Ctop by the following proposition.

Proposition 3.7 (Exercise 10). A knot K is said to be negative amphichiral if it is isotopic to
rK. Every negative amphichiral knot is order two in C and Ctop. As a result, the figure eight
knot is order two in C and Ctop.
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Conjecture 3.8 (Gordon (open)). Let K be a knot. If K#K is slice, then K is smoothly
concordant to a negative amphichiral knot.5

By contrast, there are no known candidates for knots of order four (note that AC has many such
elements). We have the following open question.

Question 3.9 (open). Does the map Φ split? In particular, does Ctop (or C) have any elements
of order four? Indeed, are there any knots with finite order ̸= 2 in C or Ctop?

Remark 3.10. It is possible to consider high-dimensional knots, e.g. embeddings Sn ↪→ Sn+2

for arbitrary n. As in the classical case, one then has corresponding concordance and algebraic
concordance groups. Indeed, for even n, every embedding Sn ↪→ Sn+2 is slice. For odd n, the
concordance group of such embeddings is precisely in bijection with the corresponding algebraic
concordance group. 6

The kernel of the map Φ has been an object of much study. It was first shown to be nontrivial by
Casson and Gordon in [?casson-gordon-citations]. Then Cochran, Orr, and Teichner [?COT]
defined the solvable filtration of Ctop, denoted by {Fn}

n∈ 1
2N

, satisfying⋂
i∈ 1

2N

Fi ⊆ · · · ⊆ Fn+1 ⊆ Fn.5 ⊆ Fn ⊆ · · · ⊆ F0 ⊆ Ctop.

We will discuss the definitions of this filtration in ??. For now it worth noting that the filtration
is highly non-trivial (see ??).

From the definitions of the concordance groups it should be clear that there is a surjection
Ψ: C ↠ Ctop.

As mentioned in Section 1, there exist knots that are topologically slice but not smoothly slice.
These (or rather, their smooth concordance classes) lie in the kernel of Ψ.

Definition 3.11. The subset T ⊆ C consists of the smooth concordance classes of topologically
slice knots.

We will see in ?? that T ⊆
⋂

i∈ 1
2N

Fi.

Question 3.12 (open). Is T =
⋂

i∈ 1
2N

Fi?

As mentioned above we know that T ≠ {1}. Indeed, Cochran-Harvey-Horn [?CHH] defined the
bipolar filtration of T , denoted by {Bn}n∈N, satisfying⋂

i∈N
Bi ⊆ · · · ⊆ Bn+1 ⊆ Bn ⊆ · · · ⊆ B0 ⊆ T .

We will define the bipolar filtration in ??; this filtration is also highly nontrivial (see ??).

Question 3.13 (open). Is
⋂

i∈N Bi = {1}?

4. Filtrations of the knot concordance groups

Both the solvable filtration of Cochran-Orr-Teichner and the bipolar filtration of Cochran-Harvey-
Horn are motivated by the following characterisation of topologically slice knots. For a knot

5confirm this is the question
6Cite and confirm



SLICE KNOTS AND KNOT CONCORDANCE 11

K ⊆ S3, the 3-manifold obtained by performing 0-framed Dehn surgery on S3 along K is denoted
by S3

0(K).

Proposition 4.1. Let K ⊆ S3 be a knot. Then K is topologically slice if and only if S3
0(K) = ∂W ,

where W is a compact, connected, oriented 4-manifold such that

(i) π1(W ) is normally generated by the meridian µK , and
(ii) H2(W ;Z) = 0.

Proof. Assume that K is topologically slice, with a slice disc ∆ ⊆ B4. As mentioned before, by
work of Quinn [Qui82, Theorem 2.5.1; FQ90, Theorem 9.3] we know that ∆ admits an open
tubular neighbourhood ν∆ ≈ ∆ × D̊2. Then let W = B4∖ ν∆. It is straightforward to check
that π1(W ) is normally generated by µK and that H2(W ;Z) = 0, since gluing a disc to W along
µK recovers B4. The boundary of W is a union of the knot exterior S3∖ νK and ∆ × S1, a
solid torus. This shows that ∂W is the result of Dehn surgery on S3 along K. In order to see
that we indeed get S3

0(K) as the boundary, note that the 2-handle in ∆ × S1 is attached to a
pushoff of K which has zero linking with K, since in particular it bounds a disc in B4 disjoint
from ∆ × {0} ⊆ ν∆. This completes half of the proof.

For the converse direction, given W , glue in a 2-handle along µK . By our hypotheses, the result B
is homotopy equivalent to B4. Moreover, a standard Dehn surgery argument shows that ∂B ∼= S3.
By the 4-dimensional Poincaré conjecture [Fre82, which theorem], we know that B ≈ B4. It
remains only to show that K bounds a (topological) slice disc in B – this disc is provided by the
co-core of the attached 2-handle. 7 □

Add here, definitions of solvable filtration and bipolar filtration, maybe an intermediate bit about
slice in homology ball.

We obtain two filtrations, denoted by {F top
n }n∈ 1

2N
and {Fn}n∈ 1

2N
, where the first is in the locally

flat category and the second in the smooth category.

The consecutive quotients of the two filtrations are equal, as mentioned in [?CHL:higher-order-blanchfield-duality,
p. 1423; ?CHH:bipolar-filtration, p. 2105]. We show this next.

Proposition 4.2. Let n ∈ 1
2N. A knot K ⊆ S3 is smoothly n-solvable if and only if it is

topologically n-solvable.

Proof. Fix n ∈ 1
2N and a knot K ⊆ S3. By forgetting smooth structures, we see that if K ∈ Fn

then K ∈ F top
n .

Assume that K ∈ F top
n . Let W denote a topological n-solution. Since W is spin with boundary

S3, we know that ks(W ) = 0 by [FQ90, Proposition 10.2B]. 8 Therefore, the connected sum of
W with sufficiently many copies of S2 × S2 is smooth. Let W ′ denote this stabilisation.

Step 2: smooth the surfaces. Handle smoothing [FQ90, Theorem 8.1A] that topologically
embedded surface/2-complex can be smoothed - arbitrarily close, only need isotopy and finger
moves. After the finger moves might get intersections - tube along them. increases genus, but new
handles are π1-null. The image on π1 is coming from a tubular neighbourhood of the surfaces, so
smooth/tube within there. □

7This could be cleaner
8Which definition of solvability are we using?



SLICE KNOTS AND KNOT CONCORDANCE 12

state theorem about nontriviality with many references. Add construction of the knots lying
deep in the filtrations, maybe use the cabling construction

Lip service to rho invariants.

5. Satellite operations on knots

- general definition of satellite operation and string link infection

Proposition 5.1 ([?CFT09, Proposition 1.7]). Let K be an algebraically slice knot. Then K is
concordant to a knot of the form Rη(J), where J is a string link with pairwise linking numbers
zero, the knot R is ribbon, and each ηi ∈ η has linking number zero with R.

Proof. maybe just for knots? □

something about the surgery conjecture here?

general material about studying the effect of satellite operators on knot concordance groups.

− injectivity, CDR, Miller-Piccirillo
− surjectivity, Levine, Davis-R
− homomorphisms, Miller
− iterated operators

Epilogue

(1) what about links?
(2) can we change the requirements on the slice ribbon conjecture and try to prove those?

(e.g. for knots with specific properties, or prove doubly slice implies ribbon)
(3) What about twisted Whitehead doubles?
(4) How do we know Wh(RHT ) is not smoothly slice?
(5) homotopy ribbon knots
(6) complexity of ribbon knots, or some ribbon-y analogue of slice genus
(7) In the construction of small exotic R4s can we use slice discs instead of ribbon discs? Yes.
(8) Why are ribbon R4s small? Because Casson handles lie inside 2-handles in a nice way.
(9) Is there a 3-dimensional characterisation of slice knots?

(10) Partial ordering on exotic R4s.
(11) What did Manolescu’s work imply about Arf invariant one (zero?) knots?
(12) . . .
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Exercises

Introductory problems.

Exercise 1. Prove Proposition 1.2: Let K be a knot. Show that K is slice if and only if rK is
slice if and only if K is slice.

Exercise 2. Prove Proposition 1.3: If K, J ⊆ S3 are slice, then so is K#J .

Exercise 3. Show that the knot 946 shown in ?? is ribbon. 9

Exercise 4. Prove Proposition 1.6: For any knot K ⊆ S3, the knot K#rK is ribbon.

Exercise 5. Prove Proposition 1.12: Let K ⊆ S3 be a knot. The coned disc cone(K) ⊆
cone(S3) = B4 is locally flat if and only if K is the trivial knot.

Hint: Use the fact (without proof) from classical knot theory that π1(S3∖ K) ∼= Z if and only if
K is the trivial knot.

Exercise 6. Let K ⊆ S3 be a knot. Prove that is K is smoothly slice, then so are the untwisted
Whitehead doubles Wh±(K).

Exercise 7. Prove Proposition 3.2: A knot K ⊆ S3 is smoothly (resp. topologically) slice if and
only if it is smoothly (resp. topologically) concordant to the unknot.

Exercise 8. Prove Proposition 3.4: Smooth (resp. topological) concordance is an equivalence
relation on knots. Moreover, the set of smooth (resp. topological) concordance classes of knots
forms an abelian group under the connected sum operation.

Exercise 9. Prove Proposition 3.6: In either C or Ctop, the inverse of [K] is the class of −K := rK.
The identity element in C (resp. Ctop) is the class of the unknot, equivalently the class of any
smoothly (resp. topologically) slice knot.

Exercise 10. Prove Proposition 3.7: A knot K is said to be negative amphichiral if it is isotopic
to rK. Every negative amphichiral knot is order two in C and Ctop. As a result, the figure eight
knot is order two in C and Ctop.

Moderate problems.

Exercise 11. Prove the hint from Exercise 5, that π1(S3∖ K) ∼= Z if and only if K is the trivial
knot.

Exercise 12. Learn enough classical knot theory to show that the right-handed trefoil, left-
handed trefoil, and the figure eight from Figure 1 are nontrivial and distinct knots.

Hint: This will likely involve learning about some classical knot invariants, such as 3-colourability,
the knot group, the Seifert genus, the signature, the Alexander polynomial, . . . .

Exercise 13. Fix n ≥ 4. Prove that every smooth S1 ↪→ Sn bounds a smoothly embedded disc
in S4.

9TODO: add picture.
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Hint: The case n = 4 is the most challenging. Think about the types of singularities that arise
in the generic case and try to get rid of them.

Exercise 14. Prove Proposition 1.5: A knot is ribbon if and only if it bounds a disc in S3 with
only ribbon singularities, i.e. singularities of the form shown in Figure 4.

Exercise 15. Prove the trace embedding lemma (Lemma 2.3): Let K ⊆ S3 be a knot. The
0-trace X0(K) admits a smooth (resp. locally collared) embedding into R4 if and only if K is
smoothly (resp. topologically) slice.

Wonder whether a similar argument would apply to the n-traces of the knots, denoted by Xn(K),
obtained by attaching an n-framed 2-handle to B3 along a knot K ⊆ S3 = ∂B4, for an arbitrary
n ∈ Z.

Exercise 16. Prove Proposition 3.3: Knots K and J are smoothly (resp. topologically) concordant
if and only if K#rJ is is smoothly (resp. topologically) slice.

Hint: It is possible to isotope a concordance so that it contains a straight arc, i.e. one of the
form pt × [0, 1] ⊆ S3 × [0, 1] (why?). Remove an open tubular neighbourhood of this arc. For
the other direction, build a concordance between K#rJ#J and J , and use Exercises 4 and 7.

Exercise 17. Show that isotopy classes of knots do not form a group under connected sum.
They do however form a monoid.

Challenge problems.

Exercise 18. See Exercise 11. Are there any restrictions on the fundamental group of a
slice/ribbon knot? In other words, is every knot group the knot group of a slice/ribbon knot?

Hint: Consider the Alexander module first. 10

Exercise 19. Prove that every smooth 2-knot is smoothly slice, i.e. every smooth S2 ↪→ S4

bounds a smoothly embedded B3 in B5. Prove that every topological 2-knot is topologically
slice.

This was originally proved by Kervaire.11 Hint: Use the fact that every 3-manifold is obtained
by even-framed surgery on S3.

Exercise 20. Prove Proposition 1.8: There exist slice discs that are not ambiently isotopic (rel.
boundary) to any ribbon disc.

Hint: Begin with the standard disc for the unknot. Use the fact that there exist 2-knots in S4

with nonabelian fundamental group of the complement (the intrepid reader could try to prove
the latter claim). What can we say about the inclusion-induced map from the fundamental group
of a ribbon knot complement to the fundamental group of its ribbon disc complement?

For a further challenge, construct some other examples.

10Note to self: Think more about this.
11reference
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